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Abstract 

We review various aspects of classical solutions in string theories. Emphasis is 
placed on their super symmetry properties, their special roles in string dualities and 
microscopic interpretations. Topics include black hole solutions in string theories on 
tori and N = 2 supergravity theories; p-branes; microscopic interpretation of black 
hole entropy. We also review aspects of dualities and BPS states. 
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1 Outline of the Review 



It is a purpose of this review to discuss recent development in black hole and soliton physics in 
string theories. Recent rapid and exciting development in string dualities over the last couple 
of years changed our view on string theories. Namely, branes and other types of classical 
solutions that were previously regarded as irrelevant to string theories are now understood 
as playing important roles in non-perturbative aspects of string theories; these solutions are 
required to exist within string spectrum by recently conjectured string dualities. Particularly, 
D-branes which are identified as non-perturbative string states that carry charges in R-R 
sector have classical p-brane solutions in string effective field theories as their long-distance 
limit description, p-branes, other types of classical stringy solutions and fundamental strings 
are interrelated via web of recently conjectured string dualities. Much of progress has been 
made in constructing various p-brane and other classical solutions in string theories in an 
attempt to understand conjectured (non-perturbative) string dualities. We review such 
progress in this paper. 

In particular, we discuss black hole solutions in string effective field theories in details. 
Recent years have been active period for constructing black hole solutions in string theories. 
Construction of black hole solutions in heterotic string on tori with the most general charge 
configurations is close to completion. (As for rotating black holes in heterotic string on T^, 
one charge degree of freedom is missing for describing the most general charge configuration.) 
Also, significant work has been done on a special class of black holes in = 2 supergravity 
theories. These solutions, called double extreme black holes, are characterized by constant 
scalars and correspond to the minimum energy configurations among extreme solutions. 

Among other things, study of black holes and other classical solutions in string theo- 
ries is of particular interest since these allow to address long-standing problems in quantum 
gravity such as microscopic interpretation of black hole thermodynamics within the frame- 
work of superstring theory. In this review, we concentrate on recent remarkable progress 
in understanding microscopic origin of black hole entropy. Such exciting developments were 
prompted by construction of general class of solutions in string theories and realization that 
non-perturbative R-R charges are carried by D-branes. Within subset of solutions with 
restricted range of parameters, the Bekenstein-Hawking entropy has been successfully repro- 
duced by stringy microscopic calculations. 

Since the subject reviewed in this paper is broad and rapidly developing, it would be a 
difficult task to survey every aspects given limited time and space. The author made an effort 
to cover as many aspects as possible, especially emphasizing aspects of supergravity solutions, 
but there are still many issues missing in this paper such as stringy microscopic interpretation 
of black hole radiation, M(atrix) theory description of black holes and the most recent 
developments in A^ = 2 black holes and p-branes. The author hopes that some of missing 
issues will be covered by other forthcoming review paper by Maldacena ||470|| . The review 



is organized as follows. Chapters |] and ^ are introductory chapters where we discuss basic 
facts on solitons and string dualities which are necessary for understanding the remaining 
chapters. In these two chapters, we especially illuminate relations between BPS solutions and 
string dualities. In chapter ^ we summarize recently constructed general class of black hole 
solutions in heterotic string on tori. We show explicit generating solutions in each spacetime 
dimensions and discuss their properties. In chapter ^, we review aspects of black holes in A^ = 
2 supergravity theories. We discuss principle of a minimal central charge, double extreme 
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solutions and quantum corrections. In chapter ^, we summarize recent development in p- 
branes. Here, we show how p-branes and other related solutions fit into string spectrum and 
discuss their symmetry properties under string dualities. We systematically study various 
single-charged p-branes and multi-charged p-branes (dyonic p-branes and intersecting p- 
branes) in different spacetime dimensions. We also discuss black holes in type-II string on 
tori as special cases and their embedding to p-branes in higher-dimensions. In chapters |^ and 
H, we summarize the recent exciting development in microscopic interpretation of black hole 
entropy within the framework of string theories. We discuss Sen's calculation of statistical 
entropy of electrically charged black holes, Tseytlin's work on statistical entropy of dyonic 
black holes within chiral null model and D-brane interpretation of black hole entropy. 



2 Soliton and BPS State 

Solitons are defined as time-independent, non-singular, localized solutions of classical equa- 
tions of motion with finite energy (density) in a field theory ||512| , |106|| . Such solutions in 



D spacetime dimensions are alternatively called p-branes ||234|, P5H] if they are localized in 



D — 1 — p spatial coordinates and independent of the other p spatial coordinates, where 
p < D — 1. For example, the p = case (0-brane) has a characteristic of point particles and 
is also called a black hole; p = 1 case is called a string; p = 2 case is a membrane. The main 
concern of this paper is on the p = case, but we discuss the extended objects {p > 1) in 
higher dimensions as embeddings of black holes and in relations to string dualities. 

As non-perturbative solutions of field theories, solitons have properties different from 
perturbative solutions in field theories. First, the mass of solitons is inversely proportional 
to some powers of dimensionless coupling constants in field theories. So, in the regime where 
the perturbative approximations are valid (i.e. weak-coupling limit), the mass of solitons is 
arbitrarily large and the soliton states decouple from the low energy effective theories. So, 
their contributions to quantum effects are negligible. Their contribution to full dynamics 
becomes significant in the strong coupling regime. Second, solitons are characterized by 
"topological charges" , rather than by "Noether charges" . Whereas the Noether charges are 
associated with the conservation laws associated with continuous symmetry of the theory, 
the topological conservation laws are consequence of topological properties of the space 
of non-singular finite-energy solutions. The space of nonsingular finite energy solutions 
is divided into several disconnected parts. It takes infinite amount of energy to make a 
transition from one sector to another, i.e. it is not possible to make a transition to the 
other sector through continuous deformation. Third, the solitons with fixed topological 
charges are additionally parameterized by a finite set of numbers called "moduli". Moduli 
or alternatively called collective coordinates are parameters labeling different degenerate 
solutions with the same energy. The space of solutions of fixed energy is called moduli space. 
The moduli of solitons are associated with symmetries of the solutions. For example, due 
to the translational invariance of the Yang-Mills-Higgs Lagrangian, the monopole solution 
sitting at the origin has the same energy as the one at an arbitrary point in R^; the associated 
collective coordinates are the center of mass coordinates of the monopole. In addition, there 
are collective coordinates associated with the gauge invariance of the theory. Note, monopole 
carries charge of the U{1) gauge group which is broken from the Non-Abelian {SU{2)) one 
at infinity (where the Higgs field takes its value at the gauge symmetry breaking vacuum). 
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Thus, only relevant gauge transformations of Non-Abelian gauge group that relate different 
points in moduli space are those that do not approach identity at infinity, i.e. those that 
reduce to non-trivial U{1) gauge transformations at infinity. 

Another important characteristic of solitons is that they are the minimum energy config- 
urations for given topological charges, i.e. the energy of solitons saturates the Bogomol'nyi 
bound ^10| . The lower bound is determined by the topological charges, e.g. the winding 
number for strings and U{1) gauge charge carried by black holes. The original calculation 
of the energy bound for a soliton in fiat spacetime involves taking complete square of the 
energy density Ttf, the minimum energy is saturated if the complete square terms are zero. 
Solitons therefore satisfy the first order differential equations | ("complete square terms" 
= 0), the so-called Bogomol'nyi or self-dual equations. An example is the (anti) self-dual 
condition Ff^^, = ± * F^^, for Yang-Mills instantons . Another example is the magnetic 
monopoles ||592| , [507|| in an SU{2) Yang-Mills theory, which satisfy the first order differential 
equation 5* = ±D*$ relating the magnetic field -B* to the Higgs field Here, the Higgs 
field takes its values at the minimum of the potential V{^), where the non-Abelian gauge 
group SU{2) is spontaneously broken down to the Abelian U{1) gauge group. 

The energy of solitons in asymptotically flat curved spacetime is given by the ADM 
mass pO| , |l], |349|| , i.e. a Poincare invariant conserved energy of gravitating systems. The 
ADM mass is defined in terms of a surface integral of the conserved current = T^^K^ 
over a space-like hypersurface at spatial infinity. Here, T^'^ is the energy-momentum tensor 
density and Ky is a time-like Killing vector of the asymptotic spacetime. The so-called 

|533| , |534i |631| , |483| , WA El 



positive-energy theorem ||146|, |531|, p3 



379|| proves that the 



ADM mass of gravitating systems is always positive. In such proofs, one calculates the 
energy associated with a small deviation around the background spacetime and finds it 
always positive, implying that the background spacetime (Minkowski or anti-De Sitter space- 
time) is a stable vacuum configuration. The proof of the positive energy theorem, first 



given in ||631|| and refined covariantly in [ 483 , involves the volume and the surface integrals 
(related through the Stokes theorem) of Nester's 2-form, which is defined in terms of a spinor 
and its gravitational covariant derivative. Such proofs have an advantage of being easily 
generalized to supergravity theories. The positive energy theorem proves that the ADM mass 
of gravitating systems is always positive, provided the spinor satisfies the Witten's condition 
and the matter stress energy tensor, if any, satisfies the dominant energy condition. 

One way of proving positivity of the energy of solitons in curved spacetime is by embed- 
ding the solutions into (extended) supergravity theories ||296| , p95|| as solutions to equations 
of motion. In this case, the Nester's form is defined in terms of the supersymmetry param- 
eters and their supercovariant derivatives. Then, the surface integral yields the supercharge 
anticommutation relations of extended supersymmetry, i.e. the 4-momentum term plus the 
central charge term. The 4-momentum in the surface integral is the ADM 4-momentum 
|pO| , m of the soliton and the central charge corresponds to the topological charge carried by 
the soliton ||485|, [489|, |201||; the soliton behaves as if a particle carrying the corresponding 



4-momentum and quantum numbers. This is a reminiscent of BPS states in extended super- 
gravities. One can think of solitons as realizations of states in supermultiplet carrying central 
charges of extended supersymmetry ||299| , |399|| . In fact, for each Killing spinor, defined as a 



spinor field which is covariant with respect to the supercovariant derivative, one can define 



^Note, the stress-energy tensor is second order in derivatives of spacetime coordinates. 
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a conserved anticommuting supercharge, whose anticommutation relation is just the surface 
integral of the Nester's 2-form. 

The integrand of the volume integral of the Nester's 2-form yields sum of terms bilinear 
in supersymmetry variations of the fermionic fields in the supergravity theory. Since such 
terms are positive semidefinite operators, provided the (generalized) Witten's condition ||631 



and the dominant energy condition for the matter stress-energy tensor are satisfied, the 
terms in the surface integral have to be non-negative, leading to the inequality "(ADM 
mass) > (the maximum eigenvalue of the topological charge term)". Again a reminiscent of 
the mass bound for the states in the BPS supermultiplet. This bound is saturated iff the 
supersymmetry variations of fermions are all zero. The equations obtained by setting the 
supersymmetry variations of fermions equal to zero are called the Killing spinor equations. 
These are a system of first order differential equations satisfied by the minimum energy 
configuration among solutions with the same topological charge. Such a configuration is a 
bosonic configuration which is invariant under supersymmetry transformations and therefore 
is called supersymmetric. 

The necessary and sufficient condition for the existence of supersymmetric solution is the 
existence of "non-zero" superconvariantly constant spinors, i.e. Killing spinors. Note, such 
Killing spinors define supercharges, which act on the lowest spin state to build up supermul- 
tiplets of superalgebra. Killing spinors are Goldstone modes of broken supersymmetries; for 
each supersymmetry preserved, the corresponding supercharge is projected onto zero norm 
states, and the rest of supercharges are associated with Goldstone spinor degrees of freedom 
originated from broken supersymmetries. The number of supercharges which are projected 
onto the zero norm states is determined by the number of distinct eigenvalues of the central 
charge matrix. In the language of solitons, such central charge matrix is determined by the 
charge configurations of solitons. Alternatively, one can determine the number of supersym- 
metries preserved by the solitons from the spinor constraints, which are byproducts of the 
Killing spinor equations along with self-dual or the first order differential equations. The 
number of constraints on the Killing spinors are again determined by the charge configura- 
tion of the solitons. These constraints determine the number of independent spinor degrees 
of freedom, i.e. the number of supersymmetries preserved by the soliton. Thus, the number 
of supersymmetries preserved by solitons is intrinsically related to the topological charge 
configurations of solitons through either the number of eigenvalues of central matrix or the 
number of constraints on the Killing spinors. 

In the following, we elaborate on ideas discussed in the above in a more precise and 
concrete way, by quantifying ideas and giving some examples. First, we discuss how the 
physical parameters (mass, angular momenta, etc) are defined from solitons. Then, we 
discuss the BPS multiplets of extended supersymmetry theories. Finally, we discuss positive 
energy theorem of general relativity and extended supergravity theories. 



2.1 Physical Parameters of Solitons 

We discuss how to define physical parameters (e.g. the ADM mass, angular momenta, U{1) 
charges) of gravitating systems. This serves to fix our conventions for defining parameters of 
solitons. The classical solutions near the space-like infinity can be regarded as the "imprints" 
of the ADM mass, angular momenta and electric/magnetic charges of the source. 

First, we discuss the parameters of spacetime metric. The physical parameters are defined 
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with reference to the background (asymptotic) spacetime. We assume that the spacetime 
is asymptotically Minkowski at space-like infinity, since the solitons under consideration in 
this review satisfy this condition. 

We consider the following general form of action in D spacetime dimensions: 



mat 



where is the D-dimensional Newton's constant (related to the Plank constant as 
k|, = SttG^) and Cmat is the matter Lagrangian density. For the signature of the metric 
Qiivi we take the mostly positive convention ( — !-■■■+). From (|I|), one obtains the following 
Einstein field equations for gravitation: 

Gfjti, = TZ^u — -g^pTZ = SttG^T^"*, (2) 
where the matter stress-energy tensor T^"* is defined as 



rj-imat _ ^ ^KV y-mat) /„n 



-'mat _ 

where T-™"* are stresses, T^"* are momentum densities and T^"* is the mass-energy density 
(z,i = l,...,D-l). 

In order to measure the mass, the momenta and the angular momenta of gravitating 
systems, one usually goes to the external spacetime far away from the source. In this region, 
the gravitational field is weak and, therefore, the Einstein's field equations (0) take the 
form linear in the deviation h^^ of the metric g^^, from the fiat one rj^^, [g^^ = ry^^ -|- h^^, 
\h^u\ !)• This linearize field equations ^ have the invariance under the infinitesimal 
coordinate transformations {x^ —^x'^ + ^'^) — > h^u — dy^^j, — d^^u, which resembles the 
gauge transformation of f/(l) gauge fields. (The linearized Riemann tensor, Einstein tensor, 
etc are examples of invariants under this transformation.) By using this gauge-invariance, 
one can fix the gauge by imposing the "Lorentz gauge" condition dy{h^^ — ^rj^'^h"'^) = 0. 
This gauge condition is left invariant under the gauge transformations satisfying ^"'^ = 0. In 
this gauge, the Einstein's equations take the form, which resembles the Maxwell's equations: 



1 

D 

where = 9q,(9" is the fiat {D — l)-dimensional space Laplacian and T = T'^. 

The linearized Einstein's equations (^) have the following general solution that resembles 
the retarded wave solution of the Maxwell's equations: 

IQttG^ 1 



■^In the linearized field theory, the spacetime vector indices are raised and lowered by the Minkowski 
metric -q^u. 
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where Qn 



27r~2~ 



is the area of S*" and i,k = 1,...,D — 1 are spatial indices. Note, the 



ADM D-momentum vector and angular momentum tensor J^'^ of the gravitating system 
are defined as 



D-l, 



1/0 



X 



D-l, 



X. 



(6) 



In particular, the time component of is the ADM mass M, i.e. M = P°. 

With a suitable choice of coordinate basis, one can put the spatial components J*-' = 
1,...,D — 1) of J^'' in the following form expressed in terms of the angular momenta Jk 
(A; = l,..., 



rD-i 



2 ]) in each rotational plane: 



( Ji 
-Ji 



V 





-J2 



J2 





(7) 



where for the even D the last row and column have zero entries. 

In obtaining the general leading order expression for the metric, one chooses the rest frame 
(P* = 0) with the origin of coordinates at the center of mass of the system (/ x'^T^^d^~^x = 
0). In this frame, = 0, J*-' = 2/ x'^T^^d^~^x and g^u takes the form: 



ds' 



+ 



M 



167rG^ x'' 



+ 



„D-1 



„D-1 



df 



dtdx^ 



M 



{D - 2){D - 3)^0-2 r^- 



+ (gravitational radiation terms)] dx^'dx-' . (8) 

Note, the leading order terms of the asymptotically Minkowski metric is time-independent 
and is determined uniquely by the ADM mass M and the intrinsic angular momenta J*-* of 
the source. 

The general action (|l]) contains the following kinetic term for a (i-form potential = 
-^An^...n^dx'^^ A • • • A dx'^'^ with field strength Fd+i = dA^. 



S. 



d— form 



2{d+l)\ 



f2 



(9) 



Note, in this kinetic term, is absorbed in the action in contrast to the form of the matter 



term in (|T]). The field equations and Bianchi identities of A^ are 

d*Fa+i = 2Kl{-f ^ Jd, dFd+i = 0, 



(10) 



*We omit the dilaton factor in the kinetic term for the sake of the argument. 
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where Jd is the rank d source current and -k denotes the Hodge-dual transformation in D 
spacetime dimensions, i.e. {i<AdY^"''^'^-^ = jj.*^^^ ^°i^d)fj.o-d+v-t^D ^^^^ gOi-D-i ^ 

The sohton that carries the "Noether" electric charge Qd under Ad is an elementary 
extended object with d-dimensional worldvolume, called {d — l)-brane, and has the electric 
source J coming from the cx-model action of the {d — l)-brane. The "topological" magnetic 
charge of Ad is carried by a solitonic (i.e. singularity and source free) object with d- 
dimensional worldvolume, called (rf— l)-brane, where d = D — d — 2. The "Noether" electric 
and the "topological" magnetic charges of Ad are defined as 

Qd = V2kd [ {-fkJd = ^^f kFd+i, 



Pd = I Fd+1. (11) 



These charges obey the Dirac quantization condition ||482| , |591 



QdPd ^ n 
An ~ 2' 



neZ. (12) 



The electric and magnetic charges of Ad have dimensions [Qd] = L li^ '^d 2) ^p,j _ 
j^\(D-2d-2) ^ respectively. Electric/magnetic charges are dimensionless when D = 2(d + 1). 
Examples are point-like particles {d = 1) in D = 4, strings [d = 2) in D = 6 ||542| , pi If and 
membranes {d = 3) in D = 8 [§n|, 

From ([TT|) , one sees that the Ansatze for Fd+i for the soliton that carries electric or 
magnetic charge of Ad are respectively given by: 

-k Fd+i = V2KDQd£d+i/^d+i^ Fd+i = V2i^DPd£d+i/^d+i, (13) 

where En denotes the volume form on S^, and the electric and magnetic charges of Ad are 
defined from the asymptotic behaviors: 

A, ~ ^ Fd^, ~ ^'^+^ (14) 

^d /-- „n-rf-9' ^ d+l r- „w I 1 ! \^^) 



s/2Kor''-^-^' V2KDr^^^' 

where r is the transverse distance from the {d — l)-brane, uod is the volume form for the 
{d — l)-brane worldvolume and Vld+i is the volume form of S''"'^^ surrounding the brane. 

From the elementary [d — l)-brane, one finds that the electric charge Qd is related to the 
tension Td of the {d — l)-brane in the following way: 

Qd = V2KM~r-''^^''^'\ (15) 

Here, Td has dimensions \Td\ = ML'^^^ in the unit c = 1 and therefore is interpreted as mass 
per unit {d — l)-brane volume. In particular, for a 0-brane {d = 1) the tension Ti is the 
mass. The Dirac quantization condition (p!2D, together with (|1^), yields the following form 
of the magnetic charge of Ad'. 

^™ .(_)(D-d)(d+i)^ ^^2. (16) 



V^K,DTd 



We comment on the ADM mass of (c? — l)-branes. Note, in deriving (H) we assumed that 
the metric g^i, depends on all the spatial coordinates. So, (^) applies only to the 0-brane 
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type soliton (or black holes). The {d — l)-branes do not depend on the (d — 1) longitudinal 
coordinates internal to the {d — l)-brane and therefore the Laplacian in (^) is replaced by 
the flat {D — d — l)-dimensional one. As a consequence, in particular, the (t, t)-component 
of the metric has the asymptotic behavior: 

Here, the ADM mass Md of the {d — l)-brane is defined as Ma = J T^^d^~^x = 
Vd-i J T^^d^~'^x, where Vd-i is the volume of the {d — l)-dimensional space internal to the 
{d - l)-brane. So, for {d - l)-branes it is the ADM mass "density" pd = ^ = ^T^^d^-'^x 
that has the well-defined meaning. As an example, we consider the elementary BPS {d — 1)- 
brane in D dimensions. The leading order asymptotic behavior of the (t, t)-component of 
the metric of {d — l)-brane carrying one unit of the ci-form electric charge is Q 

n-d-2 cf^ \ ~ ^ 



where c^^^ = is the unit {d — l)-brane electric charge and r = (x^ + ■ ■ ■ + x'j)_d_2Y^^ 

is the radial coordinate of the transverse space. For {d — l)-branes carrying m units of the 
basic electric charge, c^^"* in ( |18|) is replaced by mc^^\ From ([T7|) and (|ll), one obtains the 
following ADM mass density of the {d — l)-brane carrying one unit of electric charge: 

Pd = T, = -^|gd|. (19) 

2.2 Supermultiplets of Extended Super symmetry 
2.2.1 Spinors in Various Dimensions 

Before we discuss the BPS states in extended supersymmetry theories, we summarize the 
basic properties of spinors for each spacetime dimensions D. More details can be found, for 
example, in | |628| , |629| , p75| , [438|| . We assume that there is only one time-like coordinate. The 



types of super- Poincare algebra satisfied by supercharges depend on D. The superalgebra 
is classified according to the fundamental spinor representations of the homogeneous group 
S0{1,D — 1) and the vector representation of the automorphism group that supercharges 
belong to. The pattern of superalgebra repeats with D mod 8. 

In even one can define 7^-like matrix 7 = rj'j^'-f'^ ■ ■ -7^"^ which anticommutes with 
7^^ and has the property 7^ = 1 (implying rj'^ = (— l)*-^^^-*/^), required for constructing a 
projection operator. So, the 2^'^/^] complex component Dime spinor ip, which is defined to 
transform as 6ip = —^e^j^^'E'^^ip (T,'^^ = under the infinitesimal Lorentz trans- 

formation, in even D is decomposed into 2 inequivalent Weyl spinors = |(1 -|- 7)?/' and 
tp- = — ■j)ip with 2-^/^"^ complex components each. 

^When d = 0, e.g. a string in D = A, the metric is asymptotically logarithmically divergent. In this 
case, the ADM mass density is de term ined from volume integral of the {t, t)-component of the gravitational 
energy-momentum pseudo-tensor |440| . 
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We discuss the reality properties of spinors. One can always find a matrix B satisfying 
j^tiu* _ B defines the charge conjugation operaXion: 

^^^'^ = C^ = B-^i)*. (20) 

By definition, the charge conjugation operator C commutes with the Lorentz generators S^'', 
implying that ^ and ip'^ have the same Lorentz transformation properties. If = 1, or 
equivalently BB* = 1, the Dirac spinor ip can be reduced to a pair of Majorana spinors (i.e. 
eigenstates of C) t/'a = |(1 + V's = ~ This is possible in D = 2, 3, 4, 8, 9 

mod 8. First, in odd D, Majorana spinors are necessarily self-conjugate under C and are 
always real. So, the Dirac spinors in odd D are real [pseudoreal] in D = 1, 3 mod 8 [D = 5,7 
mod 8]. In even D, Majorana spinors can be either complex or real depending on whether ip 
and ijj'^ have the same or opposite helicity. Namely, since C7 = (-l)(^-2)/2^C, ij and ij" have 
the same [opposite] helicity for even [odd] {D — 2)/2, i.e. D = 2 mod 8 [D = 4,8 mod 8]. 
So, in even D, the Dirac spinors are real [complex] or pseudoreal for D = 2 mod 8 [D = 4,8 
mod 8] or D = 6 mod 8, respectively. In particular, in D = 2 mod 8, both the Weyl and 
the Majorana conditions are satisfied, and therefore in this case the Dirac spinor ip is called 
Majorana- Weyl. 

We saw that supercharges Qi {i = 1, N), transforming as spinors under 5*0(1, D — 1), 
have different chirality and reality properties depending on D. The set {Qi}, furthermore, 
transforms as a vector under an automorphism group, with i acting as a vector index. The 
automorphism group depends on the reality properties of {Qi}. The automorphism group is 
SO{N), USp{N) or SU{N) x ^7(1) for real, pseudoreal or complex case, respectively. In D = 
2 mod 8 and D = Q mod 8, the pair of Weyl spinors with opposite chiralities are not related 
via C and therefore are independent: the automorphism groups are SO{N+) x SO{N+) and 
USp{N+) X USp{N+) inD = 2 mod 8 and D = 6 mod 8, respectively, where + = A^. 
The central charge Z^"^ transforms as a rank 2 tensor under the automorphism group with 
(J, J) acting as tensor indices. In D = 0, 1, 7 mod 8 [D = 3, 4, 5 mod 8], the central charge 
has the symmetry property Z^'^ = Z^^ [Z^^ = —Z'^^]. 

The number N of supercharges in each D is restricted by the physical requirement that 
particle hehcities should not exceed 2 when compactified to -D = 4 ||479| , p!7| , |169| , |69| , p74|| . 



This limits the maximum D with 1 time-like coordinate and consistent supersymmetric 
theory to be 11 with = 1 supersymmetry, i.e. 32 supercharge degrees of freedom. This 
corresponds to = 8 supersymmetry in D = 4 when compactified on T''. In D < 11, the 
number of spinor degrees of freedom cannot exceed that ofA^ = l,D = ll theory. For the 
pseudoreal cases, i.e. D = 5,6,7 mod 8, only even are possible. 

2.2.2 Central Charges and Super-Poincare Algebra 

We discuss types of central charge Z^"^ one would expect in the super Poincare algebra. 
According to a theorem by Haag et. al. ||33CI|| , within a unitary theory of point-like particle 
interactions in D = 4 the central charge can be only Lorentz scalar. However, in the presence 
of p-branes {p > 1), central charges Zl^^„ transforming as Lorentz tensors can be present in 



the superalgebra without violating unitarity of interactions |p01|| . In fact, as will be shown, 
it is the Lorentz tensor type central charges in higher dimensions that are responsible for the 
missing central charge degrees of freedom in lower dimensions when the higher-dimensional 
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superalgebra is compactified with an assumption that no Lorentz tensor type central charges 
are present ||603| . 



The Lorentz tensor type central charges appear in the supersymmetry algebra schemat- 
ically in the form: 

{QlQi}=5'\Cr)o.pP,+ E {Cr'-'^)^pZ'^l.^^, (21) 

p=0,l,... 

where is D-dimensional momentum, J, J = 1, label supersymmetries and a,j3 are 
spinor indices in D dimensions. Here, {C'-y^)a/3 in (|2T|) is replaced by {C'^^V^)a(3 for pos- 



itive or negative chiral Majorana spinors Q (e.g. type-IIB theory), where V± projects 
on the positive or negative chirality subspace, and also similarly for {C'~f'^^"'^p)ai3- Note, 
^lit--fip commute with and P^, but transform as second rank tensors under the Lorentz 
transformation, and therefore are central with respect to supertranslation algebra, only. 

The number of central charge degrees of freedom is determined by the number of all the 
possible (/, J) in (|21|) [p] , |4^ , ^ In the sum term in ([21|), one has to take into account 



the overcounting due to the Hodge-duality between p and D —p forms (^^/...^^ ~ ^lil-fiD-p)- 
When p = D—p, -^^/...^^ are self-dual or anti-self dual. (For this case, the degrees of freedom 
are halved.) (/, J) on ^^f...^^ are defined to have the same permutation symmetry as (a,/3) 
in so that 7^^ ^''Zj^^^,,,^^ is symmetric under the simultaneous exchanges of indices 

in the pairs (/, J) and (a,/?) so that they have the same symmetry property (under the 



exchange of the indices) as the left hand side of (|2l|) . Namely, only terms associated with 
7o/3 I'ais"^^ i\idX are either symmetric or antisymmetric under the exchange of a and (3 
can be present on the right hand side of (l2l|). 



2.2.3 Central Charges and K-Symmetry 

The p-form central charge Zj/^,„^ in ( [21] ) arises from the surface term of the Wess-Zumino 



(WZ) term in the p-brane worldvolume action ||201 | 

Before we discuss this point, we summarize how WZ term emerges in the p-brane world- 
volume action ||599| , |6Q0|| . In the Green-Schwarz (GS) formalism [ pi3| , |315| , |351| , ^6] of the 



supersymmetric p-brane worldvolume action, one achieves manifest spacetime supersymme- 
try by generalizing spacetime with bosonic coordinates X'^ (/x = 0, 1, D — 1) and global 
Lorentz symmetry to superspace S with coordinates Z^^ = {X^, 6°") and super-Poincare 
invariance. Here, a is a D-dimensional spacetime spinor index and the spacetime spinor 6'^ 
takes an additional index J (J = 1, ..,A^) for X-extended supersymmetry theories, i.e. 6^°'. 
Fields in the GS action are regarded as maps from the worldvolume W to S. The world- 
volume W of a. p-brane has coordinates ^"^ = (r, o"i, Up) with worldvolume vector index 
i = 0,1, ...,p. We denote an immersion from W to a.s (p : W —>■ Ti. The puUback (p* of a form 
in S by induces a form in W. To generalize the bosonic p-brane worldvolume Lagrangian 
density Chos = Tp[— det {diX^{^)djX'^ {^)r]^^)Y^'^ to be invariant under the supersymmetry 
transformation as well as local reparameterization and global Poincare transformations, one 
introduces a supertranslation invariant Z)-vector-valued 1-form H^ = dX'^ — iO'-y^dO. This 
corresponds to the spacetime component of the left-invariant 1-form H"^ = (H'^, H" = dO"^) 

®A Majorana spinor Q is defined as Q = Q^^C, where the bar denotes the Dirac conjugate. The positive 
or negative chiral spinor Q± is defined as 7Q± = ±Q±. 
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on S. The simplest and straightforward supersymmetric generahzation of the bosonic world- 
volume cr-model action for a p-brane is ||86|, ||, |313| , pi5| , P51| , |377| , p7| , ^ P01| 



^1 = T, rff+i^^-det {Tl^{m){i)v,u 



(22) 



where Tp is the p-brane tension and Ilf is the ^*-component of the pullback of the 1-form 11^ in 
S by 0, i.e. (0* n^)(0 = (O^^f with = ^^X^ - 2^7'^^^^ and = diO'^ {di = d/dC). 
(^) is manifestly invariant under the global super-Poincare and local reparameterization 
transformations, but is not invariant under a local fermionic symmetry, called '^-symmetry' 
| 313| , p77| , |131| , |88| , which is essential for equivalence of the GS and NSR formalisms 
of the worldvolume action. To make (|2^ ) invariant under the K-symmetry, one introduces 
an additional term Swz, called 'Wess-Zumino (WZ) action', into (^2]). To construct the 
Wess-Zumino (WZ) action for a p-hrenie, one introduces the super-Poincare invariant closed 
(p + 2)-form /i(p+2) on S. Such closed {p + 2)-forms exist only for restricted values of D 
and p. The complete listing of the values of {D,p) are found in 0. The maximum values 
of allowed D and p are D^ax = H and Pmax = 5, which can also be determined by the 
worldvolume bose-fermionic degrees of freedom matching condition discussed in the next 
paragraph. The super-Poincare invariant closed (p-|-2)-form, in general, has the form /i(p+2) = 



{p + l)-form (on E) as h 



dO. Since /i(p+2) is closed, one can locally write /i(p+2) in terms of a 
db(p+i)- Then, a super-Poincare invariant WZ action 

|3T3i W\ |377| , 13, H, M : 



i(p+2) 



for a p-brane is obtained by integrating &(„+!) over W [86 



5(p+l). 



f23) 



Note, whereas 5*1 and Swz are individually invariant under the local reparameterization and 
global super-Poincare transformations, the K-symmetry is preserved only in the complete 
action Sp = Si + Swz- The K-symmetry gauges way the half of the degrees of freedom of the 
spinor 6', thereby only 1/2 of spacetime supersymmetry is linearly realized as worldvolume 
supersymmetry [|378|| . To summarize, the invariance under the K-symmetry necessitates the 
introduction of &{p+i) (on S) via the WZ term; 6(p+i) couples to the worldvolume of the 
p-branes and becomes the origin of the central charge term in the supersymmetry algebra. 

We comment on the allowed values of p and the number of spacetime supersymmetry 
for each D. This is determined p41|| by matching the worldvolume bosonic degrees Nb 
and fermionic degrees Np of freedom. First, we consider the case where the worldvolume 
theory corresponds to sca/ar supermultiplet (with components given by scalars and spinors). 
By choosing the static gauge (defined by X^{C) = (^'(0,^™(0) = with i = 

0,1, ...,p and m = p + l,...,D — 1), one finds that the number of on-shell bosonic degrees 
of freedom is Nb = D — p ~ 1. We denote the number of supersymmetries and the number 
of real components of the minimal spinor in D-dimensional spacetime [{p + l)-dimensional 
worldvolume] as N and M [n and m], respectively. Then, since the K-symmetry and the 
on-shell condition each halves the number of fermionic degrees of freedom, the number of 
on-shell fermionic degrees of freedom is Np = \mn = ^MN. The allowed values of and 
p for each D is determined by the worldvolume supersymmetry condition Nb = Np, i.e. 



jMN. The complete listing of values of and p are found in 



D —p—l = ^mn 

The maximum number of D in which this condition can be satisfied is Dmax = 11 (p = 2) with 
M = 32 and = 1. So, for other cases [D < 11), MN < 32. Similarly, the maximum value 
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of p for which this condition can be satisfied is Pmax = 5. The "fundamental" super p-branes 
that satisfy this condition are {D,p) = (11, 2), (10, 5), (6, 3), (4, 2). The 4 sets of p-branes 
obtained from these "fundamental" super p-branes through double-dimensional reduction 
are named the octonionic, quaternionic, complex and real sequences. Note, in addition 



to scalars and spinors, there are also higher spin fields on the worldvolume |P41|| : vectors 
or antisymmetric tensors. First, we consider vector supermultiplets. Since a worldvolume 
vector has [p — 1) degrees of freedom, the worldvolume supersymmetry condition Nb = 
Np becomes D — 2 = ^mn = ^MN. This condition introduces additional points in the 
brane-scan. Vector supermultiplets exist only for 3 < p < 9 and the bose-fermi matching 
condition can be satisfied in D = 4, 6, 10, only. Second, we consider tensor worldvolume 
supermultiplets. In p + 1 = 6 worldvolume dimensions, there exists a chiral {n^, n_) = (2, 0) 
tensor supermultiplet {B~^, \^ , (f)^^'^^), I,J = 1,...,4, with a self-dual 3-form field strength, 
corresponding to the D = 11 5-brane. The decomposition of this (2, 0) supermultiplet under 
(1,0) into a tensor multiplet with 1 scalar and a hypermultiplet with 4 scalars, followed by 
truncation to just the tensor multiplet, leads to worldvolume theory of 5-brane in D = 7. 

2.2.4 Central Charges and Topological Charges 

We illustrate how Lorentz tensor type central charges (associated with p-branes) arise in the 
supersymmetry algebra ||201|| . Since the action Sp has the manifest super-Poincare invariance, 
one can construct supercharges from the conserved Noether currents ja associated with 
super-Poincare symmetry. Whereas (^2]) is invariant under the super-Poincare variation, 
i.e. SsSi = 0, the integrand of the WZ action ( p3D is only quasi-invariant. Namely, since 
Ssb{p+i) = c?A(p) for some p-form A(p), the integrand of Swz transforms by total spatial 
derivative: Tp6s{4>* ^(p+i)) = d{(j)* A(p)) = diA^^^p^dr A da^ A • • • A dcr^. It is A(p) that induces 
'topological charge' which becomes central charge in the super-Poincare algebra. Generally, 
when a Lagrangian density C is quasi-invariant under some transformation, i.e. Sa^C = diA\, 
the associated Noether current j\ contains an "anomalous" term A^: j\ = 5aZ^' -q^^^m^ — 

A\. Such an anomalous term modifies the algebra of the conserved charges = f d^aj\ 
to include a topological (or central) terms Aab- 

For a p-brane, the WZ action (^) gives rise to the central term in the supersymmetry 
algebra of the form: 

Ao.p = Tp{CY'-^-U I dPaf/'-^\ (24) 



where j^^^ is the (worldvolume) time-component of the topological current density 
jt^fii _ ^iji---jpg_.^xf^^[^) ■ ■ ■ djpX^p{^). So, p-form central charges in supersymmetry al- 
gebra [] ( piD has the following general form given by the surface integral of a (p-l-l)-form 
local current </^^^^...^p(a;) over a space-like surface embedded in D-dimensional spacetime: 



ylJ 



Jd''-'^'^Jli,...Jx). (25) 



Here, the (p + l)-form local current Jji'l^^...^^{x) has contributions from individual p-branes 



^In the supersymmetry algebra (21), the p-brane tension Tp is set equal to 1. 
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with the coordinates X^{t, ai, (Xp) and charges (index a labehng each p-brane) 0: 

x9.Xf^„---9.^X;^](r,ai,...,ap). (26) 

This l)-form current is coupled to a (p + l)-form gauge potential ^^^^^...^^(a;) of the low- 
energy effective supergravity in the following way: 

= Y.I drda^ ...da, A^r-'^ iX'^)drX^,, ■ ■ ■ d.^X^^/J , (27) 

where z^/ are the charges of A^^^^^,„^^{x) carried by the a-th p-brane with the coordinates 
The field equation for Aj^^^...^^(x) is: 

^'^[A4^M.-M.l(^) = ^i'.......(^)- (28) 

So, one can think of Zj/^,__^^ as being related to charges of A^^^^^,„^^{x) with the charge source 
given by p-branes with their worldvolumes coupled to A^^^^^^,,,^^{x). There is a one-to-one 
correspondence between A^^^^^,„^^{x) in the effective supergravity theory and Zj/^^^,„^^ in 
the superalgebra, i.e. there are as many central extensions as form fields in the effective 
supergravity. 

2.2.5 ^-Theory 

The maximally extended superalgebra has 32 real degrees of freedom in the set {Q^} of 
supercharges, i.e. = 1 supersymmetry in£) = llorA^ = 8 supersymmetry in D = 4. 
So, the right hand side of (^) has at most = 528 degrees of freedom; the sum of 

D degrees of freedom of the momentum operator and the degrees of freedom of central 
charges ^^f...^ in ( PTf ) has to be 528. This is the main reason for the necessity of existence 



of p-branes in higher dimensions ||603|| ; N = 1 supersymmetry in D = 11 without central 



charge has only 11 degrees of freedom on the right hand side of (pi]). 

The extended superalgebra (|21| ) can be derived by compactifying either a type-A super- 
algebra in D = 2 -|- 10 or a type-B superalgebra in D = 3 + 10 (the so-called "S'-theories" ) 
gg, H, H, with the Lorentz symmetries ^0(10, 2) and ^0(9, 1) ® ^0(2, 1), respectively. 
The superalgebra of the type-IIA(B) theory is obtained by compactifying the type-A (B) al- 
gebra. First, the type-A algebra has the form: 

(29) 

where Mj = 0',0, 1, 10 is a D = 12 vector index with 2 time-like indices 0',0. Note, in 
D = 12 with 2 time-like coordinates, only gamma matrices which are (anti) symmetric are 
r^MiNh g^j^^ ^Mi---M6^ with ryMv-Me ^^gj^g self-dual. So, one has terms involving 2-form central 
charge ZmiM2 and self-dual 6-form central charge Z^^ jy,,, without momentum operator 



term, in (^). Generally, in the D < 12 supersymmetry algebra compactified from the type-A 



^So, a p-form central charge is related to boundaries of the p-branc. For example for a string {p — 1), 
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algebra, the spinor indices a and a of 32 spinors are regarded as those of SO{c+ 1, 1) and 
SO{D — 1,1) Lorentz groups, respectively, where c is the number of compactified dimensions 
from the point of view of D = 10 string theory. Second, the type-B algebra has the form: 

where the indices are divided into the D = 10 ones d,P = 1,2,..., 16 and /i = 0, 1, 9 with 
the Lorentz group 5*0(1, 9), and the D = 3 ones a, 6 = 1, 2 and i = 0', 1', 2' with the Lorentz 
group 5*0(1,2). (The barred [unbarred] indices are spinor [spacetime vector] indices^ Here, 
'j^ [r,] are gamma matrices of the 5*0(1, 9) [5*0(1, 2)] Clifford algebra and c"'' = ia!^'' = e""^. 

We discuss the maximal extended superalgebras that follow from the type-A algebra. 
First, the following iV = 1, D = 11 superalgebra is obtained from (p9|) by compactifying the 
O'-coordinate: 

{Qa, Qp] = {T^C)^pP^ + {T^^^^C)^pZ^,^, + (r^--^^C),/3X^,...^„ (31) 
where each term on the right hand side emerges from the terms in (j2^) as 

Zu^ivh ^ Pf,® 2'^i/i2 66 = 11 + 55 
Zti,-M, - X,,...,^ 462 = 462. (32) 

The central charges Z^^^^ and Z^^...^^ are associated with the M 2 and M 5 branes, respec- 
tively. The maximal extended superalgebras m. D < 11 are obtained by compactifying the 
= 11 supertranslation algebra (|31|) on tori. The central charge degrees of freedom in 
lower dimensions are counted by adding the contribution from the internal momentum Pm 
[m = 1, 11 — D) and the number of ways of wrapping M2 and M5 branes on cycles of 
rpii-D obtaining various p-branes in lower dimensions. Schematically, decompositions of 
the terms on the right hand side of (|3lD are: 



P — P ffi P 7 —7, ffi Z™! ffi ymim-i 

Y — V iXi fXi \^™i"»2 m x^mim2m3 ^ x^mi---m4 ^ yra-i---mc, ( "ioX 

^fii-fi5 — ^fii-fi5 fey ^fj.ifi2p.3 yy ^tJ.ifi2 ^ ^fii ^ ^ ■ y'^'^) 

The A^(A^ — 1) Lorentz scalar central charges of the (maximal) A^-extended D < 11 superal- 
gebras originate from the Lorentz scalar type terms (under the SO{D — 1,1) group) on the 
right hand sides of (P^D, i.e. Pm, Z"^"^ and X"^^'""^^. In this consideration, one has to take 
into account equivalence under the Hodge-duality in D dimensions. N{N — 1) = 56 Lorentz 
scalar central charges of = 8 superalgebra in D = 4 originate from the 7 components of 
Pm, Ft = 21 terms in Z"^i'»2 ^xexs ^ 21 terms in and 7 terms in the Hodge- 

dual of X™!..^^. The similar argument regarding the supertranslational algebras of type-HB 
and heterotic theories can be made, and details are found, for example, in |4^, |603| . 



We saw that one has to take into account the Lorentz tensor type central charges in 
higher- dimensions to trace the higher- dimensional origin of A^(A^ — 1) 0-form central charge 
degrees of freedom in X-extended super symmetry in D < 11. This supports the idea that 
in order for the conjectured string dualities (which mix all the electric and magnetic charges 
associated with A^(A^ — 1) 0-form central charges in D < 10 among themselves) to be valid, 
one has to include not only perturbative string states but also the non-perturbative branes 
within the full string spectrum. In lower dimensions, these central charges are carried by 
0-branes (black holes). It is a purpose of chapter ^ to construct the most general black 
hole solutions in string theories carrying all of 0-form central charges. In section p. 3. 3 



we 



identify the (intersecting) p-branes in higher dimensions which reduce to these black holes 
after dimensional reduction. 
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2.2.6 Central Charges and Moduli Fields 

We comment on relation of central charges to U{1) charges and moduli fields Except 
for special cases of D = 4, N = 1,2 and D = 5, N = 2, scalar kinetic terms in supergravity 
theories are described by a-model with target space manifold given by coset space G/H. 
Here, a non-compact continuous group G is the duahty group that acts linearly on field 
strengths H^^,,,^^^^ and is on-shell and/or off-shell symmetry of the action. The isotropy 
subgroup H C G is decomposed into the automorphism group H^ut of the superalgebra and 
the group Hmatter- related to the matter multiplets: H = HAut ® Hmatter- (Note, the matter 
multiplets do not exist for > 4 in D = 4, 5 and in maximally extended supergravities.) 

The properties of supergravity theories are fixed by the coset representatives L of G/H. 
L is a function of the coordinates of G/H (i.e. scalars) and is decomposed as: 

L = (L^) = {L\^, Lf), = {Lab A, Ljj,), (34) 

where [A, B) and / respectively correspond to 2-fold tensor representation of Haui and the 
fundamental representation of H matter- ■ Here, A runs over the dimensions of a representation 
of G. The {p + 2)-form strength H^ kinetic terms are given in terms of the following kinetic 
matrix determined by L: 

J^hT, = LabaL^^ — L/A-Z^s- (35) 

So, the "physical" field strengths of {p + l)-form potentials in supergravity theories are 
"dressed" with scalars through the coset representative and the {p + 2)-form field strengths 
appear in the supersymmetry transformation laws dressed with the scalars. The central 
charges of extended superalgebra, which is encoded in the supergravity transformations rules, 
are expressed in terms of electric Q\ = Jsd-p-2Qa and magnetic = J^p+iTi.^ charges of 
(p -|- 2)-form field strengths = dA^ {Ga = -^k) and the asymptotic values of scalars in 
the form of the coset representative, manifesting the geometric structure of moduli space. 

These central charges satisfy the differential equations that follow from the Maurer- 
Cartan equations satisfied by the coset representative. One of the consequences of these 
differential equations is that the vanishing of a subset of central charges (resulting from the 
requirement of supersymmetry preserving bosonic background) forces the covariant deriva- 
tive of some other central charges to vanish, i.e. "principle of minimal central charge" 



258| , p59|| . Furthermore, from defining relations of the kinetic matrix of {p + 2)-form field 
strengths and the symmetry properties of the symplectic section under the group G, one 
obtains the sum rules satisfied by the central and matter charges. 

For other cases, in which the scalar manifold cannot be expressed as coset space, one can 
apply the similar analysis as above by using techniques of special geometry |p76| , |132| , p70 



For this case, the roles of the coset representative and the Maurer-Cartan equations are 



played respectively by the symplectic sections and the Picard-Fuchs equations |134 . 



2.2.7 BPS Supermultiplets 

We discuss massive representations of extended superalgebras with non-zero central charges 
1 4851 , [489i p3CI| , |264| , |575|] , i.e. the BPS states. It is convenient to go to the rest frame of 



states defined by = (M, 0, 0), where M is the rest mass of the state. The little group, 
defined as a set of transformations that leave this P^ invariant, consists of SO{D — 1), 
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the automorphism group and the supertranslations. Since central charges Z^^ transform 
as a second rank tensor under the automorphism group, only the subset of automorphism 
group that leaves Z^^ invariant should be included in the little group. Central charges 
inactivate some of supercharges, reducing the size of supermultiplets. In the following, we 
illustrate properties of the BPS states for the D = 4 case with an arbitrary number of 
supersymmetries. 

In the Majorana representation, the central charges f/^"' and V^^ (/, J = 1, A^) appear 
in the A^-extended superalgebra in D = 4 in the form p64|| : 



{Qi. Qi) = irCUPf.S'-' + C^pU'' + (75C)„;3F", (36) 

where = 1, ...,4 are indices of Majorana spinors, C is the charge conjugation matrix 
C = —C'^, and the supercharges are in the Majorana representation. In the Majorana 
representation, U^'^ and V^"^ are hermitian operators and antisymmetric. 

Alternatively, one can express the superalgebra (^) in the Weyl basis. In this basis, a 
4-component spinor Qa (a = 1, 4) is decomposed into left- and right-handed 2-component 
Weyl spinors: 

Qi = iQi)a, {Q'nr = e^^Qf = i^cT^Ql'r, (37) 

where a, /3 = 1, 2 and d, /? = 1, 2 are Weyl spinor indices, and e"^ = = {io'2)ai3 = —^ap = 
— e^^ is the 2-dimensional Levi-Civita symbol. Namely, the lower and upper components 

of a 4-component spinor (a = 1,...,4) are ((5l)q, and e^^^Q*^, respectively. In this 
2-component Weyl basis representation, the anticommutations ( |36D become 

{QlQ'p} = 6„^Z", {Q*^Q*^} = e,^Z", (38) 

where Z^^ = -V^-^ + iU^^ . 

The central charge matrix Z^^ can be brought to the block diagonal form by applying 
the U{N) automorphism group: 

= diag(2ie'^ Z2e'\ ■ ■ ■ , z,n/^) = ia^ ® Z,n., (39) 



where Zm {m = 1,...,[^]) are eigenvalues of Z^-^ and Z^n^ = diag(zi, 2;[JV]). There are 
extra entries in the N-th row and column in Z^"^ for an odd A^. Further redefining the 
supercharges and making use of the reality condition satisfied by the supercharges, one can 
simplify supersymmetry algebra: 

{Saia), S*p1b)} = Sap5"'''5ab (M - {-f Zn) , 

{^^{a)^ ^J3(b)} = {'S'a^), "S"^";,)} = 0, (40) 

where a, f3 = 1,2, a,b = 1, 2, and m,n = 1, N/2. For odd A^, there are extra anticommu- 
tation relations associated with the extra entries in Z^"^ . 

Since the left-hand-sides of ( ^OD are positive semidefinite operators, the rest mass M of 
the particles in the supermultiplet is always greater than or equal to all the eigenvalue of 
the central charge matrix and therefore: 

M>max{|2„|}. (41) 
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The state that saturates the bound (l4l| ) is called the BPS state. The supermultiplet that do 
not saturate (^TD is called the long multiplet and is the same as that of extended superalgebra 
without central charges. The BPS supermultiplet is called short multiplet, since there are 
fewer supercharges (or raising operators) available for building up supermultiplet (since 
the supercharges that annihilate the super symmetric vacuum get projected onto zero norm 
states). The type of supermultiplet that BPS states belong to depends on the number of 
distinct eigenvalues of the central charge matrix Z^^^ . 

In the following, we give examples on all the possible BPS multiplets of = 4 super- 
symmetry algebra. = 4 superalgebra has [y] = 2 eigenvalues Z\ and ^2- There are two 
types of BPS supermultiplets in the = 4 superalgebra depending on whether zi 2 are the 
same or different. 

When z\ = Z2, two raising operators 5'^(2) and 5'^(2) in (10) are projected onto the zero- 
norm states^ ^(^(^2) 

{m = 1, 2) annihilate the supersymmetric vacuum state and become zero. 
So, i of supersymmetry is preserved and the remaining raising operators 5*^ (^-) and S*^ ^^-j act 
on the lowest helicity state to generate the highest spin 1 multiplet. 

When z\ ^ Z2, say, z^ > Z2, the raising operator 5'^(2) is projected onto the zero- norm 
states. Hence, | of supersymmetry is preserved and the remaining raising operators 
S^/j^N and 5"^ CD act on the lowest helicity state to generate the highest spin 3/2 multiplet. 



2.3 Positive Energy Theorem and Nester's Formalism 



We discuss the positive mass theorem [|146| , |531| , |532| , |533| , |534| , p31| , |483| , |295| , |379|] of general 



relativity. The positive mass theorem says that the total energy, i.e. the rest mass plus 
potential energy plus kinetic energy, of the gravitating system is always positive with a 
unique zero-energy configuration with appropriate boundary conditions at infinity, provided 
that the matter stress-energy tensor T^j/ satisfies the dominant energy condition 

T^uU^'V > 0, (42) 

for any non-space-like vectors If^ and V^. Here, the unique zero-energy configuration is the 
Minkowski space or anti-de Sitter space, which gravitating configurations approach asymp- 
totically at infinity. The reason why one cannot make gravitational energy arbitrarily nega- 
tive by shrinking the size of the gravitating object (as in the case of Newtonian gravity) is 
that when a system collapses beyond certain size, it forms an event horizon, which hides the 
inside region that has singularities and negative energy: the system appears to have positive 
energy to an outside observer. 

In general relativity, there is no intrinsic definition o local energy density due to the 
equivalence principle. So, one has to define energy of a gravitating system as a global 
quantity defined in background (or asymptotic) region [^, |l| . In general, conserved charges 
of general relativity are associated with generators of symmetries of the asymptotic region. 
Namely, the conserved charge is defined as a surface integral (with the integration surface 
located at infinity) of the time component of the conserved current of the symmetry in the 
asymptotic region. Here, the integration surface is taken to be space-like in this section and 
thereby gravitational energy is of the ADM type. 
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For a set {k^} of vectors that approach the Kilhng vectors of the asymptotic background, 
one can define the conserved charge f\ through |^: 

= / SxeQ^'k^^ = I Q^'^k^di:, = i / 6;:'^r-^\k^^e^Ad^,r, (43) 



where is the total stress-energy tensor | [44U|| including the pure gravity contributions and 



~ ^fib^^^ is connection 1-form for the metric g^,^. For a time-like Killing vector k^, 
is the ADM energy relative to the zero-energy background state. For a generic asymp- 
totically flat spacetime, the set of conserved charges K"^ consists of the ADM 4-momentum 
and the angular-momentum tensor J^^ , which satisfy the Poincare algebra. (The ADM 



mass M is the norm of the ADM 4-momentum: M = ^— P^P^.) For a supersymmetric 
bosonic background, one can define the (conserved) supercharge | |20(j| , [59(]| ] Q"^ for the con- 
served current = a^R^ (c}^(ea™'P^) = 0), which is defined in terms of a Killing spinor 
and a gravitino satisfying the Rarita-Schwinger equation: 



1 

2 Js=dS 



a'^e^-^P'^j.j^ij^dE^p (44) 



where P^ = e'^'^^^'y^'yi^'V pipa and a'^'^ = ^[7^,7'^], etc.. The generators and Qm of 
the asymptotic spacetime symmetries and the supersymmetry transformation satisfy the 
following algebras: 



[Ka. Kb] = CXbKc, {Qm, Qn] = CnKu, (45) 

where C^^ same structure constants that appear in the commutator of the Killing 

vectors k^ and are the same constants |^ in the following relation between the Killing 
vectors kj^ and the Killing spinors am'- 

oiml^ar, = f±kl. (46) 
So, these conserved charges satisfy the supersymmetry algebras 

[p/^, Q^] = 0, [j^^ g'"] = h(T^'''^Q\ {Q'", g"} = ;i7;;^"P'^. (47) 



The third equation in (|T7| ) leads to the simple proof |p07|| of the positivity of energy in 



quantum supergravity. Since the left hand side of this equation is a positive semidefinite 
operator, one has 

n-\s\{Q"^,Q-ms) = iYlT'^islP.ls) > 0, (48) 

where |s) is a physical state vector. For this inequality to be satisfied, the eigenvalues P°± |P| 
of 7'^7°P^ have to be non-negative, leading to proof of the positivity of gravitational energy. 

^At infinity, the current = eOp^^k"^ is conserved, i.e. d^J^} — 0. Here, e is the determinant of the 
background metric and k'^ ^ is now KiUing vectors of the background spacetime. 

"'^'^Here, the integration measures for the surface and volume integrals are respectively defined as dS^^ = 
^Ep.vpijdx'' A dx"^ and dS^ = ^Epvpadx'^ A dx'' A dx'^ . 

^^For flat spacetime, one can choose the basis of a™ so that = Imn- 



21 



Rigorous proof of the positive energy theorem based on original Witten's proof ||631 



involves the following antisymmetric tensor (the Nester's 2- form [ [483|| ): 



E^" = e^^<'\n''lp^.e - V.£7'7p^), (49) 

where a Dirac spinor e is assumed to approach a constant spinor Q asymptotically [e — > 
^0 + 0{r~^y) and is the gravitational covariant derivative on a spinor. The ADM 4- 
momentum is related to the surface integral of E^^ over the surface S at the space-like 
infinity in the following way: 

P^e^l^e^ = \l E^^dS^,. (50) 



2h 

Proof of the positive energy theorem involves the surface and the volume integrals of the 
Nester's 2-form, which are related by the Gauss divergence theorem: §s=dY. \E^^ ^S^y = 
/s Vl,E^"'dEy. This leads to 

P^eo^eo = G^yeYedT.' + V^£(7V^'^ + a^^P^^)V psdL,, (51) 

where G^y is the Einstein tensor of the metric g^y. From the Einstein's equations G^y = T^^, 
one sees that the first term on the right hand side of (^) is positive if T^y satisfies the 
dominant energy condition (|4^). In the coordinate system in which the x°-direction is 
normal to S, the integrand of the second term on the right hand side of (0) simplifies to 



2 

2 



i=l 



(52) 

So, if the spinor e satisfies the "Witten condition" ||631|| : 

E 7*Vi£ = 0, (53) 



i=l 



the second term on the right hand side of (^ID is also positive. Thus, the left hand side 
of (ETI) is always non-negative for any Eq, leading to proof that energy P° of a gravitating 



system is non-negative. 

The above proof of the positive energy theorem based on the Nester's formalism can be 
readily generalized to gravitating configurations in extended supergravities. In this case, the 
gravitational covariant derivative on spinors in the Nester's 2-form (|49|) is replaced by 
the super-covariant derivative on spinors. So, the Nester's 2-form generalizes to: 



E"" = 2(\/peT'"'Pe - er^^^V^e) = E"'' + H"'', (54) 



where E^'^ is the original Nester's 2-form ( ^91) and H^'^ denotes the remaining terms, which 
are usually expressed in terms of gauge fields of extended supergravities. Here, the superco- 
variant derivative on a supersymmetry parameter e is given by the gravitino supersymmetry 
transformation in bosonic background, i.e. 6ijjfj, = V^e. The lower bound for mass is given 
in terms of central charges (coming from the H^'^ term in (Q)) of the extended supergravity 



^^This is a necessary condition [ [145^ 494, 513 1 for a spinor e to satisfy the Witten's condition. 
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and the bound is saturated when the gravitating configuration is a bosonic configuration 
which preserves some of supersymmetry. 

In the following, we discuss proof of the positive mass theorem in pure N = 2, D = 4 
supergravity as an example p96|| . The N = 2, D = 4 supergravity is first obtained in 
265|| by coupling the (2,3/2) gauge action to the (3/2,1) matter multiplet by means of the 



Noether procedure. The theory unifies electromagnetism (spin 1 field) with gravity (spin 
2 field). The theory has a manifest invariance under the 0(2) symmetry, which rotates 2 
gravitino into each other. In the bosonic background, the supergravity transformation of the 
gravitino, which define the supercovariant derivative V^, is 

'^V'. = ^^V,e = ^^[V, - ^F.p7V7.]e. (55) 



Substituting the supercovariant derivative V^e from (|55D into the Nester's two-form 
one has the following expression for H^^'^: 

ijM^ = 4e(F'^^ + * F>"')e. (56) 

The integrand of the volume integral takes the form: 



V.^E^'' = IQttGjv T'"^""' ''pUf + 167r^GAre( + 275 J'')e + 4V^er'^^''Vpe, (57) 

where t/^ = e7'^e is a non-spacelike 4- vector, provided e is the Killing spinor, and the electric 
and magnetic 4-vector currents J'^ and are defined through the Maxwell's equations and 
the Bianchi identities as V^F'"' = 471 J^" and V^^Ff"" = 47r>. 

If we assume that the Killing spinor e approaches a constant value eo as r ^ 00, then 
the surface and the volume integrals are 

eo[-PM7^ + v/G^(Q + ^75P)]eo = / [T-^"<=^ ^f^^ + -^e( + z75>)e]dS^ 

/ V^^r^'^'VpedS^, (58) 

where Q and P are the electric and magnetic charges of the gauge field Afj_. 

The first term on the right hand side of (^) is always non-negative, if TJ^^^^'^'^ satisfies 
the generalized dominant energy condition: 

for any pairs of non-spacelike four- vectors and V^. (This says that the local energy 
density of the matter exceeds the local charge density for any observer.) The second term 
on the right hand side of (^) is non-negative provided the following generalized Witten's 
condition is satisfied: 

7"Vae = 0, (60) 

where Va is the Israel and Nester's projection of on the surface 5" = 9S. The second term 
vanishes iff V^e = on S*. So, the left hand side of (^) is always positive semidefinite for 
eo, provided the generalized Witten's condition (|60|) and dominant energy condition (|59| ) are 
satisfied. This is possible iff all the eigenvalues of the Hermitian matrix sandwiched between 
eo are non-negative. So, we have the following Bogomol'nyi bound for the ADM mass: 

M > G^'/'a/q^Tp^. (61) 
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3 Duality Symmetries 



Past few years have been an active period for studying string dualities ||635| , |636| , |622| , |543| , |500| , 
227|| . Five different string theories {Eg x Eg and 5*0 (32) heterotic strings, type-IIA and type- 



IIB strings, and type-I string with S'0(32) symmetry), which were previously regarded as 
independent perturbative theories, are now understood as being related via web of dualities. 

String Dualities are classified into T-duality, S'-duality and t/-duality. T-duality (or 
target space duality) |P06|| is a perturbative duality (i.e. duality that relates theories with 
the same string coupling) that transforms the theory with large [small] target space volume 
to one with small [large] target space volume |[425| , |525| , |216|| or connects different points in 
(target-space) moduli space. Under T-duality, type-IIA and type-IIB strings |pl6| , |193|| , and 



Eg X Eg and 5*0(32) heterotic strings |[480| , |481| , p03|| are interchanged. Another examples of 
T-duality are the 0(10 — Z^, 26 — D, Z) symmetry ||308|| of heterotic string on T^°~^ and the 
0(10 - T>, 10 - D, Z) symmetry |08|, |70|, |30|, of type-II string on T^"-^. 5-duality (or 
strong-weak coupling duality) is a non-perturbative duality that transforms string coupling 
to its inverse (while moduli fields remain fixed) and interchanges perturbative string states 
and non-perturbative branes. Duality that relates Type-I string and 5*0(32) heterotic string 

|635|, |505|1 is an example of 5'-duality. Another examples are (i) the SL{2, Z) symmetry of 
type-IIB string ||536| , p76| , p38| , |539| , [540| , |7^ ; (ii) the D = 6 string-string duality between 
the heterotic string on T^ [on K3] and the type-II string on K3 [on a Calabi-Yau-threefold] 

23|, ^ ^ 1^ |2^, 1553, l^l, 0; (^^^) SL{2, Z) symmetry of 

N = A heterotic string in D = 4 l26|, |3^ |54|, |4|, |5|, ^ |5|, |^, |3|]. [/-duality 



which is closely related to the D = 11 theory (M-theory), is regarded as a 
consequence of the SL{2, Z) 5-duality of type-IIB string and T-dualities of type-II strings 
on a torus. Thus, fZ-duality is a non-perturbative duality of type-II strings which necessarily 
interchanges NS-NS charged state and R-R charged state. 

String dualities require existence of non-perturbative states within string spectrum, as 
well as the well- understood perturbative states. These non-perturbative states include 
smooth solitons and new types of topological objects called D-branes |[498|| . Such non- 
perturbative states are extended objects, which in a low energy limit correspond to ]9-branes 
of the effective field theories. So, string theories, which are previously known as theo- 
ries of (perturbative) strings, are no longer theories of strings only, but contain objects of 
higher/lower spatial extends. These perturbative and non-perturbative states are interre- 
lated via string dualities. 

One of important discoveries of string dualities is the conjecture that there exists more 
fundamental theory in higher dimensions {D > 10), which reduces to all of 5 perturbative 
string theories in different limits in moduli space when the theory is compactified to lower 
dimensions {D < 10). Such fundamental theories include M-theory ||635| 

12 ||621|] , and 5'-theories in D 



540, QTi 



m 



D 



11, T-theory in D 
M-theory is defined as an unknown theory in D 
low energy effective theory is the D 
theory when the extra 1 



12, 13 m, m, 44, 43 



11 (with 1 time-like coordinate) whose 
11 supergravity ||158|| and which becomes type-IIA 
spatial coordinate is compactified on 5"^ of radius R. Since the 
radius R of 5^ is related to the string coupling A of type-IIA theory as R^ = X^, the strong 
coupling limit (A ^ 1) [|635|| of type-IIA theory is M-theory, i.e. the decompactification 
limit {R — > oo) of M-theory on 5"^. Furthermore, the evidence was given in |358| for the 
conjecture that M-theory compactified on 5^/Z2 is E^ x Eg heterotic string. We mentioned 



24 



in the previous paragraph that type-IIA and type-IIB strings, and x and 5*0(32) 
heterotic strings are related via T-duahty, and SO (32) heterotic string and type-I string are 
related via S'-duality. Thus, all of the 5 different perturbative string theories are obtained 
from M-theory by compactifying on or S^/Z2, and applying dualities. 

F-theory is a conjectured theory in D = 12 (with 2 time-like coordinates) which is 
proposed in an attempt to find geometric interpretation of the SL{2, Z) S'-duality of type- 
IIB theory. Namely, the complex scalar formed by the dilaton and the R-R 0-form transforms 
linear-fractionally under the SL{2, Z) transformation, just like the transformation of modulus 
of under the T-duality of a string theory compactified on T^. F-theory is, therefore, 
roughly defined as a D = 12 theory which reduces to type-IIB theory upon compactification 
on T^, with the modulus of given by the complex scalar. Note, since type-IIB theory on 

is equivalent to M-theory on T^, F-theory on x is the same as M-theory on T^. 

The essence of string dualities is that strong coupling limit of one theory is dual to weak 
coupling limit of another theory with the strongly coupled string states (dual to perturbative 
string states) identified with branes. So, branes play an important role in understanding non- 
perturbative aspects of and dualities in string theories. It is one of purposes of this review 
to summarize the recent development in solitons and black holes in string theories. The 
purpose of this chapter is to give basic facts on dualities in supersymmetric field theories 
and superstring theories that are necessary in understanding the rests of chapters of this 
review. Therefore, readers are referred to other literatures, e.g. ||635| , p36| , ^39| , ^4(]| , ^43| , \227 , 



228i m, |49|, m, |OTl |0|, m, ir^, lUl, for complete understanding of the subject. 

In the first section, we discuss the symplectic transformations in extended supergravities 
and moduli spaces spanned by scalars in the supermultiplets. In section ^l2| , we summarize 



T-duality and S'-duality of heterotic string on tori. In this section, we also discuss solution 
generating transformations that induce electric/magnetic charges of U{1) gauge fields of 
heterotic string on tori when applied to a charge neutral solution. These dualities are basic 
transformations for constructing most general black hole solutions in heterotic string on tori. 
In section |3.3| , we discuss string-string duality between heterotic string on and type-II 
string on K3, and string-string-string triality among type-IIA, type-IIB and heterotic strings 
in D = 6. These dualities transform black hole solutions discussed chapter ^to type-II black 



holes which carry R-R charges |5^, thereby enabling interpretation of our black hole 
solutions in terms of D-brane picture. In the final section, we summarize some aspects of 
M-theory and ^/-duality. The generating black hole solutions of heterotic string on tori 
are the generating solutions for type-II string on tori, as well. Namely, when the generating 
solutions of heterotic strings are embedded to type-II theories (note, such generating solutions 
carry only charges of NS-NS sector, which is common to both heterotic and type-II theories), 
subsets of [/-dualities of type-II theories on tori induce the remaining U{1) charges of type-II 



theories on tori 171 



3.1 Electric-Magnetic Duality 

The electric-magnetic duality in electromagnetism was conjectured by Dirac | 217 | based on 
the observation that when electric charge and current are nonzero the Maxwell's equations 
lack symmetry under the exchange of the electric and magnetic fields, or in other words under 
the Hodge-duality transformation of the electromagnetic field strength. Dirac conjectured 
the existence of magnetic charges pi8| | to remedy the situation. Magnetic charges are due 



25 



to the topological defect of spacetime and are given by the first Chern class of the U{1) 
principal fiber bundle with the base manifold given by S"^ surrounding the monopole. The 
requirement of the continuity of the transition function that patches the 2 covers of the 
northern and southern hemispheres of S"^ or the requirement of the unobservability of Dirac 
string singularity restricts magnetic charge to be quantized [|642| , |643 



|640 



546 



64 1| , |63(J|| relative to electric charge Qe in the following way through the Dirac-Schwinger- 
Zwanzinger (DSZ) quantization rule: 



4:7rh 



(62) 



Under the duality transformation, electric and magnetic charges are interchanged and cor- 
respondingly the coupling of the electromagnetic interactions is inverted due to the relation 
(|6^). So, the weak [strong] coupling limit of one theory is described by the strong [weak] 
coupling limit of its dual theory. 

The extension of the duality idea to non-Abelian gauge theories was made possible by 
the discovery of the 't Hooft-Polyakov monopole solution [ 592 , 507 [ in non-Abelian gauge 
theory. In the 't Hooft-Polyakov monopole configuration, the non-Abelian gauge group 
is spontaneously broken down to the Abelian one at spatial infinity by Higgs fields that 
transform as the adjoint representation of the gauge group. The magnetic charge of the 't 
Hooft-Polyakov monopole is determined by the second homotopy group of S"^ formed by the 
symmetry breaking Higgs vacuum, i.e. the winding number around S"^ as one wraps around 
S"^ surrounding the monopole. Within this context, Montonen and Olive |[476| conjectured 
that the spontaneously broken electric non-Abelian gauge group is dual to the spontaneously 
broken magnetic non-Abelian gauge group. Under this duality, the gauge coupling of one 
theory is inverted in its dual theory, leading to the prediction that the strong coupling limit 
of a gauge theory is the weak coupling limit of its dual theory [^501 , |551| , |549 . 

Note, the hub of the Montonen-Olive conjecture lies in the existence of symmetry 
breaking Higgs fields which transform in the adjoint representation of the non-Abelian 
gauge group. It is a generic feature of extended supersymmetries that scalars live in the 
same supermultiplet as vector fields. So, the scalars in vector supermultiplet transform 
as the adjoint representation under the non-Abelian gauge group. Furthermore, super- 
symmetric theories obey the well-known non-renormalization theorem (See for example 
485| , |192| , P^ , |473| , |267| , p73| , |321| , ^75|| ) The extended supersymmetry theories have an- 
other nice feature that the states preserving some of supersymmetry, i.e. BPS states, are 
determined entirely by their charges and moduli. These are (degenerate) ground states of 
the theories (parameterized by moduli). Such BPS mass formula is invariant under dualities 
and degeneracy of BPS states remains unchanged under dualities. For example, electrically 
charged BPS states at coupling g have the same mass and degeneracy as magnetically charged 
states BPS states at coupling 1/g. Furthermore, the supersymmetry algebra prevents the 
number of degeneracy of BPS states from changing as the coupling constant is varied. Thus, 
it is BPS states that are suitable for testing ideas on duality symmetries. 

In the following, we discuss generalization of electric-magnetic duality of Maxwell's equa- 
tions to A^-extended supersymmetry theories and study moduli spaces spanned by scalars. 
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3.1.1 Symplectic Transformations in Extended Supersymmetries 

In supersymmetry theories, scalars 0^ are taken as coordinates of the target space manifold 



■Mscaiar of non-hncar cr-model, which we write in general in the form |P70|| : 



Cscalar = 9lj{<P)9^''V (63) 

where the covariant derivative on (p^ is with respect to the gauge group Ggauge that the 
vector fields in the theory belong to: 

V^0^ = 9^0^ + (?^X(0), (64) 
with Killing vector fields = A;^(0)^ satisfying the Lie algebra Qgauge of Ggauge- 



kA, ky 



/AEkA. (65) 



Note, Qgauge is a subalgcbra of the isometry algebra of M. scalar - 

Here, gu is the metric of M. scalar- In other words, a scalar is regarded as a map from 
the spacetime manifold to M. scalar- It turns out that the types of allowed target space 
manifolds formed by scalars are fixed by the number m of supercharge degrees of freedom 



in A^-extended superalgebra |p27|| . When m exceeds 8, the target space manifold is fixed 
as a symmetric space specified by the number n of vector multiplets. For example, D = 4, 
N = 8 supergravity, for which m = 32, has the target space manifold Ej/SU{8) | |159| , 



the D = 4, N = 4 theory, for which m = 16, has target space manifold so^{6)(iso{n) ® "^^[i) 
| 205| , f)55[ p57| , |545| , |544|| . A special case is the effective action of the heterotic string on T^, 



which is described by the iV = 4 supergravity coupled to the iV = 4 super- Yang-Mills theory 
with the gauge group f/(l)^^ (n = 22 case). Here, sof&)^so\i2) describes (classical) moduli 



space of Narain torus |[48CI| , [481|| , and ^^^^i^^ is parameterized by the dilaton-axion field. 



(In section |3]^, we discuss the Sen's approach ||560|| of realizing such target space manifolds 



within the effective supergravity through the dimensional reduction of the heterotic string 
effective action.) For m < 8, the target space manifolds are less restrictive. For a D = 4, 
N = 2 theory, corresponding to m = 8, the scalar manifold is factorized into a quaternionic 
one and a special Kahler manifold ||581| , ^76|| , which are respectively spanned by the scalars 



in the hypermultiplets and the vector multiplets. For m = 4 case, e.g. D = 4, N = 1 theory 
the target space manifold is the Kahler manifold. 

Within the extended supersymmetry theories described above, one can generalize [|276 



the electric-magnetic duality transformations, which preserve equations of motion for the 
f/(l) field strengths. For this purpose, only relevant part of scalars is from vector supermul- 
tiplets. Such generalized electric-magnetic duality transformation is realized as follows. 
We consider the general form of the diffeomorphism of the scalar manifold: 

t ■- M:,alar ^ M:,alar 0'^t'(0). (66) 

The map that corresponds to the isometry of the scalar manifold, i.e. t*gjj = gjj, becomes 
the candidate for the symmetry of the theory. 

General form of kinetic term for vector fields in vector supermultiplets is 



C,ec = ^7ae(0).^^ a + ^^ae(0)-^^ a .F^, (67) 
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where the field strengths JF^^ of gauge fields are 

J't = li^^t - duAi: + gf^AlAt), (68) 

and ^JF^j, = \^^vpa^^''" is the Hodge-dual of T^^^. Here, the nxn matrix 'yij((f>) generalizes 
the coupling constant of the conventional gauge theory and the antisymmetric matrix 6ij{4>) 
is the generalization of the 6'-term ||63U . 



The transformation properties of the gauge fields and the complex symmetric matrix 
A/ae(0) = ^As(0) — '^7ae(0) are determined by the symplectic embedding of the isometry 
group Giso of the scalar manifold M scalar follows. 

We consider the following homomorphism from the group DiS{Ai scalar) of diffeomor- 
phisms t : M^^^i^^j. -^Icaiar ^he general linear group GL{2n, R): 

is: I)iSiMl^,J^GL{2n,R). (69) 



One introduces a 2nx 1 matrix V = {-kT, -^G)^, where -kQ = —-§fT- Then, the map in 
defined by assigning, for each element ^ of Diff (A^^^^^^^), a 2n x 2n matrix is{^ - 
in GL{2n, R) which transforms V as 



IS 



A^ 



C, D. 



(J'^\ f^^\' _ f^t Bt\ ( 



or 



(70) 



where JF+ = T — i -k T and = MT^ ||212| , ^13|| . The transformation law ( [7DD on V is 



dictated by the requirement that the Bianchi identities and the field equations for vector 
fields remain invariant. 

Under the action of the diffeomorphism ^ on 0^, M{(t)) also transforms. If we further 
require that transformed field Q' to be defined as -kQ' = —-^rr, the transformation property 
of A/'ai;(0) under the diffeomorphism t on 0^ is fixed as the fractional linear form: 

u{(t>) ^ ^\tm = \Ct + aa/'(0)][a + Btum~\ (71) 

with Li{^) now restricted to belong to Sp{2n, R) C GL(2n, R). 

When 7^ 7^ Cj, it is a symmetry of equations of motion only. When Bt = ^ Gt, 
the Lagrangian is invariant up to four-divergence. When Bt = = Gt, the Lagrangian is 
invariant. In particular, the symplectic transformations (^) and (|7TD with Bf ^ are non- 
perturbative, since they necessarily induce magnetic charge from purely electric configuration 
and invert Af, which plays the role of the gauge coupling constant. 

When electric/magnetic charges are quantized, Sp{2n, R) gets broken down to Sp{2n, Z) 
so that the charge lattice spanned by the quantized electric and magnetic charges is preserved 
under the transformation (|70|). This is the generalization of the electric- magnetic duality 
symmetry to the case of D = A supersymmetry theory with n vector fields. 
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3.1.2 Symplectic Embedding of Homogeneous Spaces 

When the number of supercharge degrees of freedom exceeds 8, e.g. > 3 in D = 4, 
■M scalar IS a homogeueous space G/H with the isometry group G. The supersymmetry 
restricts the dimension of Aiscaiar and the number n of vector multiplets to be related to 
each other and, therefore, Mscaiar is determined uniquely by n. In the following, we discuss 
the symplectic embedding of the homogeneous space and show how the gauge kinetic matrix 
A/ae is determined. 

We consider the following embedding of the isometry group G oi G/H into Sp{2n, R): 

Ls: G^ Sp{2n, R) : ^ ls{L{<P)). (72) 

Applying the following isomorphism from the real symplectic group Sp{2n, R) to the complex 
symplectic group Usp{n,n) = Sp{2n,G) fl U{n,n): 



[g d)^[v r*j' ^^^^ 

where 

T^^{A-zB) + ^{G + zD), V^^{A-zB)-^{G + tD), (74) 

one can define the complex symplectic matrix 0{(f)) (g Usp{n,n)), for each coset represen- 
tative L{(j)) of G/H, as follows: 

f,-is: G^Usp{n,n): m^Oi^)={^^'j^^ , (75) 

where 

f/o(0)^[/o(0) - f/i(0)^f/i(0) = 1, [/o(0)tf/i(0)* - f/i(0)tf/o(0)* = 0. (76) 

From 0{(j)) in ([75|), which is defined for each coset representative L{(f)) of G/H, one can 
define the following scalar matrix | 276 | which has all the right properties for the gauge kinetic 
matrix A/as = Oat. - «7as: 

^^^[Ul + Ul]-'[U^,-Ul], (77) 

namely, A/"^ = A/" and Af transforms fractional linearly under Sp{2n, R). 

Specifically, we consider the homogeneous space of the form ST[m,n\ = ^^^^^-^^ ® 

where m is the number of graviphotons and n the number of vector multiplets. 



50(m,n) 



SO{m)(SjSO(n) 



Here, ^^^^^^^ is parameterized by the axion-dilaton field S and sofm)^soin) parameterized 
by a m X n real matrix X. 

In the real basis, the SO{rn, n) T-duality and SL{2, R) S'-duality groups of ST[m, n] are 
respectively embedded into the symplectic group as: 

Ls : L E SO{m,n) t-^ (^'^ ^-^^^^^^^ E Sp{2m + 2n,Il) 
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5T[2,n] is the only special Kahler manifold with direct product structure |266| of this form. 
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1^5 



;j 1 gSL(2,R) 



c?7 



(78) 



where rj is an SO{m,n) invariant metric, 1 is the (m + n) x (m + n) identity matrix, and 
a,b,c,d E R satisfy ad — be = 1. In the complex basis, the embeddings are: 



is 



L G 80(171, n) 1-^ 

\{L + 7]Lr]) \{L-7]Lr])\ 

\{L-7]L7]) \{L + 7]L7])) 



G U sp{m + n,m + n) 



V t* 

Re t 1 + ihxv t r] Re f 1 — ilm v t] 
Re f 1 + ihxv v rj Re t 1 — ilm t rj 



G U sp{m + n, m + n) . 



(79) 



The symplectic embeddings ( [fOD make it possible to express the gauge kinetic matrix 
JV in terms of the scalars S and X, which parameterize iST[m, n], as follows. The coset 
representatives of SU{1,1)/U{1) and SO{m,n)/[SO{m) x SO{n)] are respectively 



i-S ■ 
i+S 

1 



X 

(1 + X^X)V2 



(80) 



LiS) 
L{X) 

where n{S) ; 

studied by Sen [p60|| , which will be discussed in section p?2| . 

Applying the transformations (ffOD, one obtains the following symplectic embedding of 
the coset representations of ST[m,n\: 



4Im5 



l+|5|2+2ImS" 



Note, M = L{X)L^{X) is a symmetric SO{m,n) matrix. 



ts{L{S)) o Ls{L{X)) 



Uo{S,X) Ul{S,X) 
U,{S,X) U*{S,X) 



G U sp{n + m, n + m) , 



where the explicit expressions for ls{L{S)) and ls{L{X)) are obtained by applying the trans- 
formations dT^I). Substituting this expression into the general formula in (|7^), one obtains 
the following gauge kinetic matrix: 



Af = ilm St]L{X)L^ {X)r] + Re ^r^ = ilm Sr]Mr] + Re Sr]. 



f82) 



Then, the Lagrangian Cscaiar + C.vec (Cf. see ( |63D and 
corresponds to iST[m, n]: 



takes the following form that 



(83) 



The T-duality and S'-duality of the heterotic string on |^37] , |544| , [46 5| , |560|| are special 
cases of the symplectic transformations ([78|) with (m,n) = (6,22). In general, under the 
SO{m,n) and 5*17(2, R) transformations (0), the gauge fields and the gauge kinetic matrix 
transform, respectively, as (Cf. (|70D and ([7l|) ): 
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jr+ ^ jr+' = ajr+ + hT]UT+, J\f ^ W = {dU + cr]){br]Af + a)-^ (84) 

Note, 0{m,n) [S'L(2,R)] is a perturbative [non-perturbative] symmetry, since is not 
inverted [gets inverted]. S'L(2,R) is the symmetry of the equations of motion only, since 
electric and magnetic charges get mixed, and since this corresponds to the transformations 
(0) and (inD with Bt^Q^Cf 

3.1.3 Target Space Manifolds of = 2 Theories 

Contrary to D = 4, > 3 theories, the scalar manifolds of = 2 theories are not necessarily 
expressed as homogeneous symmetric coset manifolds 1^. Scalar manifold of the D = 4, 
N = 2 theory has the generic form: 

Mscalar = SMn ® HM^, (85) 

where SA4n is a special Kahler manifold of the complex dimension n = "the number of the 
vector supermultiplets" , and the manifold TiM-m spanned by the scalars in the hypermulti- 
plets has the dimension 4m, where m = "the number of the hypermultiplets" . So, the metric 
gij{(f)) of Mscalar has the form: 

gij{(f))d(f)^ ® d(j)-^ = Qab'dz" ® dz''* + Kvdq'' ® dq"". (86) 

Here, Qab* [huv] is the special Kahler metric on SAin [the quaternionic metric on TiAin]- 

Special Kahler Manifolds N = 2 super- Yang-Mills theory is described by a chiral su- 
perfield $, which is defined by D"' $ = (like chiral superfield in = 1 theory), with an 
additional constraint: 

D'^^D^^ $6,^ = e.ke.iD^^'D'^f^ <le (87) 

where i = 1,2 labels supercharges of A^ = 2 theory, a, a = 1,2 are indices of chiral spinors, 
and D°' is a covariant chiral superspace derivative. The component fields of a A^ = 2 chiral 
superfield are a scalar X"^, spinors A*^, U{1) gauge field strength F^, and auxiliary 
scalars Yjj satisfying a reality constraint Yij = eikejgY^^ (due to the constraint (0)). The 
action of A^ = 2 chiral superfields is determined by an arbitrary holomorphic function 
F(^^) of as / d'^x J d^9 F{^^) + c.c, and is given, in terms of the component fields, by: 

C''^'^ = 9ABd,X^d^X'' + gAsy^Yd.Xf + Im(F^B.F;/.F-^'^'^) + (88) 

where the dots denote the interaction terms involving fermions, gj^§ = OaOb i^' is a Kahler 
metric, and Fab = OaObF. Note, this action is a special case of the most general coupling of 
A^ = 1 chiral superfields to A^ = 1 Abelian vector superfields in which the Kahler potential 



K and the holomorphic kinetic term function Fab take the following special forms |p72| , p83|| 

K{X,X) = i[Fa{X)X^-Fa{X)X^] {FA = dAF), Fab = OaBbF. (89) 



""^■^But there is a subclass of homogeneous special manifolds, which are classified in 166 |. These are 

SU(IA) SU(l,n^) SU(l,l) SO(2,«.) ■S'p(6,R) ■S':^(3,3) SO" (12) ^vC-s) ...j.u tlnp 

(7(1) ' S(7(n„)x;7(l) ' U{1) ^ 50(2) x S'0(n„) ' 5(7(3) x;7(l) ' S(7(3) xS(7(3) ' 5C/(6) x (7(1) ' £6X50(2) WILII uie 

corresponding symplectic groups Sp{2nu + 2) respectively given by 5p(4), Sp{2ny + 2), Sp{2nv + 4), 5p(f 4), 
Sp{20), Sp{32), and Sp{56). 
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The Kahler manifold with the Kahler potential K{X, X) determined by the prepotential 
F{X) [m, [161], |TT1 through (||) is called the special Kdhler manifold fgig, ifl, |7|, |22l 

[nl [i2g,[T9l. 

When = 2 chiral fields ^'^ (A = 0, 1, ... , n^) are coupled to the Weyl multiplet (with 
components given by vierbein, 2 gravitinos and auxiliary fields) |piO|, 212|, the invariance 



under the dilatation requires F{X) to be a homogeneous function of degree 2 (so that F{X) 
has Weyl weight 2) ||212| , |210|| . Furthermore, the requirement of canonical gravitino kinetic 
term imposes one constraint on the set of scalars X^ as 



(90) 



leading to gauge fixing for dilations and the special Kahler manifold of the dimension n^. 
Note, the extra chiral superfield $° is introduced to fix the dilatation gauge, to break the 
S'-supersymmetry, and to introduce the physical U{1) gauge field in the N = 2 supergravity 
multiplet (the scalar and the spinor components of the superfield $° do not become additional 
physical particles). The final form of bosonic action describing numbers of = 2 vector 
multiplets coupled to = 2 supergravity is 



-'C = --n + gat*d,z^d^z^ 



Im(ArAs(^,^)^;/-F+^'^'^ 



(91) 



where z"" (a = l,...,n„) are the coordinates of a Kahler space spanned by the scalars X^ 
(A = 0, 1, ...,n^) which satisfy one constraint (0) (therefore, the manifold spanned by X^ 
has complex dimensions). A convenient choice for z"" is the inhomogeneous coordinates 
called the s;)ecm/ coordinates: z'^ = X'^(z)/X°(z), a = 1, ...,n^. (Note, X"-{z) = in special 
coordinates in which ^^^^ = 5^ |lT|, |12|, |7|, |13|].) Here, K and A^as (Cf. the scalar 
matrix A/" in (^) are determined by F{X) to be of the forms f^g, [MT], ^ |T3g, [1^: 

zZ\z)Fj,{Z{z)) -tZ''{z)F^{Z{z)), 
Im(FAA)Im(F2n)X^Xn 



-K{z,z) 



AS 



i^AS + 2z- 



Im(FAn)X^Xn 



(92) 



where Z^{z) = e ^/"^X^ and Z^(z) = e ^I'^X^ (A = 0,1,. ..,71^,) are holomorphic sections 
of the projective space PC"+^ ||128| , |129| , |198|| , and Fas = f^A-Ps(-^)- We give some examples 



of the holomorphic function F[X^ of 
manifold target spaces: 

F = iX°X^ 
F = (Xi)VX° 



2 theories and the corresponding special Kahler 

f/(l) 
SU{1,1) 



F = -i 



X' 



= -4^X0(Xi)3 
F = ^X^r/AsX^ 

d\/\Y:X^X^X^ 

1\2 




U{1) 

su{i,i) 

f/(l) 
SU{l,n) 

SU{n)®U{l) 

Calabi — Yau. 

50(2,1) S0{2,n) 



X 



a=2 



50(2) 50(2) X 50(n) 



(93) 
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So far, we defined the special Kdhler manifold as the Kahler manifold with the special 
form of the Kahler metric given by (|92|), which depends on the holomorphic prepotential 
F . Now, we discuss the symplectic formalism of the special Kahler manifolds of = 2 
supergravity coupled to vector supermultiplets. 

For the symplectic formalism |p.32| , pi4| , 133 1 of the special Kalher manifold M., one 
considers the tensor bundle of the type 7i = SV^C Here, SV Ai denotes a holomorphic 
fiat vector bundle of rank 2n^ + 2 with structural group Sp{2n^ + 2, R) |3, and C ^ M. 
denotes the complex line bundle whose first Chern class equals the Kahler form of the n„- 
dimensional Hodge-Kahler manifold M.. 



A holomorphic section of the bundle Ti has the form [|128| , |113|, |114| , |115| , |198|, |134 



A,S = 0,1, 



(94) 



which is defined for each coordinate patch Ui G Ai oi the (Hodge-Kahler) manifold A4 and 
transforms as a vector under the symplectic transformation Sp{2ny + 2, R). The Hodge- 
Kahler manifold M. with a bundle Ti described above is called special Kdhler, if the Kahler 
potential is expressed in terms of the holomorphic section as |^ 



K = -\og{i{n\n)) = -log 



(95) 



/ 

-il'^ i J ^ ^ denotes a symplectic inner product. 



where 

One further introduces the symplectic section of the bundle Ti. according to 



Then, by definition, V satisfies the constraint | 212| , |161| , pTTI, |130| , 1 128 

1 = i{V\V) = i{L^MA - M^L^), 
and is covariantly holomorphic: 

where da = d/dz"- and da* = d/dz""* . 

One further introduces the matrix of the following form: 



(96) 



(97) 



(9J 



Ua = VaV ={da + \daK)V =(1^ ] (a = 1, . . . , n,) . 
2 \rinaJ 



(99) 



Then, period matrix A/as (which corresponds to the gauge kinetic matrix in the N = 2 
theory) is defined via the relations 



Ma 



ATavL^ 



h 



A\a 



(100) 



^^Thc additional two dimensions in SV come from a vector field in the supergravity multiplet. 
^^Alternatively, one can define special Kdhler manifold by introducing the symplectic section V ( p6| ) 
satisfying the constraint (p7[). Then, the Kahler potential is determined in terms of the holomorphic section 
as in (|9^) through the constraint (p7|) with (p6|) substituted. 
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Therefore, the period matrix has the following explicit form 

ATas = hj,\j o (101) 
where the {n^ + 1) x (n^ + 1) matrices and /ia]/ in the above are defined as 



As a consequence, under the diffeomorphism of the base manifold M., A/as transforms frac- 
tional linearly, like the gauge kinetic matrix (Cf. ([7TD). 

Note, in the above symplectic formalism of the special Kahler manifold no reference was 
made on the prepotential. In fact, for some cases, the existence of the prepotential is not 
even guaranteed |^ ||136|| . We now discuss how the concept of the prepotential emerges within 
the framework of symplectic formalism. 

Under the coordinate transformations of transforms as: 

n^VL' = e~^MVL, (103) 

where the factor e^^ corresponds to a U{1) Kahler transformation (i.e. K transforms as 
K ^ K + Re/(z)) and M e Sp{2n + 2,R), and A/as transforms fractional linearly just 
like a gauge kinetic matrix (Cf. ([7I|)). From the transformation law ( |103| ) with M = I, one 
can infer that can be regarded as homogeneous coordinates of a (n^ + l)-dimensional 
projective space at least locally ||21(]| , |283| , |212|| , since and e~-^X^ are identified under 
the Kahler transformations. This is possible provided the Jacobian matrix da (^) {(^^ b = 
l,...,n^) is invertible [|132|] . In this case, due to the integrability condition following from 
(p7|) and (|98D, the lower components Fs of Q are expressed as 

= (104) 

in terms of a homogeneous function F[X) = ^X^Fa of degree 2 in X^. Then, one can 
use z"" = ^ {a = l,...,n^) as the special coordinates and the holomorphic prepotential is 



J-'{z) = (X°) ^F(X). In terms of JF and z"", the Kahler potential K is expressed as |pi0| 



K{z, z) = -log i[2{T-T)- {daT + da^ F) {z'' - ) J . (105) 

Hypergeometry N = 2 hypermultiplet consists of a doublet of 0-form spinors with left 
and right chiralities, and 4 real scalars, which can be locally regarded as the 4 components of 
a quaternion. The scalars {v = 1, ...,4nj^) in uh hypermultiplets form a 4ni^-dimensional 
real manifold HM ^ gT^, jT^ ^ g with a metric 



ds^ = Kv{q)dq'' dq\ (106) 

This manifold is endowed with 3 complex structures : T(HA4) T(7iA4) {x = 1, 2, 3) 
satisfying the quaternionic algebra J^J^ = —6^^! + e^^^ J^. The metric huv{q) is hermitian 
with respect to .P\ 

h{rX,rY) = h{X,Y), y.,Y eTHM. (107) 
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For electrically neutral theories, one can always rotate to bases where a prepotential exists [1551 
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From J^, one can define triplet of SU{2) Lie-algebra valued HyperKahler forms as 

= K^Jq'' A dq\ (108) 

where i^^^ = huw{J^)v- Supersymmetry requires the existence of a principal S'f/(2)-bundle 
SIA — * TiM. with a connection uj^ . The manifold TiM. is defined by requiring that is 
covariantly closed with respect to the connection uj^: 

VK"" = dK"" + e'y'ujy AK' = 0. (109) 

There are two types of hypergeometry: rigid [local] hypergeometry corresponding to 
global [local] N = 2 supersymmetry is called HyperKahler [quaternionic]. The only difference 
between the two manifolds are the structure of the iSW-bundle. A HyperKahler manifold 
has the fiat iSW-bundle, and a quaternionic manifold has the curvature of the iSW-bundle 
proportional to the HyperKahler 2-form. Here, the iSW-curvature is defined as 

= duj'^ + ^e'^y'ujy A u'. (110) 
In the quaternionic case, the curvature is: 

A 

where A is a real number related to the scale of the quaternionic manifold. In the limit 
A ^ oo, quaternionic manifold becomes Hyperkahler manifold [^]. 
The manifold TiAi has the following holonomy group: 

Hol(7iA^) = SU{2)®1-L for quaternionic manifold, 

Y{o\{nM) = l^n for HyperKahler manifold, (112) 

where H C Sp{2nH,Il)- We denote the fiat indices that run in the fundamental repre- 
sentation of SU{2) [Sp(2nH,^)] as 2,j = 1,2 [a, [3 = l,...,2nH]- Then, the metric of the 
quaternionic manifold is expressed in terms of the vielbein 1-form W*" = lAlf^{q)dq^ as: 

hu,=K^Ui^C^^e,,, (113) 

where Cq/3 = —Cpa [Uj = —^ji] is the fiat Sp{2nH) [5*^(2) ~ SU (2)] invariant metric. 
The vielbein W*" is covariantly constant with respect to the SU (2)-connection uj^ and some 
Sp{2nHi'^) Lie algebra valued connection A"^ = A^": 

VW'" = dU"" + -cu^(e(T^e~^);. A W + A"^ A W^Cp^ = 0, (114) 
2 

where {x = 1, 2, 3) are the Pauli spin matrices. Also, W*" satisfies the reality condition: 

W,, = (Un* = UjC^pl^'". (115) 
The curvature 2-form forms the representation of the quaternionic algebra: 

h'^'niMu. = -)^'s^'Kn, + Xe^'^K^. (116) 

and can be written in terms of the vielbein as 

Q^^ = i\C^p{a''t-^),jW A W^^'. (117) 
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3.2 Target Space and Strong- Weak Coupling Dualities of Het- 
erotic String on a Torus 

3.2.1 Effective Field Theory of Heterotic String 

The effective field theory of massless states in heterotic string is D = 10 = 1 supergravity 
coupled to = 1 super-Maxwell theory ||137| , [7^ , |142|| . The massless bosonic fields of 



heterotic string at a generic point of Narain lattice |[480| , [481|| are metric Gmn, 2-form field 
Bmn, gauge fields Aj^ of [/(l)^^ and dilaton field $, where < M, iV < 9 and 1 < / < 16. 
The field strengths of A{,,j and Bmn are defined as -F^tv = ^^m^at — dN^lf and Hmnp = 
dMB^p — ^Al^jF^p+cjc. perms., respectively. The D = 10 effective action ||137| , [7^ , |142| , pTT 
of these massless bosonic modes is 



^ = TTTT^'f^ I'^G + G''^5M$a^<f - ^.HmnpH'''''' - \FiiNF'''% (118) 

iOTTljrio 

where G = det Gmn, TIq is the Ricci scalar of Gmn, and Gio is the D = 10 gravitational 
constant 0. We choose the mostly positive signature convention ( — !- + ■■■+) for the metric 
Gmn- For the spacetime vector index convention, the characters {A,B,...) and {M,N,...) 
denote fiat and curved indices, respectively. 

The supersymmetry transformations of the fermionic fields, i.e. gravitino ipM, dilatino A 
and gaugini , are 

SipM = Vm^ — -Hmnp^^^£, 

o 

6\ = {t''dM^)e-\HMNpt^'''''e, 

Sx' = Fi^^T'^'^e, (119) 

where Vm^ = c^M^+I^AfAsf is the gravitational covariant derivative on a spinor e. Here, 
^MAB is the spin-connection defined in terms of a Zehnbein (defined as EmVabE^ = 
Gmn)- ^abc = -^AB,c+^BC,A-^cA,B, where Qab,c = E^iE^^dNEMC, and curved indices 
are obtained by contracting with Zehnbein. are gamma matrices of 5*0(1,9) Clifford 
algebra {F'^,!''^} = 2ri^^ (those with several indices are defined as the antisymmetrized 
products of gamma matrices, e.g. T^^ = ^{T^T^ — r^F"^)). 

3.2.2 Kaluza-Klein Reduction and Moduli Space 

The effective field theory of massless bosonic fields in heterotic string on a Narain torus 



480|, [48 If at a generic point of moduli space is obtained by compactifying D = 10 effective 



field discussed in the previous section on ^ ||465| , |560|| . 



Before we discuss the compactification Ansatz, we fix our notation for indices. General 
indices running over D = 10 are denoted by upper-case letters {A, B, M, N, ...). The 
lower-case Greek letters (a, /x, z/, ...) are for D < 10 spacetime coordinates and the 
lower-case Latin letters (a, 6, m, n, ...) are for the internal coordinates. The flat indices 
are denoted by the letters in the beginning of alphabets {A, _B, a, /?, a, 6, ...) and curved 
indices are denoted by the letters at the latter parts of alphabets (M, A^, /x, z/, m, n, ...). 

^^In this section, we fix the D = 10 gravitational constant to be Gio = Stt^. 
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The compactification |T|, |3|, [T4|, |28|, |2|, |6|, H^, |25| on T^^-^ is achieved by 
choosing the following Abelian Kaluza-Klein (KK) Ansatz for the D = 10 metric 



G 



MN 



e-'Pg^. + G. 



A{l)mA{l)n 



4(1) "(7 



Gr. 



(120) 



where 
^Indet Gm.„ 



D -1: m = h 



10 



" (/X = 0,1, 
is the D- dimensional dilaton and a 



D) are KK U{1) gauge fields, = $ — 
^ Then, the affective action is specified 



D-2- 



by the following massless bosonic fields: the (Einstein- frame) graviton g^,,, the dilaton y). 



(36 - 2D) U{1) gauge fields ^ = (A^™, ^!f^0 defined as ^1 = ^, 

the 2-form field B 



diiByp — ^A'^^LijJ^ip + eye. perms., and the following symmetric 0(10 
scalars (moduli) [[46 5| , |560|| : 



fj,7n I "iiLiL^^fj, 

with the field strength H^^p = 
D,26 ~ D) matrix of 



M 



I 



\ 



G-' 
-C^G-^ 
-aG~^ 



-G-^G 
G + G^G-^G + a^a 
aG'^G + a 



-G-'a^ 



G^G 
I + aG 



'1211 



^1 T 

a 



where G = [Gmn], G = [^^^^A^^^ + Bmn] and a = [A^] are defined in terms of the internal 
parts of D = 10 fields. M can be expressed in terms of the following 0(10 — D,26 — D) 



matrix as M = V^V : 



V 



(E- 


V 



-E-^G 
E 
a 



-E 


/l6 



1 T ~ 

a 



(122) 



where E = [e^], G = [^A^A^ + Bmn] and a = [A^]. V plays a role of a Vielbein in the 
0(10 — 26 — D) target space. Note, M parameterizes the quotient space 0(10 — D, 26 — 
i5)/[O(10 — D) X 0(26 — D)] with dimensions 26 — 36D + D^. The dimensionality precisely 
matches the number of scalar fields in the matrix M: (11 — -D)(10 — D)/2 scalars Gmn, 
(10 - D){9- D)/2 scalars Bmn, and 16 ■ (10 - D) scalars 4. 

The resulting theory in D < 10 corresponds to 26 — D vector multiplets coupled to 
Z) < 10, A^-extended supergravity. The supergravity multiplet consists of graviton g^^, 2- 
form potential -B^,^, 10 — D graviphotons y4|/^^" ('^ = 1; 10 ~ -O); dilaton ip^ gravitinos ij)^ 
[a = 1, A^) and dilatinos A". The field content in the 26 — D vector multiplets is 26 — D 
vector fields A^^^^ (/ = 1, ...,26 — D), (10 — D) x (26 — D) scalars (p"'^ parameterizing the 
coset 0(10 -D,26- D)/[O(10 - D) x 0(26 - D)] and gauginos x"^ ■ At the string level, the 
10 — D graviphotons originate from the right moving sector of the heterotic string and the 
26 — D photons in the vector multiplets originate from the left moving sector. In terms of 
the field strengths of the [/(1)'^^~^^ gauge group, the graviphoton field strengths F^^-*" 
and matter photon field strengths F^^^ ^ are expressed as 



(123) 



where V = {Vji Vl)'^ and the 0(10 — -D, 26 — D) invariant metric L is defined in ( |127D . 
Then, the effective D < 10 action (in the Einstein frame) takes the form [465, |560|| : 



IGtvGd 



1 



{D-2 



-g^'^d^^d,^ + -g^^Ti{dpMLd,ML) 
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12 



p'l/' p' 



1 

4 



where g = det g^u, T^g is the Ricci scalar of g^j^y, and J-"' 



p,u 



(124) 



duAl are the f/(l) 



36- 2Z) 



gauge field strengths. Here, the D < 10 gravitational constant is defined in terms of the 
D = 10 one Gio as Gio = {2TT\f(y'Y^~^GD Q where is the radius of internal circles. The 
Einstein-frame metric g^v is related to the string-frame metric g^j^^ through Weyl-rescaling 
9plu — ^""^9p.i^- III terms of the graviphotons A^^^°- and photons ^4^^^^ in vector multiplets, 
the gauge kinetic terms take the form: J^^^{LML)T^'' = F^^)^f(^)^'" + Fj^^'^^F^^^'"', due 
to the relation M = V^V = V^Vr + V^Vl. 

In particular for D = 4, the supersymmetry transformations ( |119| ) of fermionic fields in 
the bosonic background take the following simplified form in terms of D 

5dpSi 

„ .V v. , 



4 fields p36| : 



4*7 



6X 

where Q^' 



4V2 



[7 



^2 



p 



^2 



2^V ^ pu I J . 



— [YV^Ld,V^-T 



2V2 



(125) 



(Vj^Ldfj^V^)"'^ is the composite 5*0(6) connection and S is the axion-dilaton 
field defined in section p.2.3| . Here, the D = 10 gamma matrices {A = 0,1,. ..,9) are 
decomposed into the D < 10 spacetime parts •y^ = 0, 1, ...,D — 1) and the internal space 



parts r" 



1,...,10-D). 



3.2.3 Duality Symmetries 



The D < 10 effective action 
(T-duality) |6|, |60 



11241) is invariant under the Of 10 — -D, 26 — D) transformations 



A] 



where Vt e 0(10 - D,26- D 



Q^LQ = L, L 



9pv 9pu, ^ ^ V, 
i.e. with the property: 

/ ho-D 
ho-D 

V 



B 



B 



pvi 




(126) 



(127) 



where /„ denotes the n x n identity matrix. 

When electric/magnetic charges are quantized according to the Dirac-Schwinger- 
Zwanzinger-Witten (DSZW) quantization rule il8|, |54|, H^, |4|, |43|, |64|, |4l|, |30l, the 
quantized, conserved electric a and magnetic (3 charge vectors live on the even, self-dual, 
Lorentzian lattice A |[410| , [557|| . The subset of 0(10 — D,26 — D, R) symmetry that preserves 
the lattice A is 0(10 — Z^, 26 — D, Z), the so-called T-duality group of heterotic string on a 
torus. T-duality symmetry is a perturbative symmetry, which is proven to be exact to order 
by order in string coupling [p07|| . Under the T-duality, the charge lattice vectors transform 
as 



(128) 
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We choose a' = 1 in most of cases. 
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In addition, the effective field theory has an on-shell symmetry called strong-weak cou- 



pling duality (^-duality) ^ Q |45|, |55|, [SS^, |558|, |5|, The equations of 



motion for ( p.24| ) are invariant under the S0{1, 1) [SL{2, R)] transformation for 5 < -D < 10 
= 4]. Such transformations mix electric and magnetic charges, while transforming the 
dilaton in a nontrivial way. When the DSZW quantization is taken into account, such duality 
groups break down to integer-valued subgroups Z2 and SL{2, Z) for 5 < Z) < 10 and = 4, 
respectively. These are the conjectured ^-dualities in heterotic string. 

As an example, we discuss the D = 4 SL{2, R) symmetry. D = 4 case is special 
for the following reason. Since the 2-form field strengths are self-dual under the Hodge- 
duality, U{1) gauge fields obey electric- magnetic duality transformations, which leave the 
Maxwell's equations and Bianchi identities invariant. Also, the field strength Hfj_^p of the 2- 
form potential B^^ is Hodge- dualized to a pseudo-scalar (axion): H^^'^f = —-j^e^'^P'^da'^ , 



forming a complex scalar S = + ie with dilaton (f. The (Einstein-frame) D = 4 theory 
has the on-shell symmetry under the 5'L(2,R) transformations (S'-duality) ||165| , |163| , |560|| : 

aS + b 



S 



cS + d 



M ^ M, 



(129) 



^^/ij/po-jTj ^ and a, 6, c, d G R satisfy ad — he = 1. 



where -kj^'^'"' = - pa^ 

The instanton effect breaks the S'L(2, R) symmetry down to S'L(2, Z) ||569| , |557|| . The 
electric and magnetic "lattice charge vectors" ||560|| a and (3 that live on an even, self- 
dual, Lorentzian lattice A with signature (6, 22) are given in terms of the physical electric 
and magnetic charges Q and P (defined as JF*^ ~ % and -^J-'lr ~ ^) as /3 = LP and 



a = e-'^°°M-^Q - ^oo/9 Under the S'-duality, d and /3 transform as jiTol , |557 



a 

—c 



d 



(130) 



where a, b, c, d are integers satisfying ad — be = 1. 



3.2.4 Solution Generating Symmetries 

For stationary solutions, which have the Killing time coordinate, one can further perform 
Abelian KK compactification of the time coordinate on 5*^. The T-duality transformation 
of such {D — l)-dimensional action can be applied to a known /^-dimensional solution to 
generate new types of solutions in D dimensions with different spacetime structure ||251| , p36 
roej p2^ , |446| , plTI , [ig g H, |52|, g |5l|, |55|, |562|, p^,^. 



The basic idea on solution generating symmetry is as follows. If the background configura- 
tion is time-independent, then under the (time-independent) general coordinate transforma- 
tions, Gtfi and Btfi transform as vectors, where fl = 1, D — 1. In addition, i?^^ transforms 
as a vector under the (time- independent) gauge transformation of the 2-form field. So, one 
can add 2 new U{1) gauge fields associate with Gtfi and Btf^ to the existing D-dimensional 
36 — 2D U{1) gauge fields, forming a new multiplet of vectors .4.^ {i = 1, 38 — 2D) ||562|| . In 



addition, since Gu and Al transform as scalars under the transformations mentioned above, 
the scalar matrix of moduli is enlarged to a (38 — 2D) x (38 — 2D) matrix ||562 |. 

Under the T-duality of the (D— l)-dimensional effective action, the {t, t)-component of the 
D-dimensional metric (7^,^ mixes with scalars in the moduli matrix M and the t-component 
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of the U{lY^~'^^ gauge fields A^^, and the (t, /i)-components of g^^, mix with the A^^ and 
the {t,jl) components of 5^,^. So, unhke the D-dimensional T-duahty transformation, which 
leaves the D- dimensional spacetime intact, the — l)-dimensional T-duality transformation 
can be applied to a known dimensional solution to generate new solutions with different 
spacetime structure. In particular, such transformations can be imposed on charge neutral 
solutions to generate electrically charged (under the D- dimensional [/{l)^^""^^ gauge group) 
solutions: 36 — 2D S0{1, 1) boosts in the {D — l)-dimensional T-duality group generate 
electric charges of U{1)^^~'^^ gauge field when acted on charge neutral solutions Q 
The {D — l)-dimensional effective action is ||561| , ^62| , |495|| : 



C 



Tig + r^d^^^do^ + -gf''TT{df,MLd,ML) 

o 



(131) 



where U{1) gauge fields 
g^iP are defined as 



1, 38 — 2D), dilaton Lp, 2-form field -B^^ and the metric 



Al 

X37-2D 



4 - {gu)-'9tf.Ai, 1 < 2 < 36 - 2D, 1 < /i < D - 1, 



A 



38-2D 



- I In (-5(44), gjiu = gjii, - {gtt) ^gijigw, 
Bfiu + i9tty\gttiA - gtuAl)LijAl + \{gtty\Bt,igtu - Bt^gtn) 



(132) 



and the symmetric 0(11 — D,27 — D) moduli matrix is given by 



M 



( M + A{gu)-'AtAj 

-n9u)-'Af 

2A[LM 
\+Aigu)-'AfiAfLAt) 

LOO' 



-2{gtt)At 
-2{gu)-'AAjLA 



2MLAt \ 
+^guy'AtiAtLAt: 
-2{gu)-'AfLAt 
gtt + AA^LMLAt 
+A{gu)-\J^LAtY J 



(133) 



[A 



Here, L = | 1 I is an 0(11 — D,27 — D) invariant matrix and At 
1 

This action has invariance under the 0(11 — D,27 — D) T-duality ||562| , ^95 



B 



(134) 



where G 0(11 - T), 27 - T>), i.e. QLQ'^ = L. 

D = 3 case is special since a 2-form field strength is dual to a scalar. So, the scalar moduli 
space is enlarged from 0(7, 23, Z)\0(7, 23)/[0(7) x 0(23)] to 0(8, 24, Z)\0(8, 24)/[0(8) x 
0(24)] [|61|. The 0(8, 24, Z) duality symmetry are generated by D = 4 SL{2, Z) S-duality 
and D = 3 0(7, 23, Z) T-duality [ p61|| , just as [/-duality in type-II string is generated by S- 
duality in D = 10 and T-duality in D < 10 ||381|| . The 0(8, 24, Z) symmetry transformation 
puts the axion-dilaton field on the same putting as the other moduli fields and, therefore, is 
non-perturbative in nature. 

^°When acted on magnetically charged solutions, such transformations induce unphysical Taub-NUT 
charge 1 562 1 . This is due to the singularity of Dirac monopole. 
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Since we consider stationary solution, i.e. a solution with isometry in the time direction, 
we compactify the time coordinate as well as other internal space coordinates on to obtain 
-D = 3 effective action ( (|124|) with D = "i and now fl = r,6,(f); m = t, 1, 6). Such action 
has an off-shell symmetry under the 0(7, 23) transformation ( |126| ). The DSZW quantization 
condition breaks this symmetry to integer valued 0(7, 23, Z) subset. 

In D = 3, one can perform the following Hodge-duality transformations to trade the 
D = 3U{1) fields M with a set of scalars V = [H: 



3 space metric and i, j 



where hp_p is the D 



(135) 

1,...,30. Here, M is a symmetric 0(7,23) 
matrix defined as in (|121|) but now the time-component is included, and L is an 0(7,23) 
invariant metric defined in ( |127| ). So, the D = ?> effective theory is described only in terms 
of graviton and scalars. The D = ?> effective action has the form ||561|| : 



h [TZh + |/i^^Tr(9/iA^L9pA1L)], 



(136) 



where h = det hpp, IZh is the Ricci scalar of /i^p. is a symmetric 0(8, 24) matrix oi D = ?> 



scalars defined as [|561 



M 



(137) 



The action is manifestly invariant under the 0(8,24) transformations [^61|| : 



M nMn^, h 

where O e 0(8,24), i.e. 



h 



(138) 



flLfl^ = L, L 



L 














1 





1 






(139) 



When electric and magnetic charges are quantized according to the DSZW quantization 
condition, the 0(8, 24) is broken down to 0(8, 24, Z). Since 0(8, 24, Z) is generated by the 
conjectured S'-duality in D = 4 and T-duality in D = 3 (which is proven to hold order by 
order in string coupling), the establishing 0(8,24, Z) invariance of the full string theory is 
equivalent to proving the S'-duality in D = 4 ||561||. 



3.3 String- String Duality in Six Dimensions 

Six dimensions is special in the duality of (rf— l)-branes | 234 |. A (d— l)-brane in D dimensions 
is dual to a (d — l)-brane {d = D — d — 2) under the Hodge-dual transformation of field 
strengths. So, in particular the heterotic string (1-brane) in D = 6 is dual to another string 
(J =6-2-2 = 2) In fact, it was found out by Duff et. al. |236|, |98l that the type- 

IIA string compactified on K3 surface has the same moduli space as that of the heterotic 
string compactified on T^ i.e. 0(4, 20, Z)/0(4, 20, R)\[0(4, R) x 0(20, R)]. Based on these 
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observations, it is conjectured ||635|| that the heterotic string on is dual to the Type-IIA 
string on surface, the so-called string-string duality in D = 6 [p35| , |381| , |226| , P29| , |235| , P4CI|| . 
The effective action of heterotic string compactified on in the string-frame is ||635| , ^65 



S 



1 



(140) 



where fi = 0, ...,5, i = 1, ...,24, L is an 0(4,20) invariant metric and M is an symmetric 
0(4, 20) matrix, i.e. = M and MLM'^ = L. (Definitions of D = 6 fields in terms of the 
D = 10 fields are given in section p.2.2| .) The field strengths of the U{1) gauge fields and 
the 2-form potential are 



= dpAl - d,A\, H-,,-p = {d-^B,p + 24L,,^^) + eye. perms.. (141) 

The effective action for type-IIA string compactified on a K3 surface is ||635| , |565| 
1 



S' 



levrOfi 



{n 



G' 



G'^^dr,<i>'dr.<^' 



±G"'-^'G"''G'PP'H'p,-^H'^,,,^, + ^G' -^'Tr {d-,M'Ld,M'L)} 

1 



-G'-^-^G''^ :fUlm'l),,:f'-^,,, 



(142) 



where now the corresponding D = 6 fields in type-IIA theory are denoted with primes. Note, 
the field strength of S^^p is defined without Chern-Simmons term involving U{1) gauge fields 



pup 



dfiB'^p + eye. perms.. 



(143) 



The scalars and metric are defined similarly as those in the effective action ( |140| ) of heterotic 
string on T^. But since the K3 surface does not have a continuous isometry, there are no 
KK U{1) gauge fields, instead there are additional U{1) gauge fields arising from the 1-form 
A^lP and the 3-form A 



(10) 
MNP 



in the R-R sector. 



These two string-frame effective actions are described by the same field degrees of freedom 
and have the same modular space. So, they can be identified as the same action, provided 
we perform the following conformal transformation of the metric and the Hodge-duality 
transformation of the 2-form field ||635| , |565|| : 



G' 



pu 



^ pvi 
^p.Upafej^i_ 



M' = M, A 



/(a) 



A 



(a) 
p ) 



(144) 



Under the string-string duality, the dilaton changes its sign, indicating that the string cou- 
pling A = e~^*^ of the dual theory is inverse of the original theory. So, a perturbative string 
state (weak string coupling A <^ 1) in one theory is mapped to a non-perturbative string 
state (strong string coupling A ^ 1) under the string-string duality. For example, perturba- 
tive, singular, fundamental string in one theory is mapped to non-perturbative soliton string 
in the other theory ||565|| . 
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3.3.1 String-String-String Triality 



Upon toroidal compactification to D = A, the D = 6 string-string duality ( |144D interchanges 



the D = A S'-duality and the (T^ part of) T-duality |P26|| , while the dilaton-axion field and 



the Kahler structure of are interchanged. So, the axion-dilaton field of the string-string 
duality transformed theory is given by the Kahler structure of the original theory. Note, the 
T2 part of the full = 4 T-duality group, i.e. the 0(2, 2, Z) ^ SL{2, Z) x SL{2, Z) subgroup, 
contains not only the SL(2, Z) factor parameterized by the Kahler structure of but also the 
other SL{2, Z) factor parameterized by the complex structure of [pl5| , |570| , |229|| . Namely, 



the effective = 4 theory has the SL{2, Z) x SL{2, Z) x SL{2, Z) symmetry with each 
SL{2, Z) factor respectively parameterized by the dilaton-axion field, the Kahler structure 
and the complex structure. So, on the ground of symmetry argument, one expects another 
string theory whose axion-dilaton field is given by the complex structure of the original theory 
236i . In fact, mirror symmetry [|319|, p72| , p2CI| , |2^ , |317|| exchanges the complex structure 



and the Kahler structures of an internal manifold. In particular, the mirror symmetry 
exchanges the type-IIA and type-IIB strings, and transforms heterotic string into itself. 
Thus, combining the D = 6 string-string duality (which interchanges the dilaton-axion field 
and the Kahler structure) and the Mirror symmetry (which interchanges the Kahler structure 
and the complex structure), we establish the "triality" ||236|| among the heterotic string on 
K3 X and the type-IIA and type-IIB strings on the Calabi-Yau-threefold. 

For the purpose of illustrating the triality among these three theories, we consider only 
the part and the NS-NS sector (which is common to the three theories) described by the 
following D = 6 effective action: 

C = — Vv^e-*[7^G + - ^G''f''G'''GP^'H-^,-pHi,,,,p,]. (145) 

All the three theories with such truncation have the effective actions of this form. We 
label these three D = 4 theories as Fxyz, where F = H,A,B respectively denoting the 
heterotic theory, the type-IIA theory and the type-IIB theory, and the subscripts X, Y, Z 
respectively are the axion-dilaton field, the Kahler structure and the complex structure of 
the theory. We can take any of these three theories as the starting point, but for the purpose 
of definiteness we start with the heterotic string and impose the string-string duality and 
the Mirror symmetry to obtain all other 5 theories. 

Compactification on is achieved by the following KK Ansatz for the D = 6 metric: 
/pVn 4- A"^ A'^n A^n \ 
'^iip - 1 AnA r ) ' ^ ' 

where /i, = 0, 3 are the D = 4 spacetime indices and m, n = 1, 2 are the internal space 
indices. The D = 6 2-form field is decomposed as: 

Tj _ f B^p + 2 (^^1 Bmu ~ Bfj^n^u) B^n + Bmn \ 
^^'^ ~ \ R _|_ R 4" R / ■ ) 

Here, r], g^^, A^, B^^, and Gmn are respectively the D = 4 dilaton (defined below), Einstein- 
frame metric, the KK f/(l) gauge field, the 2-form field and the internal metric. 

To express the D = 4 effective action in an SL{2, Z) x SL{2, Z) T-duality invariant form, 
we parameterize the internal metric and the 2-form field as: 

-a /e"^^ + —c\ 

Gmn 6 ( ^ ) ; BiYin ^^mn; (■^^^) 
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and define the D 



e-*A/det G 



4 dilaton rj and axion a as 



(149) 



where Hf^,yp is the field strength of Bf^y. Then, from the above real scalars we define the 



following complex scalars |215 



S 
T 
U 



Si + 182 = a + ie ^, 
Ti+iT2 = b + ie-'', 
Ui+iU2 = c + ie-P, 



(150) 



which (within the framework of the heterotic string) are respectively the dilaton-axion field, 
the Kahler structure and the complex structure. 

Then, the final form of the D = 4 effective action is p36|| : 



WttGa 



^-^^g^'^'YxidpMTCd.MTC) + ^^g^^'Yxid^MvCd.MvC) 



2(52) 



where A4t, M.u ^ SL{2, R) are defined as 

Ti 



1 

^2 



1 



\T\ 



M 



u 



1 



1 



and the U{1) gauge fields 



1,...,4) are given by Ai = B^f,, Al = B^^, Al 



A . Here, C is an SL{2, Z) invariant metric. The action is manifestly invariant under 



^4 

the 5L(2,R) X 5L(2,R) T-duality: 



(151) 



(152) 
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{tUj,^ (g) UJi/)T^ 



(153) 



where wt,u ^ SL{2, R) and the rest of the fields are inert. In addition, the theory has an 
on-shell S'-duality symmetry: 



S 



aS + b 
cS + d' 



UJ 



(154) 



where a,b,c,d E Z satisfy ad — be = 1, and -^F^^ is the Hodge-dual (defined from the action 
( |15T|) ) of the field strength J^^^. 

We denote the theory described by ( |151| ) as Hstu, meaning the heterotic theory with 
the dilaton-axion field, the Kahler structure and the complex structure given respectively by 
S,T, U defined in ( |150| ). Under the Mirror symmetry, the Kahler structure and the complex 
structure are interchanged, and therefore we obtain Hsut theory, i.e. the heterotic string 
with the Kahler structure and the complex structure now respectively given by U and T 
defined in ( |150| ); the effective action is ( |151]) with T and U fields interchanged. We call 
HsTU and Hsut as the S'-strings, meaning the string theories with the dilaton-axion field 
given by 5* defined in ( |150[ ). 

Under the D = 6 string-string duahty (|144|) , the Hstu is transformed to Atsu- Under the 
Mirror symmetry, Atsu is transformed to Bj-us- So, the Atsu and Btus are the T-strings. 
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We apply string-string duality to Btus to obtain Bu^s- Under the Mirror symmetry, 
BuTS is transformed to Aust- Therefore, we have the [/-strings given by Burs and Aust- 

We comment on relation of the _D = 4 S'-duality to the D = 6 string-string duahty. Since 
effect of the D = 6 string-string duality on the D = 4 theory is to interchange the complex 
structure and the dilaton-axion field, the SL{2, Z) subset T-duality of one theory accounts for 
the S'-duality of the string-string duality transformed theory | |233| , |226| ]. Namely, the large- 
small radius T-duality {R a'/R) of one theory corresponds to the strong-weak coupling 
duality {g'^/2'K 271 / g"^) of the dual theory. In terms of transformation of U{1) gauge 
fields, one can understand this as follows ||236|| . Under the string-string duahty, electric 
[magnetic] charges of 2-form U{1) gauge fields of one theory is transformed to magnetic 
[electric] charges of 2-form U{1) gauge fields of the dual theory, while those of KK U{1) 
fields remain inert. Since the T-duality interchanges KK f/(l) gauge fields and 2-form U{1) 
gauge fields (associated with the same internal coordinates), under the combined action of 
the D = Q string-string duality and the D = A T-duality, electric [magnetic] charges of KK 
[/(I) gauge fields and magnetic [electric] charges of 2-form f/(l) gauge fields are exchanged, 
which is exactly the D = A S'-duality. Thus, since the T-duality is proven to hold order by 
order in string coupling, proof of the conjectured T* = 4 S'-duality amounts to proof of the 
D = Q string-string duality, and vice versa. 

Since the string-string duality interchanges the dilaton-axion field with the Kahler struc- 
ture, the string coupling g"^ /2ti of one theory is transformed to the worldsheet coupling oi jR? 
of the dual theory [p26|| . So, string quantum corrections controlled by the string coupling in 
one theory correspond to the stringy classical corrections [a! corrections) controlled by the 
worldsheet coupling in the dual theory; the ol [quantum] corrections in one theory can be 
understood in terms of the quantum [a'] corrections of the dual theory. 



3.4 [/-duality and Eleven-Dimensional Supergravity 



Hull and Townsend [ p81[] conjectured that the type-II superstring theories on a torus has full 
symmetry of low-energy effective field theory, which is larger than the direct product of the 
T) = 10 SL{2, Z) ^-duality and the 0(10 - 10 - d, Z) T-duality in D = d < 10 For 
example, the effective action of type-II string on T^, which is D = 4, = 8 supergravity 
|159| , |160|| , has an on-shell -^7(7) symmetry ||160|| , which contains ST(2,R) x 0(6,6) as the 



maximal subgroup. Hull and Townsend |P81|| conjectured that the subgroup -E'7(Z) (broken 



due to the DSZW charge quantizations) extends to the full string theory as a new unified 
duality group, called fZ-duality. [/-duality unifies the S and T dualities and mixes cr-model 
and string coupling constants. 

The discrete subgroup E-jiT^ is the intersection of the continuous -£^7(7) group and the 
discrete symplectic S'p(28, Z) group, which transforms 28 f/(l) gauge fields of the effective 



theory linearly: E-ji^) = E^j) f] Sp(28, Z) [|8T|]. Under [/-duality, a set of 28 x 2 electric 



and magnetic charges transform as a vector, and all the scalars in the theory mix among 
themselves. Unlike other types of duality, which assigns a special role to the dilaton, under 
[/-duality the dilaton is on the same footing as moduli. Thus, unlike T-duality which is 
perturbative in nature, [/-duality, like S'-duality |^60|| , is non-perturbative in nature, so 
cannot be tested within perturbative spectrum of string theories. 

We list the conjectured [/-duality groups in various dimensions |P81|| . Note, the duality 
group in higher dimensions is a subgroup of lower dimensional duality group, since it survives 
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compactification (Cf. The duality group does not act on the Einstein-frame metric). The 
SO{W- d, 10 - d, Z) T-duahty in D = d < W and the SL{2, Z) ^-duahty in D = 10 are 
unified to f/-duahty for (i < 8. The f/-duahty groups are, in the descending order starting 
from D = 7: 50(5, 5, Z), 5L(5,Z), E6(6)(Z), ^7(7)(Z), ^8(8)(Z), ^9(9)(Z), £;io(io)(Z). These 
t/-duahty groups in D = d are generated by the T-duahty in D = d and n numbers of 



[/-duahty groups in D = d + 1 | |381 ], where n is the possible numbers of ways in which one 
can compactify from D = 10toD = d + l and then down to D = d. 

In comparison, the heterotic string on T^°~"' with d > 3 maintains the duality group in 
the form (T-duality group) x (S'-duality group), i.e. SO{10 — d, 26 — d, Z) x Z2 for 10 > d > 5 
or SO{10 -d,2Q- d, Z) x SL{2, Z) for d = A. For d = 3 |56l| and = 2 [Q, the T- and 
S'-dualities are unified to ^/-duality given by 50(8, 24, Z) and 50(8, 24)(^)(Z), respectively. 

As we will see in section BPS electric states are within perturbative spectrum of 
heterotic string ||248|| ; all the 28 electric charges in the heterotic string on are related 
through the "perturbative" 0(6,22, Z) T-duality. Also, there is non-perturbative spectrum 
carrying the remaining 28 magnetic charges, related to perturbative spectrum via the Z2 
subset of the "non-perturbative" SL{2, Z) 5-duality ||558| , |544| , |486|| . These magnetic charges 
are carried by solitons. The mass of a state in heterotic string on T^ carrying electric 
[magnetic] charges of the ?7(1)^^ gauge group behaves as ~ 1 [~ ^IqI] in the string frame, 
as expected for a fundamental string [a soliton]. 

For the type-II string, only 12 of the 28 electric charges couple to perturbative string 
states, since the remaining 16 electric charges are R-R charges, which cannot be coupled 
to perturbative string states. The Z2 subgroup of the SL{2, Z) 5-duality group relates 
these perturbative states to solitonic states carrying 12 magnetic charges of the same 12 
U{1) gauge fields. The remaining 16 electric and 16 magnetic charges of the [/(l)^^ gauge 
group are carried by another type of non-perturbative states, whose mass behaves as ~ I/Qs- 
Thus, under the (T-duality) x (5-duality) subgroup, i.e. 50(6, 6, Z) x5T(2, Z) C Ej{Z), the 
fundamental representation 56 (representing 28 electric and 28 magnetic charges of the D = 4 
U{1)'^^ gauge group) is decomposed as 56 = (12,2) x (32, 1). Here, the first factor (12,2) 
corresponds to the 12 numbers of 5L(2, Z) doublets of perturbative and solitonic states 
in the NS-NS sector and the second factor (32, 1) denotes the remaining non-perturbative 
states, which are singlets under the 5L(2, Z) group and carries 16 electric and 16 magnetic 
charges of 16 U{1) gauge fields in the R-R sector. 

Since the 0(6, 6, Z) T-duality group of the type-II string on T^ mixes only NS-NS charges 
among themselves, it is not inconsistent that string states carry only NS-NS charges. How- 
ever, it is not consistent with the conjectured fZ-duality, since ^/-duality puts all the 28 x 2 
electric and magnetic charges of D = 4 f/(l)^^ gauge group on the same putting. In addition, 
as we saw in the decomposition of the 56 representation, the [/-duality requires existence of 
additional 16 + 16 electric and magnetic charges in the RR-sector that transform irreducibly 
under the 0(6,6, Z) T-duality group. Hence, one leads to the conclusion that all the RR 
charges, which cannot be carried by perturbative string states or solitons, should be carried 
by another type of non-perturbative states. The low-energy or long-distance description of 
these non-perturbative string states is R-R p-branes or black holes. In the original work by 



Hull and Townsend ||381|| , they show that all the R-R charged black holes can arise from 



extreme p-branes of the D = 10 effective supergravity via dimensional reduction. 

In |[498|| , Polchinski shows that the states carrying R-R charges can be realized within 



string theories without introducing exotic extended objects like p-branes. Such objects are 
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Z^-branes ||193| , [445|| , boundaries to which the ends of open strings (with Dirichlet boundary 
condition) are attached. D-branes carry one unit of R-R charges. D-branes are dynamic 
objects and the open string states describe their fluctuations. In the strong couphng hmit, 
D-branes become black holes. Such identification made it possible to give precise statistical 
explanation of black hole entropy. In chapter ^ we will summarize aspects of D-branes and 
the recent development in D-brane calculation of black hole entropy. 

In the following sections, we discuss the S-duality of the type-IIB string and the T- 
duality of type-II string on a torus. The ^/-duality of type-II string on a torus is generated 
by these two dualities. In particular, starting from generating black holes of type-II theories 
on a torus, one obtains black holes with the general charge configuration by applying the S- 
duality and the T-duality transformations. For p-branes in type-II theories, one can generate 
p-branes of the general charge configuration by first imposing S'0( 1,1) boost on a charge 
neutral solution to induce KK electric charge and then applying the T- and the S'-duality 
transformations and/or another S0{1, 1) boosts sequentially. 



3.5 ^-Duality of Type-IIB String 



The type-IIB string [§g has the SL{2, Z) symmetry The Z2 C SL{2, Z) transfor- 

mation exchanges the NS-NS 2-form potential B^^^ (coupled to a perturbative string state) 
and the R-R 2-form potential i?^^-* (coupled to a non-perturbative D-brane) while changing 
the sign of the dilaton (or inverting the string coupling). So, the S'L(2, Z) symmetry is a 
strong-weak coupling duality. 

It is well-known that a covariant effective action for type-IIB string does not exist, while 
only the field equations ||536| , p76|| exist. The only problem with construction of the covariant 
effective action is the R-R 4-form potential D (with the self-dual 5-form field strength F), 
whose equation of motion F = -kF cannot be derived from the covariant action. So, to 
construct the covariant effective action for type-IIB string, one is forced to set D to zero. 
However, it is found in that one can construct the type-IIB effective action which gives 
rise to the correct field equations and compactifies to the correct action for the dimensionally 
reduced type-IIB theories without setting D to zero. In this approach, one keeps F different 
from zero in the effective action but eliminates the self-duality constraint. After the field 
equations are obtained from this effective action, the self-duality constraint is imposed in 
order to get the correct field equations for the type-IIB theory. 



In the string-frame, such effective action for type-IIB string has the form 
1 



Qstring 
^IIB 



d 



1 



10 



X 



-G 



str 



-2$ 



-7^^*'" + 4(9$)' - -{H^^^) 



XH 



(1)^2 



6 



1 



96\ -G'^^ 



(155) 



The field strengths of the 2-form potentials B^^^ and the 3-form potential D, and their gauge 
transformation rules are 



dB^'l 6B^'^ = d±^'\ 

dD + -e^'^B^^B^^\ 61D = dk - -e'^dt^^B^^\ 
4 4 

where S^*^ and A are infinitesimal gauge transformation parameters. 



W 
F 



(156) 
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The SL{2, Z) symmetry of the type-IIB theory is manifest in the effective action in the 
Einstein-frame. To go to the Einstein-frame, one Weyl-rescales the metric Gmn = e~ 2*G^*'' 
The resulting Einstein-frame action has the form: 



MN- 



oEinstein 



I / d''x\/-G 



1 



6 



gev-G 



(157) 



where is a 2 x 2 real matrix formed by the complex scalar X = x + 
M 



-<s>. 



ImX \ -7^e A 




57|) is manifestly invariant under the SL{2, R) transformation ||536| , |376 

{uj-YMuj-\ ujeSL{2,K). 



M 



aX+b 
c\+d 



(158) 



(159) 



. When the 



The SL{2, R) transformation on A has the usual fractional-linear form A 
DSZW type charge quantization is taken into account, the SL{2, R) symmetry breaks down 
to the SL{2, Z) subset. 



3.6 T-Duality of Toroidally Compactified Strings 

Closed strings in D dimensions in target space background with d commuting isometrics 
have 0{d,d,Z) T-duality symmetry ||308| , [570| , |304| , p05|| . The 0{d,d,Z) symmetry is a 
perturbative symmetry proven to hold order by order in string coupling. For heterotic 
string, the symmetry is enlarged to 0{d, d + 16, Z) due to the additional rank 16 background 
gauge fields. Under the Z2 subset that inverts the radius of (i.e. Ri a'/Ri) and 
interchanges winding and momentum modes (i.e. rrii ^ rii), the type-IIA and the type-IIB 
theories are interchanged if odd number of circles are acted on by the Z2 transformations, 
while heterotic string transforms to itself. The Z2 transformation between the type-IIA 
and the type-IIB strings at the effective field theory level is understood as field redefinition 
between type-IIA and type-IIB theories, since the compactification of the type-IIA and the 
type-IIB supergravities leads to the same supergravity theory. 

We consider the bosonic string worldsheet a-model with only NS-NS sector fields (target 
space metric G^i,{X), 2- form potential B^^{X) and dilaton $(X)), which are common to 
both type-II and heterotic strings, turned on. The action with the (curved) D-dimensional 
target space has form 



S=-L fdh [(G'^.(X) + 5^.(X)) dX'^dX-' - ^(/.(X)7^(2) 



(160) 



Let us assume that ( |160|) is invariant under the d commuting, compact Abelian isome- 
: ekf {i = l,...,d) along the X*-direction, where [ki,kj] = 0. Then, the 



tries 309 6X 



background fields become independent of X\ 

First, we consider the case where the background fields have only one isometry [d = 1) 
along, say, the direction 6 = X". The T-dual pair a-model actions are obtained by gauging 
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the Abelian isometry. Following the procedures discussed in ||100| , |101| , |102| , |80| , |8^ , one 
obtains the action dual to ( |160|) with the dual background fields (with primes) related to the 
original ones (without primes) as 



G'n 



00 



B' 



Goo 



5, 



Oa 



Oa 



Oa 



B' 



00 



ah 



Goo 

Bnh — 



G'ah — G 



GaoGob + BaoBf 



Oh 



ah 



GaoBoh + BaoGob 



G, 



Gah 

$' = $ + logGoo, 



00 



(161) 



where = {6,X"') {a = 1, ...,D — 1). This is the curved background generalization of the 
R ^ a' /R T-duality of closed strings on S^. 

Alternatively, the dual pair cr-models are obtained by the method of chiral currents | pl6 . 
One starts with a (D + (i)-dimensional cr-model with d Abelian (left-handed) chiral currents 
J* and (right-handed) anti-chiral currents J* ||309 



Si 

Sa 

S[X] 
where i,j = 



Si 
1 

2^ 



27r 
1 

2^ 



Sa + S[X], 



+T'^,,{X)dX'^d9l + Tl{X)d9^^dX'^ 



1 



Tah{X)dX''dX^ - -<I>(X)7^(2) 



(162) 



d and a,b = d+1, D. Here, chiral and anti-chiral currents, corresponding 

d 



to the U{l)'i X f/(l)^ affine symmetries S6\^ ^ 

1 



aiji[z), are 



T = del + ^nOi + T = de^j, + + -r^^dx^ 



(163) 



By gauging either a vector or an axial subgroup of t/(l)x, x f/(l)^, one has the following 
D-dimensional dual pair a-model actions: 



1 

2^ 
1 

2^ 



d'^z 
d^z 



£t{x^)dx^dx^^ 



-0^(x")7^(') 



EfAx'')de'^dei + i^«±(x")5^^5X'^ + F^^{x'')dx''de. 



± 



+F^=^^(X")9X"9X'' - -0^(X")7^(2) 



(164) 



where (X^) = (^i,X'^) with /i, z/ = l,...,/^, z = l,...,rf, a = rf+l,...,D. Here, 6'^ = $'^±61 
and the upper [lower] signs in ± and =F correspond to the axial [vector] gauged cx-model. 
The background fields are 



± 



lb 



$ + log det(/±S), 



4 

pR± 



(J±S),,(/tS),^ 



kj ' 



(J^S 



i7.ir^ 



L± 



±r^,.(j±s)T/, 



(165) 



21 



More general transformations with non-zero R-R fields are derived in [^ 
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with [jB^] denoting the symmetric [the antisymmetric] part of The action 5*^ has an 
isometry under the translation in the ^^-direction. 

The dual pair actions (|164|) are the most general cr-model with d commuting compact 
Abelian symmetries. and S]^ are related under the combined operations of the sign 
reversal of S and F^, and the coordinate transformation 6]^ —9\ (i.e. 9\ ^ 6^_), implying 
equivalence of two gaugings at least locally. To achieve global equivalence of the two gaugings, 
one has to impose the same periodicity conditions on both 6'^ and 6^_, i.e. 6!^ = 6^^ + 27r. 
Then, one establishes the equivalence of vector and axial gauged a-model actions (the 
so-called "vector-axial duality" [ [426|| ). 

One can relate to the bosonic string cr-model action 5* in ( |160| ) by identifying = 
X^. Then, the background fields in are related to those in 5* in the following way: 

Gij = ^{Efj + Efi), Bij = -(EJ - Efi), 
G = -(F^^ + F^-^) B =-(F^^-F^-^) 

^ta 2 ^ ^ ai )i -^la 2 ^ *a 

Gab = \{F^, + Ft), Bab = \{F^,-Ft). (166) 

From this, transformation rule of background fields under T-duality that relates the dual pair 
bosonic string cr-model actions (one related to and the other related to S~j^) follows. When 
5*^ have isometry along only one coordinate direction [d = 1), one recovers the factorized 
duality transformation ( |161| ). 

We discuss transformations ||305| , p09|] that relate the different backgrounds (of the same 
action) describing the equivalent conformal field theory. S*^ have the manifest invariance 
under the following 0(d, o?, Z) transformation 

£± ^ 8^' = {dS^ + h){cS^ + d)-^ 

E^' {a-E^'c)F^^ 
F^^{cE^ + d)-^ F± - F^^{cE^ + d)-^cF^^ 

- *^'-*^H-i>og(^). 9^(: *).0(d.d.Z). (167) 

where D x D blocks d, b, c and d of the 0{D, D, Z) matrix are 

a ^ . /(, o^ . /c ox ^^rd o y ^^^^^ 



Id^J' VO 0/' VO OJ' VO /d-j 

Here, is the n x n identity matrix. The d x d matrices E^ transform fractional linearly 
under 0{d, d, Z): 

E^ ^ E^' = {aE^ + b){cE^ + d)-\ (169) 

The constant case corresponds to the transformation in the toroidal background. 
The 0{d, d, Z) transformation is generated by the following transformations. 

• Integer "6"-parameter shift of E, i.e. Eij Eij + Qij (9jj = —Qji)'- 
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Homogeneous transformations of E"^, F^^, pR^ under GL{d, Z), i.e. E"^ 
FL± ^ A^F^^, ^ F^^A {A e GL{2, Z)): 



a b 

c d 



A^ 

A-^ 



s.t. AeGL(2,Z). 



A^E^A, 



(171) 



Factorized dualities Dj, corresponding to the inversion of the radius Ri of the z-th 
circle, i.e. Ri l/Rf. 



a b 
c d 



i-l d-i-2 

S.t. = diag(07^,l,07^)• 
'■ v ' 

d 



(172) 



The maximal compact subgroup of 0{d, d, Z) is 0{d, Z) x 0{d, Z) with a group element 
having the form: 



a b 
c d 



IfOL + On Ol-Or 
2\0l-0r Ol + Or 



s.t. OL,OReO{d,Z). 
The 0{d, Z) x 0{d, Z) transformation naturally acts on the action So+d as 



(173) 
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(174) 



meanwhile on the actions S*^ as 
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(175) 



We now specialize to strings in flat background (i.e. toroidal compactification) to under- 
stand properties of perturbative string spectrum under T-duality. The relevant part of the 
worldsheet action is the toroidal (T'^) part: 



S=^ fj da J dr ^^g'^^C.d^X'dpX^ + e'^^ B,,d^X'dpX^ - ^y^<pn^'^ 



(176) 



where X* ~ X* + 27rm* and i,j = 1, d. Here, m* is a string 'winding number' along the 
X*-direction. Gij and Bij can be collected into the "background matrix" E = G + B . The 
matrix F is a special case of E^ in (|165| ) where E^ do not depend on X"". The lattice A'^, 
which defines T*^ = R'^/(7rA'^), is spanned by basis vectors Cj satisfying I]f=i e^e° = 2Gij. 
The mode expansions of X* and conjugate momenta 27rPj = GijX^ + BijX^' are 

X\a,T) = x' + m'a + TG'^{j)j- Bjkm^) 



V2n 



7^0 
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2vrP,(a,r) = + J] [4«^jE)e-^"(--'^) + (177) 



where we made analytic continuation r — >■ — zr and the momentum zero modes Pi take 
integer values, i.e. Pi = rii & Z. The equal-time canonical commutation relations 
[X*((T, 0), Pj{cr', 0)] = i6j6{a — a') lead to commutation relations among the oscillator modes: 

[x\p,] = i5], K(E), aUE)] = [aU^), «^(^)] = ^G'^^+nfl- (178) 
The Hamiltonian takes the form: 

H = U + U = ^ r da{Pl + Pl) = \z^M{E)Z + N + N- 
47r JO 2 

- c^ZrX' G-')- ^ -(::). (™' 

where Pl,r are the left- and the right-moving momenta defined as 

PLa = [2nP, + {G- B),,X^']e\\ Pna = pvrP, - (G + B),,X^']e]:, (180) 
and the number operators of the left- and the right-moving modes are 

Nl = Y: aUE)G,,ai{E), Nn = Yl a^_^{E)G,,&i{E). (181) 

n>0 n>0 

Here, e" are dual basis vectors, satisfying Yfa=i e"e^* = H and Yfa=i = \{G^^YK The 

left- and the right-moving momenta zero modes 

p^ =[n^ ^rn^^B -G)]e\ pi = [n^ + {B + G)]e\ (182) 

transforming as a vector under 0((i, (i, R), form an even self-dual Lorentzian lattice F^'^''^^ 



480i pTl , i.e. pl-p% = 2m'ni e 2Z. 

While r*^'^''^-' is preserved under 0{d, d,H), the Hamiltonian zero mode Hq = \{p\ + P^r) 
is invariant only under its maximal compact subgroup 0{d, R) x 0{d^ R). So, the zero-mode 
spectrum is unchanged under the 0((i, R) xO((i, R) subgroup, only. Note, from (|182|) one sees 
that {pl-iPr) and hence F^'^''^-' are in one-to-one correspondence with a particular background 
E = G + B. Thus, the moduli space is isomorphic to 0{d, d, R)/[0((i, R) x 0{d, R)]. 



Under the 0{d, d, Z) transformation ( |169| ) 



M{E) -> gM{E)g^, 

an{E) (rf-cE^)~^«„,(E'), a„(E) ^ (rf + cE)-^a„(E'). (183) 

So, iVi^/j are manifestly invariant under 0{d, d, Z); the spectrum is 0{d, d, Z) invariant. The 
0{d, d, Z) transformation is generated |p08| , ^701 , p04| , p05|| by integer 9-parameter shift of E, 
the GL{2, Z) transformation and the factorized duality Di, as discussed above. Particularly, 
under GL{d,Z), which changes the basis of A*^, E — > AEA^ and {m,n) {A^m, A~^n) 
{A G GL{d,Z)). In addition, the spectrum is invariant under the worldsheet parity ||305 
a —a, which acts on E a.s B —B. The effect of the worldsheet parity on the spectrum 
is to interchange the left-handed and the right-handed modes: Pl ^ Pr and a„ ^ q;„. The 
above transformations generate the full spectrum preserving symmetry group Qa- 

A particular element g of 0{d,d,Z) with a = d = and b = c = I, i.e. E E~^ 
5 70 1, corresponds to vector-axial duality symmetry ( p,65| ). Under this transformation. 
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n ^ m and the Hamihonian (|1 79|) is manifestly invariant. When 5 = 0, the transformation 
becomes G — G'^, i.e. the volume inversion of T'^. A significance of E ^ is that the 
gauge symmetry is enhanced to the affine algebra SU{2)'l x SU{2)'^ at a single fixed point 
G = I and B = 0. The gauge symmetry is maximally enhanced ||308|| at fixed points under 
E E-^ modulo SL{d, Z) and e(Z) transformations, i.e. E such that E'^ = M^{E + e)M 
(M G SL{d, Z)). Hence, an enhanced symmetry point corresponds to an orbifold singularity 
point |220|, |21] in the moduli space under some non-trivial 0{d,d,Z) transformation. At 



the fixed point, E takes the following form in terms of the Cartan matrix Cjj of the rank d 



semi-simple, simply-laced symmetry group ||252|| : 



E,, = C,, (z>j), Eu = ^Cii, Eij=0 (z<j)- (184) 

Non-maximally enhanced symmetry points correspond to fixed points under factorized duali- 
ties Di instead of the full inversion E E~~^ . A simplest but non-trivial example is the d = 2 
case (i.e. compactification on T^), which we discuss in section ^. 2. 2| . At the fixed point E = I 
under E E~\ the gauge symmetry is enhanced to (5f/(2) x SU{2)) ^x{SU{2) x 5f/(2))^. 

The gauge symmetry is maximally enhanced to SU{3) l x SU (3) r at the point E = | 

These fixed points correspond to orbifold singularities ||570|| in the fundamental domain 
of the moduli space (parameterized by two complex coordinates of the moduli space 
SL{2,K)/U{1) X SL{2,K)/U{1)). 

3.7 M- Theory 

In this section, we discuss some aspects of M-theory. We illustrate how different superstring 
theories emerge from different moduli space of compactified M-theory and discuss the M- 
theory origin of string dualities. 

In this picture, each of 5 different string theories represents a perturbative expansion 
about different points in moduli space of the compactified M-theory. Namely, 5 perturbative 
string theories and uncompactified M-theory are located at different subsets of moduli space, 
and it is dualities that map one subset of moduli space to another, thereby making transition 
between different theories. In the following, we illustrate this idea by showing how different 
theories are achieved by taking different limits of parameters of moduli space and how 
dualities are realized as transformations of parameters of moduli space. 

First, we discuss the connection between the type-II theories and M-theory. Type-IIA 
theory is obtained from M-theory by compactifying the extra 1 spatial coordinate on 
of radius -Rn | p83| , |112| , ^32| , |601| , |635|| . The type-IIA and the type-IIB theories are related 
via T-duality pi6| , |193|| . Namely, the type-IIA theory on of radius Ra is perturbatively 
equivalent (under T-duahty) to the type-IIB theory on of radius Rb = 1/Ra- So, one 
can think of the 5'^-compactified type-IIB theory as compactified M-theory 0. 

^^Note, 0(2, 2,R) ~ 5*^(2, R) x 5*^(2, R). Therefore, E, which parameterizes the moduH space 
0(2, 2, R)/[0(2, R) X 0(2, R)], is reparameterized by the complex coordinates p and r, each parameter- 
izing S'i(2,R)/f/(l). 

^■^Note, due to the no-go theorem for KK compactification of the D ~ 11 supergravity [333|, it might be 



impossible to obtain a chiral theory like type-IIB supergravity through dimensional reduction. This no-go 
theorem can be circumvented to obtain the (chiral) type-IIB theory by compactifying on orbifolds (rather 
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To understand the connection between type-II theories and M-theory, one has to com- 
pactify M-theory on T"^ = x (with the radii of each circle given by Ru and Rio from 
the D = 11 point of view), and compactify the type-IIA and the type-IIB theories on circles 
of radii Ra and Rb, respectively. Here, the radius Ra [Rb] is measured with D = 10 string 
frame metric of the type-IIA [the type-IIB] theory. 

We first relate parameters of the type-II theories (i.e. the radii Ra,b and the string 
couplings gi"^'^^ in the type-IIA/B theories) to parameters Rn and Riq of moduli 
space before we understand the various limits in the moduli space. -Rn is related to g^.^^ 
as -Rn = ((7^"^)) 3. As for the second circle of T'^ = x S^, which is also the circle upon 
which the type-IIA theory is compactified, the radius is measured differently depending on 
the dimensionality of spacetime. Note, we denoted the radius measured in -D = 11 [in 
-D = 10 by the type-IIA string- frame metric] as -Rio [Ra]- Namely, since the string-frame 
metric gjj/^ [fi,!/ = 0, 1, 9) of the type-IIA theory is related to the -D = 11 metric G^at 
{M,N = 0, 1, 10) as G^^p ~ e'^^g^^J^, where 0a is the dilaton of the type-IIA theory, 

one sees that -Rio = Ra/ {gi^'^)^ ■ Furthermore, one can relate the string coupling (7^^ of the 
type-IIB theory to Rn and -Riq as follows. Under the T-duality between the type-IIA and 
the type-IIB theories, the string couplings are related as g').^^ = g'/^'> / Ra- By using other 
relations among parameters, one finds that = Ru/Riq. 

We discuss the various limits in the M-theory moduli space of in terms of Rn and -Rio 
2^ : M-theory and the type-IIA, B theories are located at various limiting points in the T^- 
moduli space. First, M-theory is located at (-R10, -Rii) = {00, 00) (i.e. the decompactification 
limit), which is also the strong coupling limit {gY^^* = (Ru)^ 00) of the type-IIA theory 



||635| , |601|| . The (uncompactified) type-IIA theory, defined as Ra 00 and finite string 
coupling g^^\ is located at (-R10, -Rii) = (00, finite), i.e. M-theory on 5*^ of radius -Rn < 00. 
The (uncompactified) type-IIB theory can be defined as the limit Rb — * oc, Ru 
and finite string coupling g^^^K In this limit, -Riq = RA/{g^^^y^^ = Ra/ {RAgi^^'Y^^ = 
^A^{gi^^)~^^^ = Rs^^igi^'')^^^^ ~^ 0- So, in terms of parameters of T^, the (uncompactified) 
type-IIB theory corresponds to the limit in which (-R10, -Rn) = (0, 0) while keeping the ratio 
g^^^ = -R11/-R10 finite. The value of g^^^ depends on how the limit (-Rio,-Rii) — > (0,0) is 
taken and, therefore, (-Rio,-Rii) = (0,0) is not really a point in the moduh space. 

Note, when 2 circles in T'^ = x are exchanged (i.e. -Rn ^ -Rio), fif^^ = Rn/Rio is 
inverted: g^^^ — > l/g^^\ Such interchange of 2 circles is a subset of more general SL{2,Zi) 
reparameterization of T^, which acts on the complex modulus r of fractional linearly. 
Thus, the reparameterization symmetry of T^, upon which M-theory is compactified, mani- 
fests in the type-IIB theory as the SL{2, Z) ^-duality |P81 , which acts on the complex scalar 



p = (formed by 0-form x and the dilaton 0^) fractional linearly. 

Next, we discuss string theories with = 1 supersymmetry, i.e. the x Eg and 5*0(32) 
heterotic strings and type-I string. To understand the connection between M-theory and 
these = 1 string theories, one has to consider the moduli space of M-theory compactified 
on S^/Z2 X S^, i.e. a cylinder of length L and radius -R. 

We first comment on the relation of type-I string theory to M-theory. One can think of 



than manifolds) [ [358| , 197, BSE, 568|. In the case of compactification of A/-theory on (which is relevant 
to our discussion) , when the size of goes to zero at the fixed shape, one obtains "chiral" type-IIB theory. 



due to additional massive 'wrapping' modes (of membrane) which become massless ^ 54C, 541 1 
^''The string couphng is defined as gs — e^'^'> . 
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the type-I theory as an 'orientifold' of the type-IIB theory, namely a theory of unoriented 
closed string (gauged under the worldsheet parity transformation Q ||355| , |356| , |509|| ) and open 
string with SO (32) Chan-Paton factor |pl4|| . To see the direct relation to M-theory, it is 



convenient to first compactify one spatial coordinate, which we call Y, of the type-I theory 
on and then T-dualize along the S'^-direction, inverting the radius of S^. We call such 
theory as the type-I' theory ||193|, p05|| . Since the dual coordinate Y is pseudo-scalar under 



the worldsheet parity transformation (i.e. f2[y](r, a) = —Y{r, —a)), is mapped under 
this T-duality to the orbifold S^/Z2 with fixed points at Y = 0, it. So, the type-I' theory is 
effectively described by the type-IIA theory on 8^/7^2] closed strings wrapped around 8^/7^2 
look like open string stretched between two 8-plane boundaries located at fixed points of 
8^ 1 7^2- (These (parallel) boundaries corresponds to D8-branes.) 

Second, the x heterotic string theory is obtained by compactifying M-theory on the 
orbifold 8^ 172 [ p57| , p58|| . Namely, M-theory on 8^/72 of length L gives rise to spacetime 
with two D = 10 faces (the so-called "end-of-the- world 9-branes") which are separated by a 
distance L. Each of the two faces carries an E^ gauge field of the E^ x E^ heterotic string 
|357| P58|| . In this picture, a fundamental string of the E^ x E^ theory is interpreted as a 



cylindrical M 2-brane attached between the two faces. (So, the intersection of the cylindrical 
M2-brane with the faces is a circle.) The string coupling is gf^ = L^/^ and, therefore, in 
the strong coupling limit {gf^ ^ 1) the two faces move apart far away from each other, 
revealing the extra 11-th space dimension ||601| , |635| , |357| , |358|| . When the separation is very 



small (L 0), the cylindrical M 2-brane is well approximated by a closed string in D = 10. 
(This is the weak coupling limit gf^ = L^/^ of the Es x Eg theory.) Finally, the 50(32) 
heterotic theory is related to the Es x Es heterotic theory via T-duality ||480| , [48 1| , |303|| , and 
to the type-I theory via S'-duality ||635| , |187| , |380| , |505|| . A corollary of the these dualities is 



the duality between M-theory on a cylinder 8^/72X 8^ and the S'0(32) theories on 8^ [p41 



Now, we discuss the various limits in the moduli space of M-theory on 8^/72 x 8^ in 
terms of parameters L and R [p57| , |358|| . An obvious limit in the moduli space is the small 
L and R ^ oo limit, which is the uncompactified Es x Es heterotic string. Here, L is the 
size of 8^/72 upon which M-theory is compactified to lead to the Es x Es heterotic theory. 
The string coupling of the Es x Es heterotic string is gf^ = L2. The second obvious limit 
is i? — >^ 0. In this limit, the M 2-brane wrapped around the cylinder looks like open string 
stretched between the interval 8^/72 of the length L, i.e. the (uncompactified) type-I' open 
string with 5*0(16) Chan-Paton factor attached at each end located at the 9-plane boundary. 

In general, a point in the moduli space with small L and finite R corresponds to the 
Es X Es heterotic string on 8^ of radius R. A non-vanishing 'Wilson line' around 8^ breaks 
Es X Es down to subgroups [ |634|| , e.g. U{iy^ or 5*0(16) x 5*0(16) depending on the choice 
of the Wilson line. In particular, the Es x Es heterotic string on 5*^ with gauge group 
5*0(16) X 5*0(16) is obtained from the 5*0(32) heterotic string on 5^ with gauge group 
5*0(16) X 5*0(16) by inverting the radius of 5*^. As i? is decreased to a small value, one can 
switch to the 5*0(32) heterotic string on 5*^ of inverse radius 1/-R by using the T-duality 
between the Es x Es and 5*0(32) heterotic strings. For this case, the string coupling of the 
5*0(32) heterotic string is g^^^ = L/R, which is small as long as R ^ L. As the radius R 
approaches smaller value so that R becomes much smaller than L, one can switch to the 
type-I theory by applying the 5*-duality between the 5*0(32) heterotic string and the type-I 
string. The string coupling of the type-I theory is then given by g^ = 1/g^^* = R/L. Note, 
under the Z2 transformation that exchanges two moduli R and L of the cylinder, the string 
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couplings of the type-I and the 50(32) heterotic theories are inverted, thereby manifesting 
as the non-perturbative type-I/heterotic duahty. 

In the hmit {R, L) -> (0, 0) with fixed small gl = R/L, one has the uncompactified type-I 
theory. This is understood as follows. We saw that the type-I' theory, which is obtained 
from the type-I theory on by inverting the radius, is the R ^ limit of M-theory on the 
cylinder. If we further let the length L of the cylinder approach zero, then in the type-I side 
the radius of S^, upon which the type-I theory is compactified, approach infinity (i.e. the 
decompactification limit of the type-I theory). 

So far, we discussed connections among M-theory and string theories with either = 1 
or = 2 supersymmetry. One can further relate = 1 and N = 2 theories. For this 
purpose, one breaks 1/2 of supersymmetry in = 2 theories by compactifying on a manifold 
with non-trivial holonomy. An obvious example is the D = 6 string-string duality between 
type-IIA theory on K3 and heterotic string on T'^ [ p82| , |635|| . Both of the D = 6 theories 
have (non-chiral) N = 2 supersymmetry. A corollary of this duality is that M-theory on 
K3 is equivalent to heterotic string on | |635| |, since type-IIA theory is M-theory on S^. 
The fundamental string in heterotic string on is nothing but M 5-brane wrapped around 
a 4-cycle of K3 surface [22^, 340 , S02 |. Furthermore, i^3-compactified M2-brane through 
direct dimensional reduction is solitonic 5-brane in the heterotic theory wrapped around a 
3-cycle of T^. Thus, it leads to the conjecture that the strong coupling limit of heterotic 
string on is ii"3-compactified supermembrane in D = 11. 

We point out that M-theory and string theories that are connected within the moduli 
space (of either for the N = 2 string theories or x /Z2 for the A^ = 1 string theories) 
are on an equal putting if one includes "non-perturbative" branes, as well as perturbative 
string states, within the spectra of the 5 superstring theories. Namely, a brane that appears 
in one theory is necessarily related to branes of the other theories through the dimensional 
reduction and/or dualities | |540| , |541[| . In particular, all the branes in the 5 string theories 
should have interpretations in terms of M-branes through dimensional reductions and string 
dualities. It turns out that p-branes obtained in this way have the right property as p- 

|601|| (e.g. the tension T of branes in string-frame depend on 
and 1/ gl for a fundamental string, Dp-branes and 



branes of string theories 
the string coupling as ~ 1, 



(e.g. 

l/9s 



solitonic 5-brane, respectively) and the worldvolume actions (derived from those of M-theory 

In the following, we discuss the 



% |7^) have the right forms |0|, |8|, |4T], |30 
M-theory origin of branes in string theories. 

First, we discuss branes in the type-IIA theory. Since the type-IIA theory is M-theory 
compactified on S"^, all of p-branes in type-IIA theory (i.e. a fundamental string and a 
solitonic 5-brane in the NS-NS sector, and Dp-branes with p = 0, 2, 4, 6, 8 in the R-R sector) 
should be obtained in this way. 

\n D = 11, there are M2-brane [p6| , P5CI|| and M 5-brane [|327|| which are elementary and 
solitonic branes carrying electric and magnetic charges of the 3-form potential, respectively. 
Starting from M2-brane |8^, one obtains either fundamental string [ p32| , |250| , |231|| in 
the NS-NS sector or the D 2-brane in the R-R sector, through double or direct dimensional 
reduction. The fundamental string and D 4-brane obtained, respectively, from the M 2- and 
M 5-branes via double dimensional reduction have the right dependence of the tensions on 
i.e. ~ 1 and ~ 1/gs, respectively. 

Next, a DO-brane can be thought of as the KK momentum mode of the D = 11 theory 
on [ |601[ . This state with the momentum number n along the S'^-direction has mass 



56 



(measured in the string-frame) given by M = ^, which is the right dependence of the mass 



on the string couphng for BPS states carrying R-R charges |635|. The integer n is the electric 



charge of the KK f/(l) gauge field associated with the S'^-direction, indicating that such KK 
state is electrically charged under the 1-form potential in the R-R sector. The n = 1 KK 
state is interpreted as a single D 0-brane and the n > 1 case corresponds to the (marginal) 
bound state of n DO-branes. The D6-brane is regarded as the KK monopole ||601|| , which 
is magnetically charged under the 1-form potential in the R-R sector. For the D 8-brane, 
currently there is no interpretation in terms of the D = 11 theory available yet. 

Second, we discuss branes in type-IIB theory. In general, branes in type-IIB theory can 
be obtained from those in type-IIA theory by applying the T-duality between type-IIA and 
type-IIB theories [|^, |73|, piOj , |199| , |81|| . For example, starting from Z)2-brane of type-IIA 
theory, one obtains D 1-brane of type-IIB theory by T-dualizing along one of coordinates 
with the Neumann boundary condition (i.e. along a longitudinal direction of the Z)2-brane). 
The fundamental string and the solitonic 5-brane in the NS-NS sector are obtained from the 
M2- and the M5-branes by dimensional reduction similarly as in the type-IIA case. 

On the other hand, one can directly relate branes in the compactified type-IIB theory to 
those in compactified M-theory by applying equivalence between type-IIB theory on and 
M-theory on T^. In this relation, one identifies complex modulus r of with the complex 
scalar p of (uncompactified) type-IIB theory, i.e. r = p ||538|, E^]. (This is motivated by the 



observation that the non-perturbative SL{2, Z) symmetry of type-IIB theory is interpreted 
as the moduli group of M-theory on T^.) 

First, we discuss 1-branes in (uncompactified) type-IIB theory. These carry (integer 
valued) electric charges qi and q2 of 2-form potentials in the NS-NS and the R-R sectors 
||538|| , respectively, and are bound states of qi fundamental strings and q2 -D-strings. This 
bound state is absolutely stable against decay into individual strings iff the integers qi and q2 
are relatively prime ||638|| , due to the "tension gap" and charge conservation. In the string- 
frame with the vacuum expectation value (p) = i{g^^^)~^, the tension of the {qi,q2) string 



538|| is T(^qi,q2) = y Qi + (Qs^^) '^Q2Ti^\ where Ti^^ is the tension of the fundamental string. 



('?1>'?2) 

This tension formula has the right limiting behavior: T(i q) ~ 1 for a fundamental string and 



T(o,i) ~ (c/PO"^ for a L)-string |98 



(0,1) 

When these 1-branes are wrapped around of radius Rb, one has 0-branes in D = 9 with 
the momentum mode m and the winding mode n around S^. This 0-brane of the D = 9 type- 
IIB theory is identified with the M2-brane wrapped around T^. Namely, the momentum 
mode m [winding mode n] of the type-IIB string is interpreted in the M2-brane language 
as the wrapping [the KK modes] of the M2-brane on T^. Through these identifications, one 
has relations between the tension of the fundamental string of (uncompactified) type-IIB 
theory and the tension Tj^^-* of M2-brane: (Tj^^-^L^)"^ = j^p^T2^^^ A^^"^ , which is consistent 
with string dualities. Here, Lb = 2i[Rb is the circumference of 5*^, upon which type-IIB 
theory is compactified, and Am is the area of measured in the D = 11 metric. 

Direct dimensional reduction of 1-branes in type-IIB theory gives rise to strings with 
charges (gi, ^2) and the tension Ti^q^^q^) 'm. D = 9. This type-IIB string in D = 9 is identified 
with M2-brane wrapped around a (51,52) homology cycle of with the minimal length 
-^(9i>Q2) = 27ri?ii|gi — 52t|. Such string of the compactified M-theory has the tension (mea- 

^^These electric charges (gi, (72) transform linearly under SL{2, Z), while the complex scalar p transforms 
fractional linearly, i.e. p cp+d {O'd,— be = 1). 
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sured by the D = 11 metric) Tl^q^^^^) ~ (91,^2) ^2 ^^^5 which is consistent with relation between 
Ti^"^ and Tj*^'' in the previous paragraph. 

Second, we discuss the D = 9 j9-branes related to D 3-brane ||238|| of (uncompactified) 
type-IIB theory. By wrapping D 3-brane around S^, one obtains 2-brane with tension LbT^^^ 
in D = 9. Here, T3 is the tension of D 3-brane in D = 10. This 2-brane of type-IIB theory 
is identified with 2-brane in the T^-compactified M-theory obtained by direct dimensional 
reduction of M 2-brane. Such identification of the two 2-branes of type-IIB and M-theory 
leads to relation between the tensions Ti^'^ and T^^^ of fundamental string and D 3-brane: 
T^^^ = ^{T^^^y. When D 3-brane of type-IIB theory is compactified via direct dimensional 
reduction on S^, one has 3-brane in D = 9. This 3-brane is identified with M5-brane 
wrapped around T^. Such an identification leads to the correct DSZ quantization relation 
T5 = 2^(T2^^^)^ on tensions of M2- and M5-branes. 

Third, 5-branes in type-IIB theory carry magnetic charges (^1,^2) of 2-form potentials in 
the R-R and the NS-NS sectors, with the tension T^(^p^ given similarly as that of 1-branes. 

4- branes with the tension LbT^(J^ p^) obtained by wrapping this 5-branes around S . The 
corresponding 4-branes in the M-theory side is M5-brane wrapped around a (pi,P2) cycle of 
T^. This identification leads to the correct expression for the tension of the type-IIB 5-brane 

(in the string-frame) given by T^^J^p^) = ^^[2^)'^ IPi ~ P2{p)\(Ti^'')^. In the limit where the 

5- brane carries only either the R-R or the NS-NS magnetic charge, the tension behaves as 

-^ici 0) ~ (fl'P^)"^ -^sC^^i) ^ (fi'P^)"^' expected for solitons and D-branes. 

5-branes in D = 9 have different interpretations. First, a singlet 5-brane of the type-IIB 
theory on is magnetically charged under the KK U{1) gauge field associated with the 5*^- 
direction. Second, the SL{2, Z) family of 5-branes of the type-IIB theory on is charged 
under the doublet of 2-form U{1) gauge fields. The corresponding singlet 5-brane in the 
T^-compactified M-theory is magnetically charged under the 3-form U{1) gauge field. The 
SL{2, Z) multiplet of 5-branes that are matched with those of the type-IIB theory on is 
magnetically charged under the doublet of KK U{1) fields of M-theory on T^. 

As for the D = 9 branes associated with D 7-brane (magnetically charged under the 
0-form potential), the M-theory interpretation is not well-understood yet. In ||54CI|| , it is 



argued that p-branes with p = 7, 8, 9 in M-theory that would give rise to 7-brane in D = 9 
do not exist, and 6-brane in D = 9 cannot be obtained from D 7-brane of type-IIB theory 
by the periodic array along the compact direction and also is not consistent with the D = 9 
type-IIB theory. 

Finally, we comment on branes in the 5*0(32) theories, i.e. the type-I and the 5*0(32) 
heterotic strings. These 2 theories are related by 5'-duality, which inverts the string couplings 
(i.e. (7^^* = 1/gi) and exchanges the 2-form potentials of the 2 theories (the 2-form potential 
is in the NS-NS sector [the R-R sector] for the 5*0(32) heterotic theory [the type-I theory]). 
The electric [magnetic] charge of the 2-form potential is carried by 1-branes [5-branes] . When 
this 1-brane [5-brane] is compactified on 5^, one has either 0-brane or 1-brane [4-brane or 
5-brane] in D = 9 depending on whether or not these branes are wrapped around 5*^. The 
M-theory origin of these D = 9 branes is understood from the observation that M-theory 
on S^/Z2 X 5^ with length L and radius R is related to 50(32) theory on 5^. Note, 
while M 2-brane can wrap on 5^/Z2, M 5-brane can wrap around 5^, only. So, M 5-brane 
compactified on 5'^/Z2 x 5*^ give rise to either 4-brane or 5-brane in D = 9, depending on 
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whether M5-brane is wrapped around or not. These branes are identified with those 
of the SO{32) theory. Similarly, 0-brane and 1-brane of the 5*0(32) theories on are 
identifies with the M2-brane which is first wrapped around S^/Z2 and then either wrapped 
around or not. Note, under the exchange of parameters L and R of 8^/7^2 x S"^, the 
5*0 (32) heterotic theory and the type-I theory is exchanged, while the string couplings are 
inverted (i.e. g^^^ = 1/gl = L/R). Thus, the roles of R and L are interchanged when one 
identifies p-branes of the S-dual theory on with those of the M-theory on S^/Z2 x S^. 
These identifications yield the tensions for 1-brane and 5-brane of the 5*0(32) theories with 
consistent limiting behavior, i.e. T^^^ ~ (S's^*)"^ ^-^id T/*^* ~ 1 for the heterotic theory, and 
~ {gi)~^ and T/ ~ ((^f)"^ for the type-I theory. 



4 Black Holes in Heterotic String on Tori 
4.1 Solution Generating Procedure 

The primary goal of this chapter is to generate the general black hole solutions in the effective 
theories of the heterotic string on tori by applying the solution generating transformations 
described in section pl2| . 

In principle, D < 10 black hole solutions which have the most general electric/magnetic 
charge configurations and are compatible with the conjectured no-hair theorem ||385| , |386| , 125 



343|, |344|| can be constructed by imposing the 5*0(1, 1) boosts on charge neutral solutions. 



i.e. Schwarzschield or Kerr solution. Here, the 5*0(1, 1) boosts that generate electric charges 
of U^^~'^^{1) gauge group in Z) < 10 are contained in the 0(11 — D, 27 — D) symmetry group 
( |134|) of the {D — l)-dimensional Lagrangian. Meanwhile, magnetic charges of the f/^^~^^(l) 
gauge group and the D = 5 NS-NS 2-form potential are generated by the 5*0(1, 1) boosts in 
the 0(8, 24) symmetry group ( |138| ) of the D = 3 action. 

However, it is not necessary to generate all the electric/magnetic charges by applying 
the 5*0(1, 1) boosts, as we explain in the following. The D-dimensional dualities, which 
leave the (Einstein- frame) metric intact, can be used to remove some of charge degrees of 
freedom (associated with the U^^~^^{1) gauge group in D < 10) of black holes. The gen- 
eral black hole solution with all the redundant charge degrees of freedom removed by the 
D-dimensional dualities is called the "generating solution", since the most general solution 
in the class is obtained by applying the D-dimensional dualities. Thus, one only needs to 
generate electric [and magnetic] charges of the generating solutions by applying the 50(1, 1) 
boosts in 0(11 — D,27 — D) [0(8,24)] duality group on the Schwarzschield or the Kerr 



solution ||562|| . The generating solution is equivalent to the solution with the most general 



charge configuration due to the conjectured string dualities. This is a reminiscence of auto- 



morphism transformations of A^-extended superalgebra discussed in section |2]^, which brings 
the algebra in a simple form in which only [A^/2] eigenvalues of central charge matrix appear 
in the algebra rather than whole A^(A^ — 1) central charges. The charge assignments for the 
generating solution for each dimensions are: 



dyonic black holes m D = A ||181|| : 5 charge degrees of freedom associated with gauge 
fields in the part. 



black holes in D = 5 |182|: a magnetic charge of the NS-NS 3-form field strength (or 
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an electric charge of its Hodge-dual), and 2 electric charges of KK and 2-form U{1) 
gauge fields associated with the same internal coordinate. 



• black holes in D > 6 [|184|] : 2 electric charges of KK and 2-form U{1) gauge fields 
associated with the same internal coordinate. 

For the purpose of constructing solutions, it is convenient to choose scalar asymptotic 
values in the "canonical forms" ||562|| : M^o = Iio-d,26-d and ipoo = [and \E'oo = for the 
D = 4 case]. This is not an arbitrary choice since one can bring arbitrary scalar asymptotic 
values to the canonical forms by applying the following 0(10 — D, 26 — D, R) transformation: 



Moo ^ Moo = nU^Q'^ = Ii0-D.26-D: 



and the ^-duality, for example for the D 



5o 



{aSoc + b)/d = i, ad 



Q eO{10- D,26- D,K), (185) 
4 case, given by the SL{2,TV) transformation 
1. (186) 



The D = 3 0{8, 24, R) transformation that brings an asymptotic value of modulus ( p-37| ) 



to the form Aioo = h,28 is equivalent ||561|| to the D = A SL{2, R) transformation plus the 



D = 3 0(7, 23, R) transformation. Furthermore, one brings asymptotic values of U{1) gauge 
fields A^^ to zero by applying global U{1) gauge transformations. 

Then, the subset of 0(11 — D,27 — D) [0(8, 24)] that preserves the canonical asymptotic 
value Moo = /io-d,26-d [-Moo = h,2%] IS ^O (26 - D, 1) X 50 (10 - D, 1) [50(22, 2) X 50(6, 2)] 
p2i . There are 36- 2L) [2x28] 50(1, 1) boosts in 50(26-D, 1) x 5O(10-D, 1) [50(22, 2) x 
50(6, 2)]. When applied to a charge neutral solution, these boosts in 50(26— 1) x 50(10— 
D, 1) [50(22, 2) X 50(6, 2)] induce electric charges of the f/(l)36-20 g^uge group in < 10 
[electric and magnetic charges of the ?7(1)^^ gauge group in D = 4] 0. 

The starting point of constructing the generating solution is the D-dimensional Kerr 
solution, parameterized by the ADM mass and [^^^] angular momenta. The solution in the 



"Boyer-Lindquist" coordinate has the form [[478 



ds' 



A 



dr + 



A 



nU \r^ + n)-2N 



+ (r2 + ll cos^ e + Ki sin^ e)de'^ 
+ (r^ + IIj^-^ cos^ + Ki+i siv? ^i) cos^ 9 cos^ ipi - ■ ■ cos^ ipi-idipf 
—2{l'^_^_l — i^j+i) cos 6* sin 6* cos^ ■ ■ -cos^ 'ipi-i cosipi sinipidOdipi 
—2 '^{I'j — Kj) cos^ 9 cos^ i^i - ■ ■ cos^ ^i-i 



i<j 



X COS Ipi sin Ipi' ' ' cos^ i'j-i COS ipj sin ipjdipidipj 



A 

+E 



A 



dtdcpi 



d(j)id(j)j, 



(187) 



where for 



26While the 50(1, 1) boosts in 50(22, 1) x 50(6, 1) c 50(22, 2) x 50(6, 2) induce electric charges of the 
Z) = 4 [7(1)28 gauge group, the remaining 50(1, 1) boosts in 50(22, 2) x 50(6, 2) - 50(26- £>, 1) x 50(10- 
D,l) induce magnetic charges of the [/(l)^^ gauge group. 
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• Even dimensions: 



D-2 D-2 
2 2 



and 



2 

2 2 2 2 2 2 

i^j = sin ipi + ■ ■ ■ + Id^ cos ■ ■ ■ cos i/jd^ sin ipo-i, 

N = mr, ' (188) 



;Ui = sin6', = cos 6* sin 'j/'i , 

/i D-2 = cos ^ cos 'i/'i ■ ■ ■ cos sin ^/'D^ , 

2 2 2 

a = cos 6^ cos 'i/'i ■ ■ ■ cos , (189) 



Odd dimensions: 



D-l 
2 



and 



A = r^E/^.'(-' + ^?)---(-' + ti)(r^ + U---(-' + ^ki), 

i=i ^ 

= 1 sin^ ipi + ■ ■ ■ + l%-3 cos^ ■ ■ ■ cos^ sin^ t/'d-s 

2 2 2 

COS^ V^j ■ ■ ■ COS^ V'^ziS , 

2 2 

= mr^, (190) 



/ii = sin0, /i2 = cos ^ sin V'l , 

u d-3 = cos 6* cos ■j/'i ■ ■ ■ cos sin ^/^D^ , 

2 2 2 

/z d-1 = COS ^ COS ■j/'i ■ ■ ■ COS 'j/'.D-s . (19r 



Here, the repeated indices are summed over: i,j in ip [0] run from 1 to [^^^] [from 1 to 
["^T^]]- '^^^ ADM mass and the angular momenta Jj are 

M = (-P-2)^^-^ ^^ = %^m/, = ^M/„ (192) 

where is the D-dimensional Newton's constant and ilD~2 = '^Z%-u^ is the area of S^~'^. 

When compactified to — 1 dimensions [3 dimensions (for the 4-dimensional Kerr 
solution)], the transformation that generates inequivalent solutions from the Kerr solu- 
tion is (50(26 - D,l) X 50(10 - D,l))/(50(26 - D) x 50(10 - D)) [(50(22,2) x 
50(6,22))/(50(22) x 50(6) x 50(2))], which has (9 - D) + (25 - D) [2 x 28 + 1] pa- 
rameters; these parameters are interpreted as {9 — D) + (25 — D) electric charge degrees of 
freedom [2 x 28 electric and magnetic charge degrees of freedom plus unphysical Taub-NUT 



charge] introduced to the Kerr solution [562]. For the D = 5 case, an additional charge 



associated with the NS-NS 2-form field is generated by an 50(1, 1) boost in 0(8, 24) 
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After the generating solutions are constructed from the 50(1, 1) boosts, the remaining 
charge degrees of freedom are induced (without changing the Einstein-frame spacetime) from 
subsets of D-dimensional (continuous) duahty transformations that generate new charge 
configurations from the generating ones while keeping the canonical scalar asymptotic values 
intact. This is [SO{10 - D) x S0{2Q - D)]/[S0{9 - D) x SO{25 - D)], which introduces 
{9—D) + {25 — D) new charge degrees of freedom, and, for the D = 4 case, S0{1) C SL{2, R), 
which introduces one more charge degree of freedom. Subsequently, to obtain solutions with 
arbitrary scalar asymptotic values, one has to undo the transformations ( |185| ) and ( |186| ). In 
the following sections, we discuss the generating solutions in each dimensions. Note, due 
to the conjectured string-string duality between heterotic string on and type-II string 
on K3, these also correspond to the generating solutions of general black holes in type-II 
strings on K3 x T" for n = 6 — -D = 0, 1, 2. For this case, some of charges of the generating 
solutions can be dualized to R-R charges, rendering interpretation in terms of D-branes. It 
turns out that by applying ?7-duahties of type-II string on tori to such generating solutions, 
one can generate the general class of solutions of the effective type-II string on tori as well 
171|| (see section [6.3.2|) for discussions). 



4.2 Static, Spherically Symmetric Solutions in Four Dimensions 
4.2.1 Supersymmetric Solutions 

In this section, we derive a general BPS spherically symmetric solution with a diagonal 
moduli ||178|| . Such a solution, after subsets of 0(6,22) and 5'L(2,R) transformations are 
applied, satisfies one U{1) charge constraint, missing one parameter to describe the most 
general BPS solutions. The solution generalizes the previously known black hole solutions in 
heterotic string on tori as special cases, and are shown to be exact to all orders in expansions 
of a' [ |173|| . At particular points in moduli space, such a solution becomes massless, enhancing 



not only gauge symmetry but also supersymmetry ||179 . 



Generating Solutions A general BPS non-rotating black hole solution with a diagonal 
moduli matrix is obtained by solving the Killing spinor equations. With spherically sym- 
metric Ansatze for fields and a diagonal form of moduli M, the Killing spinor equations 
S'lpM = 0, 6X = and 6x^ = (Cf. (|119|) ) are satisfied by restricted charge configurations 
(see ||178|| for details on allowed charge configurations), which we choose without loss of gen- 
erality to be Pi^\ Pi'\ Q^2\Q2^- The explicit BPS non-rotating solution with such a charge 



configuration has the form [ 178|| : 



A 
R 



[(r - VpPi'^)ir - VPP?^){T - VqQ^^^){t - r^Qgf)]- 
ir-VQQ?)ir-VQQ?^: 



1(2)^ 



911 



VPPI 



{2)~ 



VpPi 



(1) 



922 



VqQ 
VqQ? 



1 (m^l,2). 



(193) 
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where A and R are components of the metric g^j^ydx^dx^ = —Xdt'^ + X~^dr'^+R{d6'^ +8111^ I 
rjp^Q = ±1 and the radial coordinate is chosen so that the horizon is at r = 0. 

The requirement that the ADM mass saturates the Bogomol'nyi bound restricts choice 
of rjpQ such that ripsig'ii{Pi^^ + Pi'^) = —1 and ?7Qsign(Q2^'* + Q2'^) = —1, thus yielding 
non-negative ADM mass of the form 

Mbps = \Pi'^ + P^'^l + |Q5'^ + Qf Y (194) 

Note, the relative signs for the pairs (Q2^'*,Q2^^) and {Pi^\Pi^^) are not restricted but in 
this section we consider the case where both of pairs have the same relative signs so that the 
solution ( |193| ) has regular horizon. 

The Killing spinor e of the above BPS solution satisfies the following constraints: 

• Pi^^ ^ and/or ^ ^ 0: t^t''=^e = ir]pe 

• Q^^^ ^ and/or Q^^^ ^ 0: t°t''=^e = r]Qe. 

From these constraints, one sees that purely electric (or magnetic) solutions preserve 1/2, 
while dyonic solutions preserve 1/4 of = 4 supersymmetry. The former and the latter 
configurations fall into vector- and hyper-supermultiplets, respectively. 

Since the Killing spinor equations are invariant under the 0(6,22) and SL(2,'R.) trans- 
formations, one can generate new BPS solutions by applying the 0(6,22) and 5'L(2,R) 
transformations to a known BPS solution. The [^0(6)/50(4)] x [5O(22)/5O(20)] trans- 
formation with ^'^"^'^ + 22-2i^2o-i9 _ parameters to the solution (|193|) leads to a general 

solution with zero axion and 4 + 50 = 54 = 56 — 2 charges. 28 electric Q and 28 magnetic 
P charges of such a solution satisfy the two constraints 

P^M±Q = {M± = (LML)^ ± L). (195) 

The subsequent 5*0(2) C S'L(2, R) transformation introduces one more parameter (along 
with a non-trivial axion), which replaces the two constraints ( |195| ) with the following one 
5*^(2, R) and 0(6,22) invariant constraint on charges: 

P^M-Q [Q^M+Q - P^M+P] - (+ ^ -) = 0. (196) 

Thus, general solution in this class has 4 + 50 + 1 = 55 = 2- 28 — 1 charge degrees of freedom. 

By applying the 0(6, 22) and SL{2, R) transformations to (|194|) , one obtains the following 
ADM mass for general solutions preserving 1/4 of supersymmetry: 

Mips = e-''^ {P^'M+P + Q^M+Q 

+2 [iP^M+P){Q^M+Q) - {P^M+qy]''^ . (197) 



This agrees with the expression ( |213| ) obtained ||236|| by the Nester's procedure. When 
magnetic P and electric Q charges are parallel in the S'0(6,22) sense, i.e. P^A4+Q = 0, 



( |197|) becomes the ADM mass of configurations preserving 1/2 of A^ = 4 supersymmetry 
|337i H, |2g, m, |2|, |60|, m, |29|, pSj : 

Mlps = e-*^{P^M+P + Q^M+Q), (198) 
whose corresponding generating solution is purely electric or magnetic subset of ( p.93|) . 
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General Supersymmetric Solution with Five Charges The BPS solution ( p.93| ) 
has a charge configuration satisfying one constraint ( |196|) when further acted on by the 
[S0{6)/S0{A)] X [SO (22) (20)] and SO (2) transformations. So, to construct the gener- 
ating solution for the most general BPS solution, which conforms to the conjectured classical 
"no-hair" theorem, one has to introduce one more charge degree of freedom into ( p.93|) . 

Such a generating solution was constructed in | p.74|| by using the chiral null model ap- 
proach, and has the following charge configuration 



iQ?,P^') 

)(2) p(2) 



(Qi,o), 



(Qr,i^r) = (Q2,o). 



Explicitly, the solution has the form: 



(199) 



A 

Gil 



[r + Qi){r + Q2){r + P{){r + P^) - g2[r + \{P^ + P^)f 
(r + Pi)(r + P2) 

[r + Qi){r + Q2){r + Pi)(r + P^) - q^[r + \{P^ + Ps)]^ 
q{P2 - Pi) 



2(r-fPi)(r + P2)' 



r + P2 



, G 



r + Qi 



r + Pi' r + Qs' (r + Q2)(r + Pi)" 

For this solution to have a regular horizon, the charges have to satisfy the constraints 

Pi > 0, P2 > 0, Qi > 0, Q2 > 0, 

1 



G 



12 



-B 



g[r + i(Pi + P2)] 



12 



(200) 



(Q1Q2 - q^)PiP2 - -q\Pi - Pif > 0. 



QiQ2-g' > 0, 

The ADM mass has the same form as that of the 4-parameter solution ( |193|) : 

Madm = Qi + Q2 + Pi + P2, 



(201) 



(202) 



independent of the additional parameter q. Meanwhile, the horizon area, i.e. A = 
47r(A~^r^)r=o, is modified in the following way due to q: 



47r 



iQiQ2-q')PiP2--q'{Pi-P2r 



(203) 



The following ADM mass and horizon area of BPS non-rotating black hole with general 
charge configuration are obtained by applying the [S0{6)/ S0{4:)] x [SO{22)/ SO (20)] and 
S0{2) C 5L(2,R) transformations to (|U2D and (|^): 



A 



1 -T ^ 1 

-a u+a H — e 

2 '^^ 2 



+e 



-2ipo 



Tie 



2ipo 



{(3^Lp){d'La) - {p'Laf 



(204) 



64 



where the charge lattice vectors a and j3 live on the even self-dual Lorentzian lattice Ag 22 
with signature (6, 22), a = a + '^ooP and n± = Moo ± L. Here, a and (3 are related to the 
physical U{1) charges Q and P as: 

V2g, = e2^°°M,,oo(«, + ^oo/5,), V2P, = L,,/?,-, (205) 



where we assumed that a' = 2, Gn = \a'e^'^°° = \e 



The ADM mass and horizon area in ( p04| ) can be put in the SL{2, Z) S'-duality, as well 
as the 0(6, 22) T-duality, invariant forms by expressing them with new charge lattice vector 



-T 
V 



2ip 



= (a 



/5"^) and by introducing the following 5*17(2, R) invariant matrices: 



1 



M 

The final forms are 



^2 + e 



c 





-1 



(206) 



MlnM 



{8Gn 
A 



,-1 



AG 



IT 



N 



Moo 
1 



2C,/:brf(t7'V^)(^V^) 

1 

, 1 2 



(207) 



These are manifestly SL{2, R) invariant, since Ai and v transform under SL{2, R) as [p60|| 

M LuMuj^, V CujC^v, uj e SL{2, R). (208) 

An important observation is that while for fixed values of a and f3, mass changes under 
the variation of moduli and string coupling, entropy remains the same as one moves in 
the moduli and coupling space ||260|, E 



|, 259|. The fact that entropy is independent of 
coupling constants and moduli is consistent with the expectation that degeneracy of BPS 
states is a topological quantity which is independent of vacuum scalar expectation values 
and the fact that entropy measures the number of generate microscopic states, which should 
be independent of continuous parameters. 



Bogomol'nyi Bound We derive the Bogomol'nyi bound on the ADM mass of asymptot- 
ically fiat configurations within the effective theory of heterotic string on | 236 |. For this 
purpose, we introduce the Nester-like 2- form |[483|| : 

4, = e^^'S^i^p, (209) 

where Ssipfj. is the supersymmetry transformation of physical gravitino in D = 4. Given 
supersymmetry transformations ( |119| ) of fermionic fields expressed in terms of D 



4 fields 



the Nester's 2-form reduces to the form: 
1 



E 



(210) 



where is a vielbein defined in ( |122|) and L is an invariant metric of 0(6, 22) given in (|127|) . 

Derivation of the Bogomol'nyi bound consists of evaluating the surface integral of the 
Nester's 2-form ( piQ ), which is related through the Stokes theorem to the volume integral of 
its covariant derivative. The surface integral yields 



47rG4 JdY. 



dS^^eE^^ 



P. 



ADM 



2V2G4 



-•4>oal'2 



{VrooL{Q-%^''P)YY- 



(211) 
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where P^^^^ is the ADM 4-momentum of the configuration, and Q and P are physical 



electric and magnetic charges of ?7(1)^^ gauge group. 

The integrand of the volume integral is a positive semidefinite operator, provided spinors 
e satisfy the (modified) Witten's condition ||631 
space-like hypersurface S 



n 



Ve = 



n is the 4-vector normal to a 
Thus, the bilinear form on the right hand side of (|211|) is positive 



semidefinite, which requires that the ADM mass M has to be greater than or equal to the 
largest of the following 2 eigenvalues of central charge matrix: 



1 



Q 



+ Pl±2{Q 



where Qr = v^(Vroo-^<5) and similarly for Pr. This yields the Bogomol'nyi bound: 
1 



M 



ADM 



> 



(4G4)2 



Qi + P^ + 2{Qj,P^~iQi,Pny} 



(212) 



(213) 



This bound is saturated iff supersymmetric variations of fermionic fields are zero, i.e. BPS 
configurations. The Bogomol'nyi bound ( |213| ) can be expressed explicitly in terms of electric 
Q and magnetic P charges, and asymptotic values Moo and ipoo of scalars, by using the 
identity: LV^VrL = ^[L{M + L)L\. For example, Q\ = Q^L{M^ + L)LQ. 



4.2.2 Singular Black Holes and Enhancement of Symmetry 

In perturbative heterotic string theories, gauge symmetry is enhanced to non-Abelian ones 
through the Halpern-Frenkel-Kac (HFK) mechanism [p7c 



j2|, g2|, |2|,|5|,|T23,g80|. The 
HFK mechanism is due to extra spin one string states which are normally massive at generic 
points in moduli space but become massless at particular points. These points are the fixed 
points under discrete subgroups of T-duality of the worldsheet theory. 

As shown in |p82|| , BPS states in = 4 theories become massless at particular points in 

4 theories generically contain massive spin 



the moduli space. Since BPS multiplets in N 
one states, gauge symmetry is enhanced to non-Abelian ones when the BPS states become 
massless. Note, the BPS states carry magnetic, as well as electric, charges and, therefore, 
are non-perturbative in character. When BPS multiplets with highest spin 3/2 state become 
massless, supersymmetry as well as gauge symmetry is enhanced, a phenomenon that is never 
observed within perturbative string theories. In this section, we illustrate the enhancement 
of symmetries in the BPS states of = 4 theories by studying massless black holes in 
heterotic string on |119|, |141 . 



Massless Black Holes and Symmetry Enhancement First, we consider the subset of 
BPS states with diagonal Moo and purely imaginary So 

generating solution (|193[) with explicit dependence on scalar asymptotic values 



179|. We rewrite the corresponding 



A 
R 



r^/[(r 



>(i) 



>(2) 



[(r - VpKDir - VpKDir ~ 
where the solution now depends on the following "screened" charges: 

/p(l) p(2) r^{l 



(214) 
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— 6 ^ (S'lloo-Pl ''jfl'lloo-Pl \922^ooQ2 \92200Q2 ^] 

, _i£2c i ^(2) _£2o -\ r,{\) i£°2. i (1) i£2o -i (2) x /r>irN 

= (e 2 ^i'ioo/?i ,e 2 Voo/^i ,e ^ ^22oo«2 ,e ^ ^22ooa2 )• (215) 

Here, the quantized charge lattice vectors a and /? hve on the even, self-dual, Lorentzian 
lattice A p^ . 

When ?7p^q are chosen to satisfy r^p sign(P]*'"'^'* ^P^^) = —1 and r/g sign(Q2^^ +Q'2 ^) = — 1, 
the ADM mass takes the following form that saturates the BPS bound: 



Mbps = e-^\gl^pr + 9ii'oo/3r\ + e^\ghooC^\" + ^727oo«r|. (216) 

Only electric states (/? = 0) with a^La > 2 are matched onto perturbative string states 
2481 1 . As for dyonic states that break 1/4 of supersymmetry (i.e. those with non-parallel 
electric and magnetic charge vectors, i.e. Q^Ai+P ^ 0, and therefore cannot be related 
to electric solution via the S'L(2, Z) transformations), the consistency with the 5'L(2, Z) 
symmetry and consistent electric limit require that the electric and the magnetic lattice 
vectors separately satisfy the constraints La > —2 and [3'^L[3 > —2. These subsets of 
BPS states ( pi4| ) become massless |^ [40 6| , |179|| at the fixed points under T-duality R ^ 1/R 



5(2) , -5 , ^^\J Al) , -1 A2)i 



(i.e. at the self-dual point (72200 = 1 [fi'iioo = 1 = ^722 00]), when ^2^^ = —a'^^ = ±1 
[a'^^ = —a^2^ = ±1 and (3[^^ = — /^j^'' = ±1] for the case (3 = [a ^ ^ 0]. There are also 
additional infinite number of SL{2, Z) related massless BPS states. 

The extra massless spin 1 states associated with a'^^ = —af^ = ±1 [0:2^'' = —a'^^ = ±1 
and = —f3[^'^ = ±1] at the self-dual points of contribute to enhancement of Abelian 
gauge symmetry to SU (2) [SU (2) x SU{2)] non- Abelian symmetry. The extra massless spin 
1 states together with generic massless U{1) gauge fields form the adjoint representations of 
the enhanced non- Abelian gauge groups. 

The BPS multiplet which preserves 1/4 of = 4 supersymmetry contains spin 3/2 state. 
Thus, additional 4 massless gravitino associated with a'^^ = —a'^f' = ±1 and = —^i^^ = 
±1 contribute to enhancement of supersymmetry from A^ = 4 to A^ = 8. 

Note, the infinite number of SL{2, Z) related massless states and enhancement of su- 
persymmetry are not realized within perturbative string theories. These are new non- 
perturbative phase of string theories that are required by non-perturbative string dualities. 



Maximal Gauge Symmetry Enhancement in the Moduli Space of Two-Torus 

In this subsection, we study maximal symmetry enhancement in full moduli space of 
parameterized by arbitrary scalar asymptotic values | |119| , |141 
BPS mass formula ( |197| ). 



We consider the general 



The moduli space of is parameterized by the following real matrix: 

G-i -G-^B 
-B^G-^ G + B^G-^B. 



M 



(217) 



where G = [Gmn] and B = [Bmn] with (m, n) = 1, 2 being indices associated with T^. Thus, 
the effective theory has the 0(2, 2, R) T-duality symmetry. Since 0(2, 2, R) = S'L(2,R) x 
S'L(2,R) [pi5| , |570|| , M is reparameterized [pi5|| by the following 2 complex scalars, which 
separately parameterize each SL{2, R) moduli space: 



n + 1T2 = 



Vg .g 

Gil G 



12 



P 



pi + ip2 = VG + iB 



12, 



(218) 



11 
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where G = G11G22 ^^12- Here, r [p] is the complex [Kahler] structure of T^. Each SL{2, Z) 
factor ||215| , ^701 , |305|| is generated by 2 transformations, which are given, for the SL{2, Z) 
factor associated with r, by 

Sr-. r^-, : T^T + i, (219) 

T 

where p remains intact, and similarly for the SL{2, Z) factor associated with p. In addition, 
the (T-model corresponding to is symmetric under the "mirror symmetry" {Smirr '■ t ^ 
p), the worldsheet parity symmetry (r, p) {r.—p) corresponding to a ^ —a, and the 
symmetry (r, p) (— f, —p) associated with the reflection — > —X^. 

In accordance with the above reparameterization of moduli space, one can express the 
central charges (|T|) of the = 4 theory in the following ^L(2, R)^ x 5L(2, R)p x Zl^'' 
invariant form ||119|| (the subscript 00 is omitted in ADM mass and central charges) 



1^1,2!' = ^ -AM 



1,2 



A{S + S){t + f){p + pY 
Ml = {aj + iS(3,)P\ M2 = {aj - iSi3j)P^, (220) 

where & = (4'\ «f , \ -a«)^, ^ = (/??\ /^f , \ ^ , and P ^ (1, -rp, zr, zp)^. 
Here, the charge lattice vectors a and P transform under SL{2, R)^ x SL{2, R)p x Z2^'' as 



S'L(2,R)^ : ( d^ ) ( d^ ) ' similary for 

^L(2,R), : (^.')^coJ^.'), similaryfor ^^^^ ^^^^ ^ 



Zr" : a2^a3, /52 ^ /^a- (221) 
In addition, the central charges ( |220| ) are invariant under the S'L(2,R)5 S'-duality: 

SL{2,R)s: ffl-f^ SUlV (222) 



Note, the ADM mass of BPS states is given by the largest of \Zi\ and \Z2\. 

First, we consider the short multiplet, i.e. the BPS multiplet with 2 central charges 
^1,2 equal in magnitude. It has the highest spin 1 state and preserves 1/2 of the A^ = 4 
supersymmetry. The charge lattice vectors a and f3 of the short multiplet live on the S'-orbit 
satisfying p&i = s(3i {s,p G Z). Explicitly, we write a and (3 in the S'-orbit as 

di = sm2, 0(2 = sn2, ds = sni, 04 = —smi, 

Pi = pm2, P2 = pn2, P3 = pni, Pa = -prrii, (223) 

where rrii [n,] corresponds to momentum [winding] number of perturbative string states when 
p = and s \p] denotes electric [magnetic] quantum number associated with the S-modulus. 
Then, the central charge (|220|) becomes 

M = {s + ipS){m2 — irriiT + iriip — n2Tp). (224) 
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In the complex moduli space parameterized by {t,p), Mbps can vanish at fixed lines 
216| , P84 |121|| under the Weyl refiections wi = Smirr, W2 = SpSmirrSp, = TpSmirrT~^ 



and W4 = W3 ^W2Wz in the T-duality group. Along these lines, the Abelian gauge group 
U{l)a X U{l)b X f/(l)e X U{l)d = U{l)t^ X U {l)^^^ X X U {l)^^^ is enhanced to the 

non- Abelian U{lY x SU{2) group. The BPS states (labeled by a) which become massless 
along the fixed lines under Wi are as follows ||121| , |122|| : 

• Ci = {t = p}: a = Ai± = ±(1,0,-1,0) contributing to U{l)b x U{l)d x f/(l)„4.c x 

5f/(2)a-c 

• £2 = {r = p"^}: a = A2± = ±(0, 1,0, -1) contributing to U{l)a x U{l)c x t/(l)fe+d x 

• £3 = {r = p — i}: a = Aa^ = ±(1,1,-1,0) contributing to U{l)d x U{l)a+c x 

f/(l),_2b-c X S[/(2),+6_, 

• A = {r = -^}: a = A4± = ±(1,0,-1,1) contributing to U{l)b x f/(l)a+c x 

U{l)a-c-2d X 5t/(2)„_,+rf. 

At points where the lines Ci intersect [ p,20| , |122| , there are additional massless states, resulting 
in the maximal enhancements of gauge symmetries: 

• CiH C2 = {r = p = 1}: a = Xi± or A2± contributing to U{l)a+c x f/(l)6+d x SU{2)a-c x 

• £2 n £3 n £4 = {f = p = e*t}: a = A2± or Aa^ or A4± contributing to U{l)a+c x 

U{l)a-2b~c-2d X SU {3)b~d,2a+b~2c+d- 

Along with the above perturbative massless states, there are accompanying infinite massless 
dyonic states, so-called S'-orbit p&i = sPi, related via SL{2, Z)s S duality. 

Second, we consider the intermediate multiplets, i.e. the BPS multiplets with \Zi \ 7^ \Z2\. 
They have the highest spin 3/2 states and preserve 1/4 of the = 4 supersymmetry. In this 

case, a and (3 are not proportional, i.e. ai(3j — aj/Si 7^ 0. The requirement that the ADM 
mass is zero, i.e. \Zi\ =0 and AZ^ = |Zi| — IZ2I = 0, leads to the relations ||119|| : 

a^2^ - a^^Vp ± zap V - ^"1^^ = 0, - pf^rp ± i^f^ p - ^ = 0. (225) 



These relations are satisfied by the following fixed points ||119| , |141 

• r = p = i: («, /9) = (Ai±, A2±) 

• f = p = e^f : (a,/3) = (A,±, A^±), 2 < i < j < 4. 



In addition to the above massless dyonic states, there are infinite number of 5*17(2, Z)^ 

3 
2 



related dyonic states. Since these additional massless states belong to the highest spin ^ 



supermultiplet, supersymmetry as well as gauge symmetry are enhanced ||179 |. 
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Properties of Massless Black Holes 

have the same relative signs 



When both of the pairs {Q2 



(1) 



and (Pf\pf^; 



178 



the singularity of the solution ( pl4| ) is always behind 
or located at the event horizon at r = 0, corresponding to the Reissner-Nordstrom-type 
horizon or null singularity, respectively. However, the moment at least one of the pairs has 
the opposite relative signs [^, |406| , 179 |, there is a singularity outside of the event horizon, 
i.e. naked singularity rging > 0. 



Explicitly, the curvature singularity is at 

,IQ£|]}>o. 



' smg 



max{ min [ | P | , | P f ^ | ] , min [ | Q 

These singular solutions have an unusual property of repelling massive test particles |[406| . 
(Note, the BPS black holes need not be massless to be able to repel massive test particles 
There is a stable gravitational equilibrium point for a test particle at r = where 



the gravitational force is attractive for r > and repulsive for r < [ |406|| . This can also be 
seen by calculating the traversal time of the geodesic motion for a test particle with energy 
E, mass m and zero angular momentum along the radial coordinate r, as measured by an 
asymptotic observer [ITS]: 



t(r) 



Edr 



(226) 



The minimum radius that can be reached by a test particle corresponds to rmin > ''"sing for 
which A(r = rmin) = E"^ /w?, since it takes infinite amount of time to go beyond r = rmm- 
Here, r = r^mg is the singularity. Massive test particles cannot reach the singularity of 
singular black holes in finite time and are refiected back. On the other hand, classical massless 
particles with zero angular momentum do not feel the repulsive gravitational potential due 
to increasing A(r), and they reach the singularity in a finite time. 

Note, for regular solutions, studied in section |4.2.1| , A < 1, while for singular solutions 
studied in this section, A > 1 for r small enough. Thus, for regular solutions, particles 
are always attracted toward the singularity. When only one charge is non-zero, the regular 



solution has a naked singularity at r = 0; t{r 



smg 



0) is finite. 



4.2.3 Non-Extreme Solutions 



The following non-extreme generalization [[18CI|] of the BPS solution (|193|) is obtained by 
solving the Einstein and Euler-Lagrange equations: 

A = r(r + 2/5)/[(r + Pf)')(^ + A^'^')(^ + Q2'^')(^ + Q?^')]^ 
[(r + ^')(r + Pf + Q^2^'){r + Q^')]^, 

"(^ + p(i)')(^ + p(2)y ' 



P(r) 



{2)'N 



^ = 0, 



9ii 



r + Pl 



(2)/ 



Bmn = (m 7^ n), = 0, 



5'22 



r + Q?' 



9r, 



1 (m^l,2). 



(227) 



where /3 > measures deviation from the corresponding BPS solution and Pi^^' = /3 ± 

(228) 



Pf ^)2 + etc.. The ADM mass is 



M = p«' + pf)' + g«' + gf)'-4/3. 
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The signs ± in the expressions for Pi^^', etc. should be chosen so that M — > Mbps 
as /3 — > 0. To have a regular horizon, one has to choose the relative signs of both pairs 
(Q2^\Q2^'*) and {P^\P^^) to be the same [|178|| . In this case, the non-extreme solution is 



with positive signs in the expressions for Pi^"*', etc. and have the ADM mass 



M = \I{P['^Y + 13^ + \/(Pf )2 + 13^ + V (g^'V + + V (Qf + /3^ (229) 
which is always compatible with the Bogomol'nyi bound: 

Mbps = l^f ^1 + \P?\ + IQ^'^I + IQ^ I- (230) 
Such solutions always have nonzero mass. 

Space-Time Structure and Thermal Properties We now study spacetime properties 
| |178| , |180[ of the regular D = A 4-charged black hole discussed in the previous subsections. 

There is a spacetime singularity, i.e. the Ricci scalar TZ blows up, at the point r = Vging 
where R = 0. The event horizon, defined as a location where the r = constant surface is 
null, is at r = where g^^ = A = 0. The horizon(s) forms, provided > r^ing (time-like 
singularity). In some cases, singularity and the event horizon coincide: r<.j„g = t^. In this 
case, the singularity is (i) naked (space-like singularity) when the singularity is reachable by 
an outside observer (at r = tq > rjj) in a finite affine time r = S^s^^g ^^\f^ ~ -frH '^^'^~"^('") 
and (ii) also an event horizon (null singularity) when r = oo. 

Thermal properties of the solution ( |193[ ) are specified by spacetime at the event horizon. 
The Hawking temperature |p45| , p46|] is defined by the surface gravity k at the event horizon: 

Th = K/i2n) = \drXir = rH)|/(47r). (231) 

Entropy 5* is given by the Bekenstein's formula @, ^ |343| , p47| , |38| : 



S = -X (the surface area of the event horizon) = nR^r = r^)- (232) 

We classify thermal and spacetime properties according to the number of non-zero 
charges: 

• All the 4 charges non-zero: There are 2 horizons at r = 0, —2(3 and a time-like 
singularity is hidden behind the inner horizon, i.e. the global spacetime is that 
of the non-extreme Reissner-Nordstrom black hole. The Hawking temperature is 

Th = (3l{'K\jp[^^'p[^^'Q^^^'Q'i^') and the entropy is S = vr^Pi^'^'pf ^'g^'^'gf . When 
/? ^ 0, spacetime is that of extreme Reissner-Nordstrom black holes. 

• 3 nonzero charges: A space-like singularity is located at the inner horizon (r = 
-213). For example when Pf^ = 0, Tf^ = {3^ /{t^^2P[^^'Q^2^'Q^2^') and S = 

n \/ 2(3 Pi^^ ' Q^2^ ' Q^2^ ' . When (3^0, the singularity coincides with the horizon at 
r = 0. 

• 2 nonzero charges: A space-like singularity is at r = —2(3. For example when Pi^^ ^ 

^ Pf \ Th = l/(27r /ppPp) and S = t^^J A(3'^P[^^' P[^^' . As /5 ^ 0, the singularity 
coincides with the horizon at r = 0. 

• 1 nonzero charge: A space-like singularity is at r = —2(3. For example when P'^'* ^ 0, 



Th = 1/{2tx^2(3P[ ^') and S = Ti^S(3^Pr'. As /? ^ 0, the singularity becomes naked. 



71 



4.2.4 General Static Spherically Symmetric Black Holes in Heterotic String on 
a Six- Torus 



In section [4.2. 1| , we saw that a general solution obtained by applying subsets of 0(6, 22) and 



SL{2, R) transformations on the 4-charged solution has 1 charge degree of freedom missing 
for describing non-rotating black holes with the most general charge configuration. It is a 
purpose of this section to introduce such 1 missing charge degree of freedom by applying 
2 150(1,1) boosts (in the D = 3 0(8,24) duality group) along a direction (associated 
with 4 non-zero charges) with a zero-Taub-NUT constraint to construct the "generating 
solution" for non-extreme, non-rotating black holes in heterotic string on with the most 
general charge configuration of f/(l)^^ gauge group ||181|| . (See ||390|| for an another attempt.) 



So, the generating solution is parameterized by the non-extremality parameter (or the ADM 
mass) and 6 U{1) charges with one zero-Taub-NUT constraint. 

Explicit Form of the Generating Solution For the purpose of constructing the gen- 
erating solution in a simplest possible form, it is convenient to first generate the 4-charged 
non-extreme solution (|227|) with the following non-zero charges by applying 4 5*0(1, 1) boosts 
to the Schwarzschield solution: 

Pi^^ = 2msinh5picosh(5j,i = Pi, P^^^ = 2msinh(5p2Cosh(5p2 = P2, 

= 2mcosh.Sqismh.6qi = Qi, = 2mcoshSq2smh6q2 = Q2- (233) 

Only non-extreme solutions compatible with the Bogomol'nyi bound and, therefore, within 
spectrum of states, are those with the same relative signs for both pairs (Qi, Q2) and (Pi, P2). 



For this case, A = 2mcosh^ 6pi — m = (Pi)^ + m'^, etc. are given with plus signs. 

As the next step, one introduces one missing charge degree of freedom by applying 2 
5*0(1, 1) C 0(8, 24) boosts with parameters 61^2 satisfying the zero Taub-NUT condition: 

Pitanh^i - Qatan^a = 0. (234) 

Assuming, without loss of generality, that Q2 ^ Pi, one has, from ( p34| ) , 62 in terms of the 
other parameters 0: 

cosh(52 = <52Cosh5i/A, sinh(52 = Pisinh(5i/A, (235) 



where A = sign(Q2) y (<52)^cosh^5i — (Pi)^sinh^5i. 

The final form of the generating solution [[L81|] (with zero Taub-NUT charge) is 

A = + P=(XF-Z^)i e^-- 



(xr-z2)i ' ' ' ' XY-z^' 



^^An additional S0{1, 1) boost along a direction on the 4-charged black hole solution necessarily 
induces Taub-NUT term, since the metric components g^jy get mixed with the ^-component of the U{1) 



gauge potential, which is singular |562| 



^^One can induce any 2 of the remaining charges in the t/(l)^^'' x U{1)'^'' x {/(l)^^-* x {7(1)2^-' gauge group. 

But we here choose to induce P2^'' and Q'^^ 

^^For the case Q2 < Pi, the role of Si and S2 are interchanged. 

^°The BPS limit (m = and Si 00) of this solution is related to the solution (200) via subsets of 
SO{2) X SO{2) C 0(2,2) {T^ T-duality) and SO(2) C SL{2,R) transformations. 
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A\P,Q, + P2Q2) + PMiPifir + Q2) - (Q2)'(r + Pi)] 

smh(5icosMi, 



PiP2{r - Qi)smh^6i + QiQ2{r + P2)cosh^6 



XY - 

C - ^ C ^ 



G 



r + Pi){r + Q2) {r + Pi){r + Q2) 

Z 



12 



B 



12 



(r + Pi)(r + g2) 

[{Q2?{r + A) - (Pi)'(r + g2)]cosMisinMi 



A{r + Pi){r + Q2) 

G,, = P,, =0, (2,jV1,2), a^ = (236) 



with 



X = +[{P2 + Q2)cosh'' Si + iQi-Pi)smh' Si]r 

+ (AQismh^5i + QsAcosh^^i), 
Y = r^ + ^[iPifiP2-Q2)smh% + iQ2yiPi + Qi)cosh.%]r 

+ i2[(Pi)'Q2P2sinh2 5i + (g2)'giAcosh25i], 
Z = ^[(PiP2 + QiQ2)r + (AQiQ2 + 4PiP2)]cosMisinMi, 
= r^ + ^[{Q2)\Pi + p2)cosh% + {Pif{Qi-Q2)smh%]r 

+ ^[{Q2fPiP2Cosh^6i + (PO'gigssinh^^i]. (237) 

For the sake of simphfication, the coordinate is chosen so that the outer horizon is at r = m. 
This solution has the following non-zero charges: 

pi'^ = P1Q2/A, gi'^ = (A - A - Qi - g2)cosh5isinh(5i, 

Pi'^ = 0, Q^'^ = (giQ2Cosh2(5i + PiP2sinh%)/A, 

Pf ^ = (Q2P2Cosh'(5i + giPisinh'(5i)/A, gS') = 0, 

Pi'^ = Pig2(Q2 - Qi - Pi - P2)sinh5icosh5i/A2, Q^2^ = A, (238) 



and the ADM mass, compatible with the BPS bound ||1 78| , p36|| , is 

Madm = ^[(Pi)'(A-g2)sinh% + (g2)'(A + gi)cosh%] 

+ (A + g2)cosh25i + (gi - A)sinh25i. (239) 

S- and T-Duality Transformations The additional 51 charge degrees of freedom needed 
for parameterizing the most general f/(l)^^ charge configuration are introduced by [0(6) x 
0(22)]/ [0(4) X 0(20)] and 5*0(2) transformations. The resulting general solution has the 
charge configuration 

/ f/6(e„-erf) \ ^ / t/6(m„-md) \ 

Q' = (^^^^ + j , ^' = {^^^^ + m,^ | , (240) 

where 

4 

el = (gS'^cos7 + Pf^sin7, g^'^cos7 + Pi'^sin7, oT^), 
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(Pi^')sin7,Qr'cos7,0,...,0), 



l(2) 



m, 



(P^')cos7,Qr'sin7,'0,...,0), 



)(2) 



m 



= (Pi^''cos7 + (5i"^''sin7, P2^''cos7 + Q2"'^^sin7, 0, 




(241) 



7 is the 50(2) C SL{2,R) rotational angle, Uq E 50(6), U22 e 50(22), Oie is a (16 x 1)- 
matrix with zero entries and U G 0(6, 22, R) brings to the basis where the 0(6, 22) invariant 
metric (|127D is diagonal. And the complex scalar S and the moduli M transform to 



S' 
M' 



(\l'cos7 — sin7) + ie '^cos7 
(\E'sin7 + C0S7) + ze~'^sin7 ' 



U 







^22 J 







(242) 



where , e and M are the axion, the dilaton and the moduli of the generating solution 



36|) . The "Einstein-frame" metric g^^ in (|236|) remains unchanged, but the "string- frame" 



metric gf^"^^ is transformed to the most general form g^J^™^ = (7^jy/Im (5). 



Special Cases of the General Solution The generating solution ( ^36| ), when supple- 
mented by appropriate subsets of S- and T-dualities, reproduces all the previously known 
spherically symmetric black holes in heterotic string on T^. Here, we give some examples. 

• Non-rotating black holes in Einstein-Maxwell-dilaton system with the gauge kinetic 



term ^e" 







(1) Pi = P2 = Qi = (^2 7^ case: the Reissner-Nordstrom black hole, i.e. a = 

(2) any of 3 charges non-zero and equal: the a = 1/V3 case |p36 

(3) only 2 magnetic (or electric) charges non-zero and equal: the a = 1 case 

(4) only 1 charge non-zero: the a = -\/3 case, which contains in the extreme limit 
the followings i) Pi ^ case: KK monopole ||325| , p99| , p74| 
H-monopole |20|, Q |2|, |28|, 1^. 



and a) P2 7^ case: 



Pi = P2 and Qi = Q2 solution with subsets of S- and T-dualities applied becomes 
general axion-dilaton black holes found in ||410| , [486| , [404| , 



The solution with Qi 7^ 7^ (^2, when supplemented by S- 
general electric black hole in heterotic string ||562| , |564| 



and T-dualities, is the 
The 5-dual counterpart is the 



general magnetic solution |]58 |. 



The non-BPS extreme solution (i.e. m — >■ 0, P2 = Qi = 0, \Q2\ — \Pi\ and 
5i — >■ 00, while keeping me^'^^' and (IQ2I ~ |-Pi|)e^'''^' as finite constants) is related by 
S- and T-dualities to the non-BPS extreme KK black hole studied in 



Global Space-Time Structure and Thermal Properties We classify all the possi- 
ble spacetime and thermal properties of non-rotating black holes in heterotic string on T^. 
These properties are determined by the 6 parameters Pi^2, Qi,2, and m of the generating 
solution ( p36| ), since the D = AT- and 5-dualities, which introduce the remaining charge 
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degrees of freedom, do not affect the "Einstein-frame" spacetime. We separate the solutions 
into non-extreme (m > 0) and extreme (m = 0) ones. Within each class, we analyze their 
properties according to the range of the other 5 parameters Pi,2, Qi,2 and 6i. 

Global Space-Time Structure 

There is a spacetime singularity at r = Vging where R{r) = 0. The event horizon(s) is located 
at r = rhor± where A = 0, provided rhor± > rsing- 

(A) Non-extreme solutions (m > 0) 

By analyzing roots of XY — Z"^, one sees that a singularity is always at r^mg < —m. 
Thus, global spacetime is either that of non-extreme Reissner-Nordstrom black hole when 
losing < —fTi (case with 2 horizons at r = ±m) or that of Schwarzschield black hole when 

sing 

XY — has a single root at rsing = —m, in which case a singularity and the inner 
horizon coincide at r = — m, when (a) Si ^ and Pi = 0, or (b) 6i = and at least one of 
Pi 2 and Qi 2 is zero. XY — Z^ has a double root at Vging = —m, in which case the inner 
horizon disappears and a singularity forms at r = — m, when (a) 6i ^ and only Q2 is 
non-zero, or (b) 61 = and at least 2 of Pi, 2, Qi,2 are zero. 

(B) Extreme solutions {m 0) 

When 61 is finite, the ADM mass of the generating solution always saturates the Bogo- 
mol'nyi bound as m — 0, i.e. becomes BPS extreme solution. 

When both pairs (Pi,P2) and {Qi,Q2) have the same relative signs, the singularity is 
always at Vsing < 0. Global spacetime is, therefore, that of the extreme Reissner-Nordstrom 
black hole when Vsing < (time- like singularity), or the singularity and the horizon coincide 
(null singularity) when Vging = rhor± = 0. The latter case happens when at least one out 
of Pi,2,Qi (and Q2) is zero with 5i 7^ (with 61 = 0). The horizon at Vhor = disappears 
(naked-singularity) when (i) only Q2 is non-zero with 61 7^ 0, or (ii) only one out of Pi, 2, Qi,2 
is non-zero with 61 = 0. 

When at least one of the pairs (Pi,P2) and {Qi,Q2) has the opposite relative sign, the 
singularity is outside of the horizon, i.e. Vging > (singularity is naked) |^, [40 0| , [406| , |179|| . 



In the case of non-BPS extreme solutions ||177| , |181|| , the singularity is always behind the 
event horizon [rgmg < r^or = 0), i.e. the global spacetime of the extreme Reissner-Nordstrom 
black hole (time-like singularity). 

Thermal Properties 

Thermal properties are specified by spacetime at the (outer) horizon. So, we consider only 
regular solutions, which include non-extreme solutions compatible with the Bogomol'nyi 
bound and extreme solutions with the same relative sign for both pairs (Pi, P2) and (Qi, Q2)- 
The entropy 5* is of the form 



^ - \A\ 



X 



{Q2 + m){P2 + m)cosh^(5i + (A + m){Qi - m)sinh^(5i 
{Q2?{Qi + m){Pi + m)cosh25i + {Pif{Q2 + m)(P2 - m)sinh^5i 



31 



In the following analysis, it is understood that Q2 7^ when 5i 7^ 0. When (52 = 0, Pi = due to 



initial assumption \Q2\ > |^i|- Then, i5i,2 are not constrained by (234). In this case, we have a non-extreme 
4-charged solution with charges P'^\ Q^i^ and (52^'. Such a solution is related to (236) through subsets 
of SO{2) X SO{2) C 0(2, 2) C 0(6, 22) and S'0(2) C SL(2, R) transformations. 
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^1^2(02 + m) + QiQ2{Pi + m)\\osh''5ismh''6i ' , (243) 

where Pi = +\/Pi -\-m?-, etc. Entropy increases with approaching infinity [finite value] 
as (5i — s> oo [non-BPS extreme hmit is reached]. For BPS extreme solutions, entropy is (a) 
non-zero and finite, approaching infinity as 5i oo, when Pi 2 and (^1,2 are non-zero, and 
(6) always zero when at least one of Pi, 2, Qi (and Q2) is zero with 5i 7^ (with 5i = 0). 
The Hawking temperature Th = \dr\{r = m)|/47r is 

Th = f,S-\ (244) 

As 61 increases, Th decreases, approaching zero. In the BPS extreme limit with at least 3 of 
-Pi, 2, Q1.2 non-zero, Th is always zero. With 2 of them non-zero, Th is non-zero and finite, 
approaching zero as (5i — > 00. When only one of them (only Q2) is non-zero (for the case 
61 7^ 0), Th becomes infinite. In the non-BPS extreme limit, Th is zero. 

Duality Invariant Entropy We discuss the duality invariant form of entropy of near- 
extreme, non- rotating black hole in heterotic string on ||1 70|| . 



The (t, t)-component of metric for general = 4 spherically symmetric solutions has the 
form Qtt = vr(r + m)(r — m)S~^{r) with S{r) given by 
4 



Sir)=n Y[^{r + X,). (245) 

i=l 

Entropy S of non-extreme solutions is given by S{r) at the outer horizon, i.e. 5* = S{m). 
Generally, Aj are functions of 28 + 28 electric and magnetic charges (|240|) and m (through 



m^), and their duality invariant forms are hard to obtain. However, for the near-extreme 
case, in which Aj are expressed to leading order in around their BPS values A one can 
obtain the T- and ^-duality invariant entropy expression, which reads 



4 ^ 4 
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s = vr nvAr' + 1 - nvi/Ar e ^r-A^Ar + o(m^). (246) 

1=1 i=l i<j<k 

Here, the T- and ^-duality invariants are 

HA™ = sWtt = ip(L,r)P(L,-r), 

i=i ^ 

4 



J2xr = Mbps = ^FiM+,T) + JFiM^,-T) 



i=l 



-{Q^M+Q - V^M+V){Q^LQ - V^LV) 
-4{Q^LM^LV){Q^M+'P)}, (247) 



where 



T{M+) = \JA{PTM+QY + (Q^A^+Q- P'^M+Pf. (248) 
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4.3 Rotating Black Holes in Four Dimensions 

We generalize the 4-charged non-extreme solution ( |193| ) to include an angular momentum 



183|| . (For an another attempt, see |P89|] . But this solution has only 3 charge degrees of 



freedom and is a special case of a general solution to be discussed in this section.) 
4.3.1 Explicit Solution 

By applying the solution generating technique discussed in the beginning this chapter, one 



obtains the following D = 4, non-extreme, rotating black hole solution ||183 
(r + 2msinh^5p2)(^ + 2msinh^5e2) + 



9u 

912 
922 



(r + 2msinh^5pi)(r + 2msinh^5e2) + /^cos^^' 



2mZcos^(sinh5picosh5p2sinh5eicosh5e2 — cosh5pisinh5p2Cosh5eisinh5e2) 

(r + 2msinh^5pi)(r + 2msinh^5e2) + 
(r + 2msinh Spi){r + 2msinh 5ei) + I'^cos^O 



r + 2msinh^5pi)(r + 2msinh^5e2) + Pcos^O' 

2m/cos6' (sinh^pi cosh5p2COsh5ei sinh(5e2 — cosh5pisinh5p2sinh5ei cosh5e2 ) 



'^12 — 7 '. 2 \7 '■ 2 



r + 2msinh 6pi){r + 2msinh 6e2) + 
r + 2msinh 5pi)(r + 2msinh 5p2) + l^cos^O 



A2 

dsl = A2 dt^ + — 7K + de^ 

sin^^ 

H — -^—{{r + 2msinh^(5pi)(r + 2msinh^(5p2)(r + 2msinh^5ei) 

X (r + 2msinh^5e2) + /^(l + cos^6')r^ + W + 2m/Vsin^6'}(i0^ 
4:Tnl 

— { (cosh(5piCOsh(5p2COsh5eiCOsh5e2 — sinh5pisinh5p2sinh5eisinh5e2)?' 



-|-2msinh5pisinh5p2sinh(5eisinh5e2}sin 9dtd(j)], (249) 



where 



A = (r -|- 2msinh^5pi)(r + 2msinh^(5p2)(r + 2msinh^(5ei)(r + 2msinh^5e2) 
+ (2/V + W)cos^e, 

W = 2m/^(sinh^(5pi -|- sinh^5p2 + sinh^^ei + sinh^(5e2)?' 

-|-4m^/^(2cosh5picosh5p2Cosh(5eiCosh(5e2sinh5pisinh5p2sinh5eisinh(5e2 
— 2sinh^5pisinh^5p2sinh^5eisinh^5e2 — sinh^(5p2sinh^5eisinh^(5e2 
— sinh^5pisinh^5eisinh^5e2 — sinh^(5pisinh^(5p2sinh^(5e2 

— sinh^5pisinh^5p2sinh^5ei) + /'^cos^6'. (250) 

The axion also varies with spatial coordinates, but since its expression turns out to be 
cumbersome, we shall not write here explicitly. 

The ADM mass, U{1) charges, and angular momentum are 

M = 2m(cosh25ei + cosh25e2 + cosh25pi -|- cosh25p2), 

= 2msinh25ei, Q2'^ = 2msinh2(5e2, 

^ = 2msinh2(5pi, ^ = 2msinh2(5p2, 

J = 8Zm(cosh5eicosh5e2Cosh5picosh5p2 — sinh5eisinh5e2sinh5pisinh5p2), (251) 
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where 



and the convention of ||478|1 is followed 



When Q^^ = = 
becomes the Kerr-Newman solution. 



>{i) 



p(2) 
1 ; 



all the scalars are constant, and thus the solution 



The Spi = 5p2 = case is the generating solution of 



The case with Q 



(1) 



a general electric rotating solution ||562 
constructed in ||389|| . 

The solution (|249|) has the inner r_ and the outer r+ horizons at 



Pi^^^ and Q 



(2) 



(2) 



IS 



m 



(252) 



provided m > |/|. In this case, the solution has the global spacetime of the Kerr-Newman 



black hole with the ring singularity at r = min{(52^'*, Q^2' 1 Pi^' 1 Pi^'} ^ind 9 = ^. 

The extreme solution (r_(_ = r_) is obtained by taking the limit m |/| + . In this case, 
the global spacetime is that of the extreme Kerr-Newman solution. 

The BPS limit is reached by taking m — and (5ei,e2,pi,p2 00 while keeping 77ie^'^<=i'<=2.pi.p2 
as finite constants so that the charges remain non-zero. When J is non-zero, i.e. I 7^ 0, the 
singularity is naked since the condition m > |/| for existence of regular horizon ( p^52| ) is not 
satisfied Q. To have a BPS solution with regular horizon, one has to take / 0, leading to 
a solution with J = 0. Thus, the only regular BPS solution in Z) = 4 is the non-rotating 
solution, with global spacetime of the extreme Reissner-Nordstrom black hole. This is in 
contrast with the D = 5 3-charged solution ||182| , where one can take li^2 to zero (so that 
the BPS solution has regular horizon) but the angular momenta Ji^2 can be non-zero. For 
D > 5, the regular BPS limit with non-zero angular momentum is achieved without taking 
h to zero if only one angular momentum is non-zero ||366 . 



,(1) d(2)^ 



4.3.2 Entropy of General Solution 

The thermal entropy of the solution ( p49| ) is |p.83 



S 



l^A = 167r[m2(nti cosh 6i + l\t=i sinh 6i 



4Giv 



+mVmP~-P{Y\_ cosh 5j — sinh 6i 

4 



16n 



1=1 



i=l 



m 



[Y[ cosh 6i + Y[ sinh 6i 



i=l 



i=l 



+ 



\ 



:ncosh5, -nsinh5i)2- J2 



i=l 



i=l 



(253) 



is the outer-horizon area. 



r=r_|_ 



where ^1,2,3,4 = 5ei,e2,pi,p2 and A = J 

Note, the thermal entropy has the form which is sum of 'left-moving' and 'right-moving' 
contributions. Each term is symmetric in Si, i.e. in the 4 charges, manifesting [/-duality 
symmetry ||381|| . On the other hand, ( |253| ) is asymmetric in J: only the right-moving term 
has J, which reduces the right-moving contribution to the entropy. This reflects right-moving 
worldsheet supersymmetry of the corresponding cr-model. 



32t 



See 1 610 for the same result from the conformal cr-model perspective. 
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When J = 0, the entropy becomes |[L80|| : 



S = 327rm'^ H cosh 6i, (254) 



1=1 



which again has f/-duahty symmetry under the exchange of 4 charges. 

In the regular BPS hmit as well as the extreme limit, the 'right-moving' term in ( p53| ) 
becomes zero, however entropy has different form in each case. In the regular BPS limit 

(j = o) ini: 



S = 327rm2 [] cosh 6i = 27r\/ P^^' PrQ2 Q2 , (255) 



^,(l)p{2)ri(l)ri(2) 

i=l 

while in the extreme limit: 

4 



S = 167rm\Y[ cosh6i + J] sinh^^) = 27rV + PrPiQ2Q2- (256) 



i=l i=l 



Entropy of a black hole with general charge configuration in the class and with arbitrary 
scalar asymptotic values is independent of scalar asymptotic values when expressed in terms 
of the charge lattice vectors a and (3, and has the S- and T-duality invariant form |p.83|| : 



5* = 27rV J2 + {(a^La)(/3^L/5) - (a^L/5)2}. (257) 
4.4 General Rotating Five-Dimensional Solution 

We construct the most general rotating black hole in heterotic string on ||182|| . In D = 5, 



black holes carry only electric charges of U{1) gauge fields. Since the NS-NS 3-form field 
strength H^^p is Hodge-dual to a 2-form field strength in D = 5 in the following way 



(,4.^/3 



H^-'P = --—=e>"'P^Txai (258) 

Z. \/ Q 



where F^y is the field strength of a new U{1) gauge field A^, black holes in D = 5 carry an 
additional charge associated with the NS-NS 2-form field 3^,^ as well as 26 electric charges 
of the ?7(1)^^ gauge group. Thus, the most general black hole in heterotic string on T^, 
compatible with the conjectured "no-hair theorem" ||385| , |386| , p.25| , |343| , P44|| , is parameterized 



by 27 electric charges, 2 angular momenta and the non-extremality parameter. 
4.4.1 Generating Solution 

We choose to parameterize the "generating solution" in terms of electric charges Q, Q^i^ and 
Qi''' associated with H^^yp, A^^"*^ and A^^\, respectively. These charges are induced through 
solution generating procedure described in section |0|. 



The final form of the generating solution is |182| 



_ + 2msinh''5ei + llcos'^9 + /2sin^6' 
~ r2 + 2msinh^5e2 + /fcos2^ + /isin^^' 
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mcosh5eismh(5ei 



2 „/isinh5eisinh(5e2Cosh(5e — /2Cosh5eicosh(5e2sinh5e 



mcos 9 



2 „/lCOSh5elSinh5e2Sinh5e — Z2Sinh5elCOSh5e2COSh5e 



mcosh5e2sinh5e2 



+ 2msinh^5e2 + Ifcos'^d + /^sin^^ 



2 „/iCOsh5eisinh5e2COsh5e — /2sinh5eiCOsh(5e2sinh5e 



r2 + 2msinh25e2 + cos^^ + llsin^e 

L sinl 

mcos 6* 



2 „/lSinh(5elCOSh5e2Sinh5e — /2COSh(5elSinh5e2COSh5e 



r2 + 2msinh^5e2 + /fcos^^ + /|sin^6' ' 

2 . /i sinh 5ei sinh 6e2 cosh 5e — /2 cosh cosh 5e2 sinh Se 

—2m sin 9 ^ ^ 

+ Ij cos^ 9 + 1^ sin^ 9 + 2m sinh^ 5e2 

2 „ /2 sinh (5ei sinh 5e2 cosh 5e — h cosh S^i cosh (5e2 sinh (5e 

—2m cos 9 7i o 

r2 + ll cos2 9 + q sin^ ^ + 2m sinh^ 5e2 

2m cosh 5e sinh 5e cos^ 9{r'^ + ll + 2m cosh^ (5e2) 



r2 + /f cos2 61 + /i sin^ 6' + 2m sinh^ Se2 

(r^ + llcos'^9 + llsm^9){r^ + /fcos^^ + /^sin^^ - 2m) 



A 



,2 



^ 2 2 

^(r2 + Zf)(r2 + Z2)-2mr2'^'' ^ 

4mcos^^sin^6' , r/ 2 ,2 2/1 ,2 • 2/,n 
H [kkiir + /lcos^6' + /2sm^6') 

— 2m(sinh^5eisinh^(5e2 + sinh^5esinh^(5ei + sinh^(5esinh^(5e2)} 
+2m{(/^ + /2)cosh(5eicosh(5e2Cosh(5eSinh(5eisinh5e2sinh5e 
— 2ZiZ2sinh^(5eisinh^(5e2sinh^(5e}](i0id02 

— /2sinh5eisinh5e2sinh5e) + 2m/2sinh5eisinh5e2sinh5e]rf0irf^ 
■[(r^ + llcos^9 + /2sin^6')(/2Cosh(5eicosh(5e2Cosh5e 



A 

— /isinh(5eisinh(5e2sinh5e) + 2m/isinh5eisinh(5e2sinh5e]<^02<^^ 

+-^[(^^ + 2msinh^5e + ij) 

2 

X [|(r^ + 2msinh^(5ei + /iC0S^6' + /2sin^6') 

i=l 

+2msin2^{(/^cosh25e - llsinh'^6e){r^ + llcos^9 + /^sin^^) 
+4m/i/2COsh5eiCOsh5e2COsh5eSinh5eisinh5e2sinh5e 
— 2msinh^5eisinh^5e2(^iCOsh^(5e + ZsSinh^t^e) 
-2m/2sinh^5e(sinh^5ei + smh^5e2)}]d(f)l 

H — ^[(r^ + 2msinh^5e + ll) 
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2 
i=l 

+4m/i /2 cosh(5ei cosh(5e2 cosh5eSinh5ei sinh(5e2 sinh^e 
— 2msinh^5eisinh^5e2(^isinh^(5e + /2Cosh^5e) 

-2mllsmh'^6e{smh^6ei + smh^6e2)}]d4>l\ , (259) 



where 



A = (r^ + 2msinh^4i + llcos^O + llsiri^e) (r^ + 2msinh^5e2 + ijcos^O + llsin^O) 

X (r^ + 2msinh2(5e + llcos^O + llsin^O) , (260) 

and the subscript E in the hne element denotes the Einstein-frame. The U{1) charges, the 
ADM mass and the angular momenta of the generating solution ( p^59| ) (with G 



D=5 

N 



T are 



Q^i^ = msinh25ei, Q^^ = msinh25e2, Q = msinh25, 
M = m(cosh2(5ei + cosh25e2 + cosh25e) 



Ji = 4m(/iCOsh5eiCOsh5e2COsh5e — /2sinh5eisinh5e2sinh5e), 

J2 = 4m(/2Cosh5eiCosh5e2Cosh5e — Zisinh5eisinh5e2sinh(5e). (261) 
The solution has the outer and inner horizons at: 



ri = m--ll- -ll ± -^{11 - llf + 4m(m - - ll), (262) 

provided m > (|/i| + Ihl)"^- 

When Q = Q^i^ = Q^i \ the generating solution becomes the D = 5 Kerr- Newman solu- 

(2) 

tion, since gu and (f become constant. The generating solution with Q = Qi corresponds 
to the case where the D = 6 dilaton ip^ = ip + llogdet^fn is constant. In this case, with a 
subsequent rescaling of scalar asymptotic values one obtains the static solution of ||368|| and 
rotating solution of . 



The BPS limit with J1.2 7^ and regular event horizon is defined as the limit in which 

m ^ 0, /i,2 and 6ei,e2,e — ^ 00 while keeping |me^'''=i = Q^^^, ^me^^"'^ = Q'i \ ^me^^" = 
QJi/m^/'^ = Ll and = L2 constant. In this limit, the generating solution becomes 



.(1) _ iQ^i^ .(1) _ y^^^'^ .(1) _ y^o^'^ 

A(io) _ iJsin^e ^(10) _ |Jcos^g A(io)--npn«2 
'"^ - ,2 + g(2)' - ^2 + g(2) ' 
.2 I nW {^2 



9u 



r' + Q[" , (r^ + Q) 



^2 + g(2)' [(^2 + g(i))(^2 + g{2))]i 

if , 9 dr"^ J^cos^6'sin^^ , 

^dr + — + d6^ + -J d> 

A 2A 
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-dtdcpi H = dtd(p2 



2^ ^ 



(263) 



where 

A = (r^ + g«)(r2 + Qf))(r2 + Q). (264) 
The solution is specified by 3 charges and only 1 angular momentum J 0: 

J, = -J^ = J= (2QS'^Qf^g)^(Li - L2), (265) 
while its ADM mass saturates the Bogomol'nyi bound: 

Mbps = Q? + Q?^ + Q. (266) 

4.4.2 T-Duality Transformation 

The remaining 27 electric charges (needed for parameterizing the most general charge con- 
figuration) are introduced by the [S0{5) x S'0(21)]/[S'0(4) x 50(20)] transformation on the 
generating solution (|259|) . The final expression for electric charges is 

(267) 
where 

4 4 
e:^(g«,C^), eJ = (gS'),C^), (268) 

f/5 e 50(5), U21 e 50(21), O16 is a (16 x l)-matrix with zero entries and U E 0(5, 21, R) 
brings to the basis where the 0(5,21) invariant metric L ( p.27| ) is diagonal. And the charge 
Q associated with B^^, remains unchanged. The moduli M is transformed to 




tT 

where M is the moduli of the generating solution (|259|) . The subsequent 0(5, 21) x 50(1, 1) 



transformation leads to the solution with arbitrary asymptotic values M^o and ip^ 
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When 1 or 3 boost parameters are negative, one has the BPS hmit with Ji = J2 
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4.4.3 Entropy of General Solution 

The thermal entropy of the generating solution 
1 



IS 



s 



4G 



-A = 4:71 



N 



m{2m - {k - cosh 6i + Y[ sinh5, 



i=l 



i=l 



+ m{2m - {k + k fV^^li cosh^i - J] sinh(5i 



i=l 



i=l 



\ 



2m3([]cosh(5, + nsinh(5i)2 - ^^(Ji - J^) 



1=1 



1=1 



+ 



\ 



2m3(ncosh(5, - nsinh5,)2 - ^{J, + J^f 



= 5el, 



e2,e: 



i=l 



i=l 



(270) 



and the outer horizon area is defined as A 



where 5i_2,3 

Note, each term is symmetric under the permutation of 5i (i.e. 3 charges), manifesting the 
conjectured [/-duality symmetry | |381| |. Again, as in the D = A case, the entropy ( |270D is cast 



r=r_|_ 



in the form as sum of 'left-moving' and 'right-moving' contributions, hinting at the possibility 
of statistical interpretation of each term as left- and right-moving (D-brane worldvolume) 
contributions to microscopic degrees of freedom. Each term now carries left- or right-moving 
angular momentum that could be interpreted as left- or right- moving U{1) charge |3^, ^ 
of the = 4 superconformal field theory when the generating solution (pK 



is transformed 

to a solution of type-IIA string on A'3 x through the conjectured string-string duality in 
335|] . When Jj = 0, the entropy rearranges itself as a single term | 362 , 183 1: 



D = Q 



(271) 



1=1 



which again has manifest symmetry under permutation of charges. 

We discuss duality invariant forms of the entropy and the ADM mass of non-extreme, 
rotating black hole with general charge configuration (|267|) . The entropy and the ADM mass 
are expressed in terms of the following T-duality invariants (obtained by applying T-duality 
to charges of the generating solution): 



X 
Y ■ 



1 / ^^ . . ^ 1 



-^JQTM+Q--\/Q^MM 



(272) 



while Q remains intact under T-duality. From these 3 T-duality invariant "coordinates" 
X, Y, Q, one defines the following duality invariant "non-extreme hatted" quantities Xf. 



X, = ^Xf + m\ X, = {X,Y,Q). 
Duality invariant forms of the entropy and the ADM mass are 



(273) 



S 



271 



+ m2 ^X, + jYliXf - m2) - (Ji - J,y 
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\ j i y i 

M = X + Y + Q. 
When Ji = 0, the duahty invariant expression for entropy is 



S = A7T^J{X + m2)(r + m2)(Q + m^). 



(274) 



(275) 



BPS limit In the regular BPS limit, the event horizon area (|270| ) becomes [|182 



Abps = 47r2[(Q«g(')Q)(l - i(Li - L^)^)]^ = An'[Q^^^Q?^Q - ij^]!. (376) 

Entropy of BPS black hole with general charge configuration ( P67| ) and with arbitrary scalar 
asymptotic values depends only on (quantized) charge lattice vectors a and f3 [|182|] , being a 
statistical quantity |57|, ^ [178|, [1741 ]: 



SBP5 = 47ry/5(a^La)--J2. 
Here, c5 and /5 are related to the physical charges Q and Q as 

In the regular BPS limit, the ADM mass ( P61| ) becomes 

Madm = qS'^ + qS'^ + Q. 



(277) 



(278) 



(279) 



A subset of the 5*0(5, 21) T-duality transformation on ( |279|) leads to the following T-duality 
invariant expression for ADM mass of the general D = 5 black hole: 



M, 



ADM 



(280) 



which has dependence on scalar asymptotic values as well as charge lattice vectors. 



Near-Extreme Limit Infinitesimal deviation from the BPS limit is achieved by taking 
the limit in which m and /i^2 are very close to zero, and 5's are very large such that charges 
and 11.2/^^^'^ = L12 remain as finite, non-zero constants, and then keeping only the leading 



order terms in m 1182 



To the leading order in m, the inner and the outer horizons are located at 



r_|_ ~ 



m ( 1 - -{Li + Li) ± -^[2 - (Li + L,Y][2 - (L, - L^Y] 



(281) 



The outer horizon area to the leading order in m is [|182| , [95 
A 



{Q?Q?Q)dl- 2 (^1 - + miQY'Qr' + QY>Q + QY'Q) 



1 



)(l)/^(2) 



X W[l--(Li+L2)2] 



(282) 
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Ji and J 2 are no longer equal in magnitude and opposite in sign anymore: 
J=i(Ji-J2) = (2gS'^QS')g)^(Li-L2) + 0(m2), 



+ 



1 



(2) 



while the ADM mass still has the form 

M = 



(Li + L2) + 0(m2), (283) 



(284) 



Note, when one of the charges is taken small, e.g. Q^^ 0, as in study of the microscopic 
entropy near the BPS hmit H, ||, the ADM mass is M = Mbps + 0{m), while the area 
is y4 = Abps + 0(m^/^). However, when all the charges are non-zero, the deviation from the 
BPS limit is of the forms M = Mbps + 0{m'^) and A = Abps + 0{m). 



4.5 Rotating Black Holes in Higher Dimensions 

We discuss rotating black holes in heterotic string on T^^~^ (4 < -D < 9) with general 
[/(1)^^~^^ electric charge configurations ||184| , [449|| . The generating solution is parameterized 
by the ADM mass Mbh (or alternatively the non-extremality parameter m), [-^^J angular 
momenta Ji {i = 1, ), and 2 electric charges of the KK and the 2-form f/(l) gauge 
fields associated with the same compactified direction, which we choose without loss of 



generality to be Q^i^ and Q\^' , i.e. those associated with the first compactified direction, as 
well as asymptotic values of a toroidal modulus Gnoo and the dilaton (foo- 



)(2) 



The non-trivial fields of the generating solution are [184 



A^ 
.(1)1 



N sinh 6i cosh 6i 

2iVsinh2 5i + A ' 
Nlifij sinh 6 1 cosh 62 

2iVsinh2 5i + A ' 
A2 

W 

2Nlin1 si^h ^1 sinh 82 [m(sinh^ 5i + sinh^ 52)r + A] 

W 

—AN'^liljli^ji'^j sinh 81 sinh 82 cosh 5i cosh 82 

X [A^(sinh2 81 + sinh^ ^2) + A] [2N'^ sinh^ 81 sinh^ 82 

+A^A(sinh2 81 + sinh^ ^2 - 1) + A^]/[(A - 2N)W^] 



.(2) 

Am 

Gil 



N sinh 82 cosh 82 

2A^sinh2 ^2 + A ' 
Nlinl sinh 82 cosh 81 

2N sinh^ ^2 + A 
2A^sinh2 + A 

2Arsinh^52 + A' 



D-4 1 
A 0-2 \Y D-2 



A-2N 



dr"^ 



^ nlX'(r2 + ^f)-2Ar 

-I- ll cos^ 9 + Ki sin^ 6^ 



-d9' 



A 

cos^ 6' cos^ 'ipi - ■ ■ cos^ 



-2E 



A 



A 



+ cos^ + i^i+i sin^ il)i)d'il}, 



cos^ cos^ Tpi - ■ ■ cos^ 



X COS ipi sin ■i/'j ■ ■ ■ cos ipj-i cos V'j sin i^jdipidipj 
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/2 

. i+1 



i+l 



A 



cos 9 sin 9 cos^ ipi - ■ ■ cos^ ■i/'i-i cos V'i sin tjjid9dipi 



AW 



[(r^ + /2) (2Ar sinh^ 5i + A) (2N sinh^ ^2 + A) 



+2lfN{A - 2N sinh^ 6i sinh^ 52)]c/0,^ 

2Nlinf cosh 5i cosh ^2 , , , 
dtdcpi 



W 



+ E 

Kj 



4iV/i/j/i2/i2(A - 2A^ sinh^ sinh^ ^2) 



AW 



where 



W = {2N sinh^ 5i + A)(2A^ sinh^ 82 + A) 



(285) 



(286) 



and A, Ki, N, fii, a are defined separately for even and odd D in (|l8l) - O • 

The ADM mass, angular momenta and electric charges of the generating solution are I 



Mbh 
Ji 



[{D - 3)(cosh2(5i + cosh 2^2) + 2], 



(1) 



2 

mli cosh 5i cosh ^2, 



(2) 



IGttGd 



{D - 3)msinh25i, 
{D — 3)msinh252- 



(287) 



For the canonical choice of asymptotic values Gij = 6ij, i.e. compactification on (10 — D) 
self-dual circles with radius R = the D-dimensional gravitational constant is = 

Gio/{27r\/a'y^^^ . Also, the KK and the 2-form field U{1) charges Q^^ and Q^i^ are quan- 
tized as p/ y/a' and q/ y/a', respectively, where p,q & Z. 



The outer horizon area of the generating solution is ||366| , |184 
Ad = 2mr+i7£)_2 cosh^i cosh52, 
where the outer horizon r+ is determined by 



(288) 



[ n + 11) - m 



r=r+ 



0. 



(289) 



i=l 



lim^^^^V^AVA, 



The surface gravity k at the (outer) event horizon is defined as 
where ^'^^^ = —X^ and ^ = d/dt + Qid/dcpi. Here, fli is the angular velocity at the (outer) 
horizon and is defined by the condition that ^ is null on the (outer) horizon. The surface 
gravity and angular velocity at the outer-horizon of the generating solution are 



K 



drill - 2N) 



cosh5icosh(52 4:N 



|r=r+ ; 



U 



cosh5icosh52 ri_ + 1. 



2 ' 



(290) 



where H = JlU [r'^ + lf)- 

'^''We use the convention of }47§| , keeping in mind that matter Lagrangian in (124) has l/(167rG'D) 
prefactor. 
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The generating solution has a ring-hke singularity at 
is that of the Kerr solution. 



(0, 1) and thus spacetime 



The BPS limit of (|285|) , where the ADM mass Mbh saturates the Bogomol'nyi bound 



)(2)| 



(291) 



is defined as the limits m — and 5i^2 oo such that Q^i^'^"^^ remain as finite constants. 
For D > 6 with only one of U non-zero, the BPS limit is also the extreme limit [|366|| , i.e. 
all the horizons collapse to r = as m — > 0. However, with more than one Zj non-zero, the 
singularity at r = becomes naked, i.e. horizons disappear. 



5 Black Holes in = 2 Supergravity Theories 

5.1 N = 2 Supergravity Theory 

5.1.1 General Matter Coupled N = 2 Supergravity 



We consider the general N = 2 supergravity pll| , |128| , |19^ , ^, |^, p71|| coupled to vector 



multiplets and uh hypermultiplets. The field contents are as follows. The N = 2 supergravity 
multiplet contains the graviton, the SU{2) doublet of gravitinos ip^^ (the SU{2) index i = 1,2 
labels two supercharges of = 2 supergravity and /i = 0, 1, 2, 3 is a spacetime vector index), 
and the graviphoton. The N = 2 vector multiplets contain U{1) gauge fields, doublets of 
gauginos and scalars (a = l,...,ny), which span the n^,- dimensional special Kahler 
manifold. The hypermultiplets consist of hyperinos (a, = 1? '^^h) with left and right 

chiralities and real scalars {u = 1, ...,4n//), which span the 4nH-dimensional quaternionic 
manifold. The general form of the bosonic action is [^] 

>C^=' = [-|7^ + gab' {z, ^) V^z-^V^^^* + /i™(g) V'^g^V^g'' 

+ ^{A^AJ:J',^J'-'"''' - ArAE.F+ V+^'^^)] , (292) 

where gab* = dadb*K{z, z) is the Kahler metric huv{q) is the quaternionic metric, ^^J^ = 
± yi'^'P'' are the (anti-) self-dual parts of the field strengths J"^^ = d^^A^ - d^A^ + 
gf-^i^J^A'^ of the U{1) gauge fields A^ (A = 0, l,...,n„) in the N = 2 supergravity and 
N = 2 vector multiplets, and g is the gauge coupling. Here, the gauge covariant differentials 
on the scalars are defined as: 

V,z^ = d.z'^ + gAf^kliz) 
V,z^* ^ d,z'^*+gA^^kl*{z) 
V,q^ ^ d,q- + gAlkl{q), (293) 

where k\{z) [k\{q)] are the holomorphic [triholomorphic] Killing vectors of the Kahler 
[quaternionic] manifold (Cf. see (|65|)). 

We introduce a symplectic vector of the anti-self- dual field strengths: 

Z-^{^^"), (294) 



s 



^^The Kahler potential K{z, z) and the period matrix A/as are defined in terms of the holomorphic 
prepotential F{X) and the scalar fields as in (p3). 
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where = A/ae-^ ^ ||212||. The symplectic vector of self-dual field strengths is the 



complex conjugation of ( |294|) . It is convenient to redefine field strengths JF^ as ||132| , p3 



{V\Z~) = {M^J^-^-L^g^), 



(295) 



Then, T~ and (a = 1, n^,), respectively, correspond to the field strengths of the gravi- 
photon of the supergravity multiplet and the gauge fields of super- Yang-Mills multiplets. 

The supersymmetry transformation laws for the gravitinos, the gauginos and hyperinos 
in the bosonic field background are 



'J' 



(296) 



where e^j \Ca^ is the flat 5*^(2) \S'p{2nii)\ invariant matrix and is the quaternionic 
vielbein [Q. Here, Si^ and A*"^ are mass-matrices given by 



U T A 



(297) 



where is a triplet of real 0-form prepotentials on the quaternionic manifold. 



5.1.2 BPS States 

The BPS states of the N = 2 theory have mass equal to the central charge, which is just the 
graviphoton charge given by: 



Z 



1 

2Js^ 



T- 



(29J 



Thus, central charge Z is characterized by the vacuum expectation of the moduli in the 
symplectic vector V and the symplectic charge vector given by 



Q 



pA 



52 



£^Re^^, 



in the following way ||550| , |551| , pi2| , |136| , |133 



Z = {V\Q) = (L^Qa - MsP^) = e^{X^{z)QA - F^{z)P 



(299) 



(300) 



Note, since two vectors V and Q transform covariantly under the symplectic transformation 
Sp{2n^ + 2), the central charge and, therefore, the ADM mass M = \Z\ have manifest 
symplectic covariance. 
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5.2 Supersymmetric Attractor and Black Hole Entropy 

Since entropy is a statistical quantity defined as the degeneracy of microscopic states, the 
horizon area, which defines the thermal entropy, should be independent of continuous quan- 
tities like scalar asymptotic values. This is an another illustration of no-hair theorem where 
properties of black holes are independent of scalar hairs; all the information of scalar asymp- 
totic values get lost at the event horizon. It was discovered in [p6CI|| within N = 2 theories 



that this is a generic property of BPS solutions in supersymmetric theory and can be derived 



from supersymmetry alone [p58i p59| , . 

To illustrate this idea, we consider general magnetic, spherically symmetric solution in 
2 theory coupled to vector superfields ||260|| . Spherically symmetric Ansatze are ||597|| : 



N 



ds^ = g^^dx^dx" = -e^^ dt^ + e"^^rfx 



-2U, 



A 

lMgC/(r) 



and the scalars (moduli) = / X'^ (A = 0, 1, ...^riy) depend on r, only. 

With these Ansatze, the Killing spinor equations dipifj, = and 5 A"' 
following coupled first order differential equations ||260|| : 



(301) 



yield the 



4f/' 



[zMq(.ra)){zN'q(^rn)){zMz)_ 



[zNz){zNz) 



[zN'z){zN'q{m)){zN'z) ^ 



4 \ {zNz){zMq^^)] 



(302) 



where the prime denotes the differentiation with respect to p = 1/r, and {zAfq^m)) = 
z^AJ'Asqfm)y From ( ^02| ), one obtains the following second order ordinary differential 

equations for the moduli fields z^: 




{{z^rr 



m) 



zAfz){zAfq(rn)){zAfz) 
{zJ\fz){zJ\fq(rr,)) 



(z^y = 0. 



(303) 



( |303|) can be viewed as a geodesic equation for moduli fields z^ that determines how 



z evolves as p varies from to cxd. The initial conditions z \p=o and 



geodesic motion in the phase space (with coordinates z^ and [z- 
values (r = 1/p — >■ oo) of z^ and their derivatives (determined by z^ 

the second equation in ( 302|) ). Given initial conditions z^\p=Q and {z'^y\p=o, z^ evolve with 



[z^y\p=o for the 
) are the asymptotic 
and g^^) through 



p, following damped geodesic motion in the phase space until they run into an attractive 
fixed point, i.e. a point where the velocities ^ of z^ vanish. For the special example under 
consideration, as we see ( |302| ), the fixed point is located at 



fixed 



m) • 



(304) 



At the fixed point, moduli depend on U{1) charges only, loosing all their information on the 
initial conditions at infinity. From this observation, one arrives at stronger version of no-hair 
theorem for black holes in supersymmetry theories: black holes lose all their scalar hairs near 
the horizon and are characterized by discrete U{1) charges (and angular momenta), only. 
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Nearby the horizon, the black hole approximates to the Bertotti-Robinson geometry 
^447] , p2| , |515|| with the topology AdS2 x S*^"^. This geometry is conformaly flat and the 



graviphoton field strength is covariantly constant. Thus, in this region the ADM mass 



reduces to the Bertotti-Robinson mass and the supersymmetry is completely restored p92 



3981 , |412| , |453| , |30CI| , p.38|| . In the asymptotic region (r — > oo), the spacetime is fiat and, 
therefore, supersymmetry is unbroken. In between these regions, solutions break fraction of 
supersymmetries, indicating the BPS nature. 

Note, the supersymmetric configuration under consideration is a bosonic configuration, 
i.e. a solution to supergravity theory with all the fermionic fields set equal to zero. However, 
the supersymmetry parameters associated with the unbroken supersymmetries, called "anti- 
Killing spinors", generate a whole supermultiplets of solutions, i.e. the superpartners to 
black hole solution. To generate such solutions, one start with a bosonic configuration 
and applies supersymmetry transformations iteratively with the supersymmetry parameters 
given by the anti-Killing spinors. Such a procedure induces fermionic fields, as well as 
corrections to bosonic fields. It was shown in | [407| | that when this procedure is performed on 
double-extreme black solutions, i.e. extreme solutions with constant scalars, in the N = 2 
supergravity coupled to vector and hyper multiplets, there are no corrections to the fields 
in the vector and hyper multiplets. This implies that although the metric, graviphoton and 
gravitino receive corrections, the moduli at the fixed attractor point as functions of U{1) 
charges, only, remain intact under the supersymmetry transformations which generate the 
fermionic partners of the supersymmetric black holes. 

5.3 Explicit Solutions 

5.3.1 General Magnetically Charged Solutions 

We discuss the general spherically symmetric, magnetic (g^'* = 0) solutions in = 2 super- 
gravity coupled to riv vector multiplets with scalar fields varying with the radial coordinate 
r 126011 . The Ansatze for the fields are given in ( p01| ) with the scalar fields depending on the 



radial coordinate r, only. The scalar fields and the metric components satisfy the differential 
equations - (M- 



For the purpose of solving the differential equations ( |302D — ( |303D , we consider the simple 
case with q^^^ = 0. In this case, the solutions are given by 



g2C/(p) ^ ^K{z,z)-K^ 



a I „' ^(™) „„-A'oo/2 f„„ — 



The explicit solutions for N = 2 theories with specific prepotentials F are obtained by 
substituting the corresponding Kahler potential K into the general solution ( |305| ) |260[ . 



5.3.2 Dyonic Solutions 



We generalize the magnetic black holes in section 5.3.1 to include electric charges as well 



579|| . Since it would be hard to solve the resulting differential equations with non-zero 



electric and magnetic charges, we take all the moduli fields to be constant. In fact, as 
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we discuss in the subsequent sections, such class of solutions corresponds to the minimum 
energy configurations among extreme solutions and, therefore, is physically interesting. 

Assuming that the moduli = /X^ are constant, from 5 A"* = one obtains the 
following electric and magnetic charges of dyonic solutions: 

= Re(CX;,-C^F,(X;)), (306) 

where C is a constant and the subscript / denotes the fixed point. With a suitable choice 
of Kahler gauge, which eliminates the redundant degrees of freedom in X^ by half, one can 



solve the 2n + 2 equations in ( 306 ) to find the expressions for = X^ /X^ in terms of 
quantized charges g^^^ and qj^\ 

From 6ipi^ = with U{1) field strengths = CX^e+ and ^/ = ^Fje+ (e+^ obeys 

*e+^ = ie^^ and is normahzed to give 27r after being integrated over S'^) substituted, one 
obtains the following solution for the metric: 



e-^ = 1 + (307) 

This solution has the surface area given by 

A = ^CC. (308) 
4 

5.4 Principle of a Minimal Central Charge 

At the fixed attractor point in phase space, the central charge eigenvalue is extremized with 
respect to moduli fields, so-called "principle of a minimal central charge" [p58| , P59| , [415| , [414 



254|| . For N > 2 theories, the largest eigenvalue is extremized and the smaller central charges 
become zero ||259|| at the fixed point Since scalar asymptotic values are expressed only 
in terms of U{1) charges at the fixed point, the extremized (largest) central charge depends 
only on U{1) charges, thereby becoming a candidate for describing black hole entropy. It 
turns out that entropy of extreme black holes for each dimension has the following universal 
dependence on the extremal value Zfi^ of the (largest) central charge eigenvalue regardless 
of the number N of supersymmetries ||258| , |259|| : 



5 = ^ = 7r|Zy,,|", (309) 

where a = 2 [3/2] for D = 4 [D = 5]. 

As an example, we consider the BPS dilatonic dyon \\292 , 409] in D = 4 with the mass: 



Mbps = \Z\ = ^(e"'^"" H + e^°° |g|). (310) 



2 



The minimum of the central charge \Z\ is located at gj^^ = e^'^° 



which leads to the 

following correct expression for the entropy which is independent of dilaion asymptotic value: 
S = — = nlZf,,^]"^ = 7T\pq\. (311) 



^^These are obtained by solving (5 A"* = 0. 

■^^Thus, for > 4 theories, one can determine moduli fields (at the fixed point) in terms of U{1) charges, 
by minimizing the largest eigenvalue and setting the remaining eigenvalues equal to zero. 
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One can prove the principle of a minimal central charge as follows. We consider the 
ungauged N = 2 supergravity coupled to Abelian vector multiplets and hypermultiplets, 
defined by the Lagrangian ( p92|) and the supersymmetry transformations ( p96| ) with g = 0. 
Since we are interested in configurations at the fixed point, the derivatives of scalars are 
zero, i.e. dfj,z°- = and d^q^ = 0, at the horizon. So, from (5A°* = 0, one has = 0. Note, 
the covariant derivative of the central charge defined in ( ^UU| ) is 



2 J52 



(312) 



Since JF " = is equivalent to jF+° = 0, the central charge Z is covariantly constant at the 
fixed point of the moduli space: 



Za = VaZ={Ua\Q)=0. 



(313) 



It can be shown ||258|1 that the condition (|313|) is equivalent to the statement that the central 
charge takes extremum value at the fixed point: 



da \Z\ = 0. 



(314) 



Thus, within ungauged general Abelian N = 2 supergravity we establish that central charge 
is minimized at the fixed point of geodesic motion of moduli evolving with p = 1/r. 

At the fixed point in the moduli space, the central charge is expressed in terms of the 



symplectic U{1) charge vector Q and the moduli as ||258 

\Z\ 



--Q^ ■M{Ar)-Q, 



lmj\f + {ReAf){lmAf)-\ReM) -{ReAf){lmAf)-^ 



(315) 
(316) 



with the moduli in the matrix M(A/') taking values at the fixed attractor point. 

The central charge minimization condition ( pi3| ) fixes the asymptotic values of the moduli 
in terms of Q. By using the relations {Ua\V) = = {Ua\V) satisfied by the general symplectic 
section V, one can solve ( pl3|) to express Q in terms of the moduli as |p58 



Q = i{ZV - ZV), (317) 
or in component form: 

= 2lm{ZL^), Qs = 2Im(ZMs). (318) 
can be solved to express the moduli (at the fixed point) in terms of U{1) charges: 



-4 



I 

-I 



M(^) 



I 
I 



(319) 



or in terms of components: 

-2ZL^ = I 
-2ZMs = 2 



P- (Im7V)-^(ReAr)P+ (Im7V)-^g] , 
Q - ((ImAT) + (ReAr)(ImAr)-i(ReAr)) P 
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+{ReAr){lmAr)-^Q 



(320) 



Here, M(jF) is defined as in (|316|) with A/as replaced by J-'ay. = d^Fs^X). 

Alternatively, one can rederive the relations ( pi 7] ) obeyed by the moduli and U{1) charges 
by a variational principle associated with a potential 



Vq{y,y) ^ -t{n\n) - {11 + n\Q), 



where 



n 



MY) 



Y' 



ZX' 



(321) 



(322) 



Namely, at the minimum of Vq(F, F), the relation ( |317[ ) for the minimal central charge, 
which can be expressed in terms of 11 as 11 — 11 = iQ, is satisfied. In particular, the entropy 
for D = 4 black holes is rewritten as 



S 



TT 



I 7 |2 



i(n|n) = |rYexp[-A:(2,z) 



\fix- 



(323) 



Many black holes are uplifted to intersecting p-branes. In this case, energy of black holes 
is sum of energies of the constituent p-branes. The minimal energy of p-branes corresponds 
to the ADM mass of the corresponding double-extreme black holes in lower dimensions. In 
taking variation of moduli to find the minimum energy configuration, one has to keep the 
gravitational constant of lower dimensions as constant. The minimum energy of p-brane 
is achieved when energy contributions from each constituent p-brane are equal p03| |. 



5.4.1 Generalization to Rotating Black Holes 

Generally, rotating black holes have naked singularity in the BPS limit. D = 5 rotating 
black holes with 3 charges has regular BPS limit (thereby the horizon area can be defined), 
if 2 angular momenta have the same absolute values |^ | p,82| , We discuss generalization 



of the principle of minimal central charge to the rotating black hole case |[414|| . 

We consider the following truncated theory of 11- dimensional supergravity compactified 
on a Calabi-Yau three-fold |328|, |329i TO W\- 



1 



e 



AV2 



(324) 



This corresponds to the N = 2 theory with F = ^Cay./^X^X^X'^. The supersymmetry 
transformations of the gravitino ipf^ and the gaugino x the bosonic background are 



5t 



■^^Note, lower-dimensional gravitational constant is expressed in terms of the D 
and the volume of the internal space, i.e. a modulus. 



10 gravitational constant 



■^^It is argued in |28S| that singular D ~ 4 heterotic BPS rotating black holes can be described by regular 
D = 5 BPS rotating black holes which are compactified through generalized dimensional reduction including 
massive Kaluza-Klein modes. 
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(325) 



The model corresponds to the N = 2 supergravity with the graviphoton (e 3 Fpg. — -^e s'^Gpo-) 

coupled to one vector multiplet with the vector field component {e^Fpa- + ^/2e~^'^Gpa-)- 
We consider the following D = 5 BPS rotating black hole solution |609| , |182|| (Cf. 



63|)) to the above theory: 



.2\ 2 



dt - 



+ 



vr — r. 



0) 



4Jcos^g 
7r(r^ — Tg) 



dip 



1 _ !l dr^~ r\de^ + sin^ ed(j)^ + cos' Od^^). 



(326) 



For this solution, the scalar ip is constant everywhere (double-extreme): e'*^ = A®. So 
from (5x = 0, one sees that the vector field in the vector multiplet vanishes, i.e. B = —^A, 
from which one can express ip in terms of U{1) charges as: 



8Ql 



H 



47r2 



IGtt 



(327) 



Furthermore, the entropy is still expressed in terms of the central charge Zji^ at the fixed 
point, but modified by the non-zero angular momentum J: 



S = njZ%^ - J2. 



(328) 



The argument can be extended to more general rotating solutions in the N = 2 super- 
gravity coupled to n„ vector multiplets with the gaugino supersymmetry transformations 



?• 1 /3\2/3 



(329) 



From 6\a = 0, one sees that at the fixed point {d^^ip'^ = 0) F^^^ = 0. So, the central charge is 
extremized at the fixed point: daZ = 0. 

We discuss the enhancement of supersymmetry near the horizon 



13811. Since the 



vector field in the vector multiplet is zero for ( P26| ), the solution is effectively described by 



the pure N = 2 supergravity [|265|| with the graviphoton F = ^XF. The supersymmetry 
transformation for the gravitino is 

1 



iT'^^T^ + 2T'^6f)Fp^e. 



The integrability condition for the Killing spinor equation Si/J/j, = is: 
where the super-curvature itab for the solution ( |326| ) is defined as 



n. 



ab 



(^2 _ ^2) 



(330) 



(331) 



(332) 
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Here, the explicit forms of matrices Xab, which can be found in ||414||, are unimportant for 



our purpose. At the horizon (r = tq) and at infinity (r — oo), TZab = 0, thereby (|331|) does 



not constraint the spinor e, i.e. supersymmetry is not broken. However, for finite values of 
r outside of the event horizon, for which TZab 7^ 0, e is constrained by the relation: 

(l + r°)e = 0, (333) 

indicating that 1/2 of supersymmetry is broken. 

5.4.2 Generalization to > 2 Case 

The principle of minimal central charge is generalized to the = 4, 8 cases by reducing 
A^ = 4, 8 theories to A^ = 2 theories, and then by applying the formalism of A^ = 2 theories 
258|. For A^ > 4 theories, there are more than 1 central charge eigenvalues Zi [i = 1, [y]). 



The ADM mass of the BPS configuration is given by the max{|Zj|}. When the principle 
of minimal central charge is applied to this eigenvalue, the smaller eigenvalues vanish and 
all the scalar asymptotic values are expressed in terms of U{1) charges, only [ p59|| . So, the 
extremum of the largest central charge continues to depend on integer-valued U{1) charges, 
only. The entropy of extreme black holes in each D has the universal dependence on the 
extreme value of the largest central charge eigenvalue: S = j = 7r|Z/ja;|", where a = 2 [3/2] 
for D = 4 [D = 5], regardless of the number A^ of supersymmetry. 

Pure A^ = 4 Supergravity Pure A^ = 4 theory can be regarded as A^ = 2 supergravity 
coupled to one N = 2 vector multiplet. This can also be regarded as either SU{2) x SO {A) 
or SU (2) X SU{4:) invariant truncation of A^ = 8 theory. The former corresponds to the 
N = 2 theory with F{X) = —iX'^X^ and the latter has no prepotential. These two theories 



are related by the symplectic transformation [|136 



XO = X°, Fo = Fo, X' = -F,, F^ = X\ (334) 

where the hat denotes the SU{A) model [|16||. The S'0(4) version [|19|, |16|, |162l of the 
D = A, N = A supergravity action without axion is 



I d^x^ [-7^ + 2d,ipd^'ip - Ue-^'^F^'^F,, + e'^'G^^G,,) 



(335) 



where the field strength G^^y of the 5*0(4) theory is related to that G^^y of the S'?7(4) theory 
as G^"" = ^^e-'^'^e>"'P^Gpx- 

The dilatino supersymmetry transformation is 

= -Yd^<pei + ^o^\e-^F^,aij - e'^G^^M' . (336) 

At the fixed point {d^cj) = 0), the Killing spinor equations 6Aj = fix in terms of electric 

\p\- 



and magnetic charges: e = 14. Then, writing 5A/ = at the fixed point in the form 



[Zjj)fixe'^ = 0, one learns |f409|| that 

• pq > case: e^'^ non- vanishing, Z34 = and Madm = I ^12 

• pq < case: e^'"^ non- vanishing, Z12 = and Madm = \Z: 



34 1 



So, smaller eigenvalues, which correspond to broken supersymmetries, vanish and entropy is 
given by the largest eigenvalue at the fixed point. 
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= 4 Supergravity Coupled to Vector Multiplets The target space manifold of 
= 4 supergravity coupled to n„ vector multiplets is ^^^^^^^ x o(6)xOin ) ^i^h the first factor 
parameterized by the axion-dilaton field S and the second factor by the coset representatives 
= {VI, L^) = 1, 2, 3, 4, A = 1, 6 + n^, and a = 1, n^) The central charge is 



% = [Lf^qA - SL,, a/] , (337) 

where K = —In 2(5* — S) is the Kahler potential for S. 

At the fixed point, the gaugino Killing spinor equations 5 A" = require that 

SLIp^ - V^QA = 0. (338) 

The dilatino Killing spinor equation Sx^ = requires the following smaller of the central 
charge eigenvalues to vanish: 



IZ2I' = ^ i^Z.^Z^^ - ^{Z,,pyf - ^\e^^>^^Z,,Zki\^j , (339) 
which fixes S at the fixed point. At the fixed point, the difference between two eigenvalues 



l^ir - \H = ^\^{Z^JZ'^^y - -|e^J-^'%Zfc;|2 (340) 



becomes independent of scalars and gives rise to the horizon area [|178| , |236 



A = A'K{MADM)fi. = ^AZifrxV = 27r^gV _ .p)2. (341) 

A^ = 8 Supergravity The consistent truncation of A^ = 8 down to A^ = 2 is achieved 
by choosing H C SU{9>) such that 2 residual supersymmetries are if-singlet. Such theory 
corresponds to A^ = 2 supergravity couple to 15 vector multiplets (n^ = 15) and 10 hyper- 
multiplets [uh = 10). (This is the upper limit on the number of matter multiplets that can 
coupled to A^ = 2 supergravity.) Under N = 2 reduction of A^ = 8, SU{8) group breaks 
down to SU{2) x SU{Q), leading to the decomposition of 26 central charges Zab of A^ = 8 
into (1, 1) + (2, 6) + (1, 15) under SU{2) x SU{<o). The SU{2) invariant part (1, 1) + (1, 15) 
is {Z,DiZ), where Z is the N = 2 central charge. So, the horizon area is again A ~ 
For example, for type-IIA theory on Tq/Z^ truncated so that only 2 electric and 2 magnetic 
charges are nonzero, the central charge at the fixed point is product of U{1) charges, which 
is black hole horizon area. 

We consider the following truncation of A^ = 8 supergravity: 



- -[e^+P{Fi)^ + e^'-'iF^f + e-''-'{F^f + e-^^+^iF^f]^ . (342) 

This is a special case of STU model Q |p36|] with the real parts of complex scalars zero 

e-^ = lm5 = s, e-'^ = ImT = t, e'P = \mU = u. (343) 



40 



This model also corresponds to part of type-IIA theory on x or heterotic theory on x 



See section 3.2.2 for the explicit action. 
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The following black hole solution to this model is reparameterization ||511|| of the general 
solution obtained in 111 7811: 



^-2r, ^ V^1^3 ^-2a ^ ^lX4 ^_2p ^ ^lX2 

X2X4' ^ X2i^Z ^3X4' 

Fi = ±dipi A dt, F2 = ±dxi A dt, 

F3 = ±di)3 A rft, F4 = ±c/x4 A c/t, (344) 

where 

V^3 = e ^ +^ , X4= e ^ +^ , (345) 



and X2,4 are magnetic potentials related to ^2^4 = e''^*^"' ''^ ^-^2,4- The ADM mass of (|344|) is 



1 / s -y t \ 

Madm = 7 stM|gi| + — Igs] + -IP2I + — 1^41 • (346) 
4 V tu st su J 

By minimizing ( P46| ) with respect to s, t, u, one obtains the ADM mass at the fixed point 

ini: 



(Madm) fix = \qiP2q3P'i\^^'^, (347) 

and finds that the smaller central charges are zero at the fixed point. 

This result is proven in general setting as follows. We consider the = 8 supersymmetry 
transformations [ |16(]|| of gravitinos "^^a and fermions Xabc at the fixed point: 

6<iI^A = D^sa + ZABi.uYe'^, 6xABC = Z^ABt^uCr^'^'ec], (348) 
where A = 1, 8 labels supercharges of A^ = 8 theory. We truncate the Killing spinors 

as 

Ea = 0, ei = {ei, 62 ^0,63 = 64 = 0}, (349) 

where 6 supersymmetries are projected onto null states. Here, we splitted the index A as 
A = {i,a) in accordance with the breaking of SU{8) to S't/(4) x 5'f/(4). By bringing Zab 



to a block diagonal form ||264|| through SU{8) transformation (See section ^]^, for details.), 
one finds that the supersymmetry variations of ipfia, Xabc and Xaij vanish due to ( p49| ) and 
the block diagonal choice of Zab- From 6xiab = 0, one finds that Zab = (i.e. ^3 = ^4 = 0) 
and from 6xijk = 0, one finds that Z2 = 0. So, we proved within the class of configurations 
characterized by truncation (|349|) that the condition for unbroken supersymmetry requires 
the smaller central charges to vanish. And the largest central charge at the fixed point gives 
the ADM mass and the horizon area. 
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Five-Dimensional Theories = 1, = 2 and N = A theories in D = 5 [|328i |329 



213, 103, 491, 11 1 have 1, 2 and 3 central charges, respectively. At the fixed point, the largest 



central charge is minimized and the smaller central charges vanish. The horizon area is given 
in terms of the central charge at the fixed point by A = AttZ^I^. The general expressions for 
the (largest) central charge at the fixed point for each case are as follows: 



= 1 theory: Zfi^ = \Jd^^{q) ^QaQb-, where d'^^{q) ^ is the inverse of (Iab 
dABct'"{z) evaluated at the fixed point |p58| . 



N = 2 theory: Zfi^ = (QhQ'f)^^^ , where Qh is a charge of the 2- form potential and 
is the Lorentzian (5, n^) norm of other 5 + charges [58C . 



• N = A theory: Zf^, = , where Qij is 27 quantized charges 

transforming under Eq{Z) and fi*-' G 5*^(8) is traceless. 

5.5 Double Extreme Black Holes 

We discuss the most general extreme spherically symmetric black holes in = 2 theories 
in which all the scalars are frozen to be constant all the way from the horizon (r = 0) to 
infinity (r — oo) pi5|| , called double- extreme black holes 0. For this case, the ADM mass 



(or the largest central charge) takes the minimum value (related to the horizon area) and, 
therefore, is equal to the Bertotti-Robinson mass. Whereas all the scalars are restricted to 
take values determined by f/(l) charges, all the U{1) charges can take on arbitrary values. 
Double-extreme black holes are also of interests since they are the minimum-energy extreme 
configurations in a moduli space for given charges. 

The general double-extreme solution is obtained by starting from the spherically sym- 
metric Ansatz for metric 

ds'^ = e^^dt^ - e~^^dx^, U{r) ^0, as r ^ oo, (350) 

and assuming that all the scalars are constant everywhere {d^z^ = and dfj^q'^ = 0) and that 
consistency condition JF~ * = for unbroken supersymmetry is satisfied. Since all the scalars 
are constant, the spacetime is that of extreme Reissner-Nordstrom solution: 

e-f/ = l + ^. (351) 
r 

By solving the equations of motion following from (|292[), one obtains 



-pA ^ e^^^cit Adr -rde A rsin^^. (352) 



After the first draft of this chapter is finished, more general class of TV = 2 supergravity black hole 



solutions [ p22| , 521, |61|, 60, p20[ , which include general rotating black holes and Eguchi-Hanson instantons, 
are constructed. These solutions are entirely determined in terms of the Kahler potential and the Kahler 
connection of the underlying special geometry, where also the holomorphic sections are expressed in terms of 
harmonic functions. Such general class of solutions turns out to be very important in addressing questions 
related to the conifold transitions in type II superstrings on Calabi-Yau spaces, when they become massless 
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From equations of motion along with ( pSOj ) — ( ^5^ ), one obtains the ADM mass M in 



terms of the electric and magnetic charges of JF^: 

= -2Im7VAs((5^(5^ + P^P^). (353) 

The f/(l) charges {P^,Q\) are related to the symplectic charges Q = {q^m)^^^^) ~ 
(/-^^/^E) as: 




2P^ 

2{ReAfA^)P^ - 2(ImArA2)Q^ 
In terms of q^^), M is expressed as 

2 _ _irA /(ImAr + ReArimAr-iReAr)As (-ReA/'ImA/'-i^ ^ 

M - ^[qim),lA)[ (-ImAr-iReAr)^^ (ImAr-i)^^ 



(354) 




A 




= \Z\' + \VaZ\\ (355) 

From the consistency condition JF~'^ = for unbroken supersymmetry, one has VaZ = 0, 
which is equivalent to daZ = 0. So, the ADM mass of double extreme black holes is 
M = |Z|v<jZ=o with scalars constrained to take values defined by VaZ = 0. By solving 
WaZ = 0, one obtains the following relation between {q^'^\ q(m)) and the holomorphic section 

which can be solved to express {L,M) in terms of {q'^^\q{m))- Since the ADM mass M for 
double-extreme solutions obeys the stabilization equations (|356|) , the entropy is related to 
the ADM mass as: 

S = ttM", (357) 
where a = 2 [3/2] for the D = A [D = 5] solutions. 

5.5.1 Moduli Space and Critical Points 

We have seen that the BPS condition requires scalars at the event horizon take their fixed 
point values expressed in terms of quantized electric/magnetic charges and, thereby, the 
(largest) central charge at the event horizon is related to the black hole entropy. In this 
subsection, we point out that such property of extreme black holes at the fixed point can 
be derived from bosonic field equations and regularity requirement of configurations near 
the event horizon without using supersymmetry ||254|| . For non-extreme configurations, the 



horizon area has non-trivial dependence on (continuous) scalar asymptotic values. 
We consider the following general form of Bosonic Lagrangian 



^The other sum rule for Z and Za is \Z\^ - \Za\^ = M{T)Q.. 
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(358) 



where JF^^ = d^iA^ — dvA^ are Abelian field strengths with charges (p^, ^a) = 
/ ^^-i 4^ /[/^As * + ^h.T.j\) and yUAs, i^as are moduli dependent matrices. We re- 
strict our attention to static Ansatz for the metric 

ds^ = e^^de - e-^^jmndx"'dx'', (359) 

where for spherically symmetric configurations 

c^dx'^ 

-fmndx'^dx'' = J— + ^{de^ + sin^ edif) , (360) 

sinh CT sinh cr 

where r runs from — oo (horizon) to (spatial infinity). The function U satisfies the boundary 
conditions ?7 —> cr as r — cxo and U{0) = 1. 

The equations of motion for U{t) and 0"(r) can be derived from the following 1- 
dimensional action 

Cgeod=i-j^j +Gab^-^ + e'''Vi(j),{p,q)), (361) 

describing geodesic motion in a potential V = {p q) (^^ ~^ ^ ^ (^^^ with the 

constraint 

' + a,5^^-e^^m(p,g)) = c^ (362) 

where a constant c is related to the entropy S and temperature T as = 2ST. 

For non-extreme configurations, where scalars 0" have non-zero scalar charges S'* (0" ~ 
0OO + T")' ^^^^ '-'^ thermodynamics is modified ||297| to 

KdA 

dM = + QdJ + ip^dqA + XAdp^ - Gabi4>oc)^''d(j)'', (363) 

87r 

whereas the Smarr formula remains in a standard form. vanish iff 0" take the values 
which extremize M, i.e. double extreme solutions (i.e. (^"'{t) = 0^), provided Vab = ^a^bV 
is non-negative (convexity condition). Here, Va is the Levi-Civita covariant derivative with 
respect to the scalar manifold metric Gab- (This can also be directly seen from (f^)^ j = 




are 



— Gab(0oo)S^.) For this case, 0^ have to extremize V, i.e. f^j = 0, so that 

regular near the horizon and have fixed values in terms of conserved charges {p^^qk)- The 
bound A < AirVlp, q, (phorizon), which is derived from the requirement of finite event horizon 
area A together with the constraint ( P62|) , is saturated for the (double) extreme case. 
Since U —>■ Mr as r — > 0, one obtains the following relation from (|362|) : 



+ Gab^"^ - ^(O = , (364) 

which states that the total self-force on black holes due to the attractive forces of gravity 
and scalars is not exceeded by the repulsive self-force due to vectors. The net force on black 
holes vanishes only in the extreme case (c^ = 0). In the double-extreme case, the ADM mass 
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is given by V at the fixed point, i.e. = V{p, q, (pj^^) with the fixed values (pj^^ of scalars 

determined by ( '^^a^f''^'* ) ^ = 0^ since c = = S*^. From this, one obtains the bound on 

the ADM mass M{S,(j)oo,{p,(l)) ^ M{S,(f)fix,{p,q))- Note, these results are derived only 
from the requirement of regularity of configurations near the event horizon without using 
supersymmetry. 

We specialize to the case where the target space manifold is a Kahler manifold spanned 
by complex scalars with Kahler potential K: G abd'P'^ d(j)^ = -^^^dz^dz^ . We consider the 
bosonic action of = 2 supergravity coupled to vector multiplets 

£jv=2 = -i7^ + G,J9^/9,^V + ImArAE^^VA>^'^7'^' 

+Re ATas^^^, ^ J^Zg^'g"'. (365) 

The moduli dependent matrices /iAs and i^as in ( |358| ) are given hj u + ifi = —Af. So, V in 
( P61| ) has the form V{p,q,(f)°') = iZ^z^p^q)^^ + where Z is the central charge 

and DiZ is its Kahler covariant derivative. By applying properties of special geometries, one 
obtains the following ADM mass and scalar charges 

M = |Z|(2o,P,g), T.' = G^W-^Z. (366) 

By applying the general results in the previous paragraph, one can see that at the critical 
points of V {diV = 0), where = 0, Z is extremized: DiZ = = Dj^Z. Since the second 
covariant derivative of \Z\ at the critical point coincides with the partial (non-covariant) 
second derivative, one has {didj\Z\)cr = \Gij\Z\cv. So, when Gjj is positive [negative] at 
the critical point, M at the critical point reaches its minimum [maximum]. Generally, when 
Gij changes its sign and becomes negative, some sort of a phase transition occurs and the 
effective Lagrangian breaks down unless new massless states appear. 



5.5.2 Examples 

In the following, we discuss the explicit expression for M in the metric component ( P51| ) 
with specific prepotentials. 



Axion Dilaton Black Holes The axion-dilaton black holes in the 5*0(4) [5*^7(4)] formu- 
lation of pure A^ = 4 supergravity can be regarded as black holes in A^ = 2 supergravity 
coupled to one vector multiplet with the prepotential F = —iX'^X^ [without prepotential] . 
The holomorphic sections and U{1) charges of SU{A) theory ||165|| (with hats) are related to 
those of ^0(4) theory [ITM |TB3, [TUl (without hats) as 



'i(m) = 1{m)y % = % ■, (l(m) = ~1l ) <?! = Q'(m)- (367) 

First, we discuss the 50(4) case. We choose the gauge X° = 1. Then, the prepotential 

F = —iX'^X^ yields the Kahler potential = 2(J+Wj = ^) S ( p356D can be solved 
to fix the moduli z in terms charges: 



'*'^From this expression for K, one sees that the real part of the moduh z has to be positive, leading to the 



constraint Rez^ ko 9i + 9(L)9(r„)l- 
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So, one has central charge in terms of U{1) charges: 

(e) (e) , n i \ V2 



L qj - Miq(^^) - —7 



(e) (e) I 1 
% 9i + ?(m)?M 



by solving ( 356 ). This leads to the ADM of the double-extreme black hole: 



(e) (e) , 1 I 
m] I 



(369) 



(370) 



The corresponding expressions in the SU{4) theory are obtained by applying the trans- 
formations (^671) . The moduli field and the ADM mass are |[410| , [40 1| 



-(e) I -(e) 
^(m) ~ 



M2 



1^0 -(e) 



-(e) -^1 I 



(371) 



N = 2 Heterotic Vacua The effective field theory of = 2 heterotic string is described 
by the N = 2 theory with a prepotential ^ 



n+l 



i\2 



i=A 



(372) 



This prepotential corresponds to the manifold 



SU{l,l) 
U{1) 



X 



SO(2,n) 



50(2)xso(n) ilH' with the first 
iX^ /X^ = —iz^ and the second factor 



factor parameterized by the axion-dilaton field S 
being the special Kahler manifold parameterized by n complex moduli z^ = X^/X^ {i = 
2, ...,n + 1). S belongs to a vector multiplet and the remaining vector multiplets with the 
scalar components are associated with the U{1) gauge fields in the left moving sector of 
heterotic string. In particular, the n = 2 case is the S'TtZ-model |5^, |119|| with the complex 
scalars S, T and U parameterizing each SL{2, R) factor of the moduli group. S, T and U 
are related to as 

= iS, z^ = iT, z^ = iU, (373) 

and, therefore, the prepotential takes the form: 

F = -STU. (374) 

It is convenient to apply a singular symplectic transformation ||136|| (defined as X^ —Fi 
and Fi —X^) on (X^, F^) to bring it to the form ||135|| : 

/X^\ ( X^ 



In this basis, theory has a uniform weak coupling behavior as Im S 
section satisfies the constraints 

(X|X) = {F\F) = X-F = 0. 



Here, {A\B) = A^7]a^B^ 

/COO 
%E= C 

Vo -I 



AaV^^Bj: and a ■ 5 = A^Ba with 



C 



1 

1 



(375) 

00 and the holomorphic 
(376) 

(377) 
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By solving (|356|) , along with (|375|) , one fixes 5* in terms of U{1) symplectic charges and 



obtains the ADM mass of double extreme solution 178, 236 



S 



+ 1- 



(?(m)|g(m)) 
I 712 



(g(m)|g(m)) 



\/(?(m)|g(m))(g^")|g^'^) - (g(m) -q^^^f = ilraS){q^rn)\q{m))- 



(378) 



Cubic Prepotential We consider the following general form of cubic prepotential ||161 



abc' 



a,b,c = 1, ...,ny. 



(379) 



The = 3 case is the STU model |P08| , |59[ . 

By solving (|356D, along with (B7^), one obtains the ADM mass at the fixed point in the 



(380) 



moduli space ||571|| : 



m) 



^(A,£«)2-9[gO„)(gV)-9"^^))-2/^P, 



where D = dabcqlm)(i\m)llmY = dabcq\m)<ilm) and Aa = 3D a - qlm)(la^- Here, x" in ( M 
are real solutions to the system of equations: 



The moduli are fixed in terms of the symplectic U{1) charges as 



^H(m)\^c.X ) q,„ 



'Qim^^cX^) ' - ■ ' g^^) 2{A,x^) 

When = 0, ( p5(j| ) can be solved explicitly to yield the ADM mass: 



(381) 



(382) 



(383) 



where Dab = dabcqfm)^ ^"^^ = ^]a.b and D"^ = D"-^q^^\ And the moduli z°- take the following 
fixed point value in terms of the symplectic charges: 



6 2 



(384) 



When the prepotential ( |379| ) has an extra topological term ^7A[ |451| , Yla=i ^ 



n-v C2-Ja 



24 



(1 
\W 1 



one only needs to apply the symplectic transformation ||136| , |5^ with the matrix 

Sp{2ny + 2), where the non-zero components of Was are Woa = Then, the ADM mass 
is given by ( |380| ) or ( p83| ) with the symplectic charges iq{m),q^^^) replaced by 



Qa - Qa - yyj^Aq^m)^ 



(e) _ 
Ha 24 y(m) 



(385) 
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jr model has the isometry group SU{1, n) 



CP{n-l, 1) Model The CP{n-l, 1) = sW^m 
The n = 1 case is the axion-dilaton black holes | 409 , [404| , |83| , [415|] . The form of prepotential 
depends on the way in which SU{1, n, Z) is embedded into Sp{2n + 2, Z) [ ^23|| . 

For the Sp(2n + 2, Z) embedding ^=(^ ^^ofM = ;7 + zyG 5f/(l, given by: 

A = U, C = riV, B = Vri, D = riUr], (386) 
where rj is an SU{l,n) invariant metric, the holomorphic prepotential is 

F = ^X'7]X. (387) 

For this case, X transforms as a vector under SU{1, n), i.e. X MX, and the moduli space 
is parameterized by = {(j)^, 0""'"^)'^ as 0° = and 0'* = with F = 1 — -z"^"- In 
general, the ADM mass of the extreme solution has the form ||524|| : 



M'bps 



where 



t 



2{1 -ti- Ei A' A') 



(e) I • _ • 1 



(3^ 



Qic = '^^(m) ~ ?i ^ 



For the following fixed-point values of the moduli fields, which satisfy 

i 



Ai Qic 



rrir 



the ADM mass M takes the minimum value | p24 
1 



(I 



- \Qic?) = 7r(g(^) ) 



( V 








vJ 


V q(m) ) 



(389) 



(390) 



(391) 



For other embedding Q! = SQS ^ of SU{1, n) into Sp{2n + 2) related via the symplectic 
transformation S G Sp{2n + 2), the ADM mass is given in terms of new symplectic U{1) 
charges {(f'^'ql^-jf = {(f'^ qim))S-' by fSH 



T] 
T] 



s' 



T I q 

q{m) 



(392) 



General Quadratic Prepotential We discuss the case where the lower-component of V 
is proportional to the upper component 



Mj 



(393) 



where S/j = ajj — iPu with real matrices ajj and Note, it is sufficient to consider the 
case where S/j = —iPu, since the most general case with ajj 7^ is achieved by applying 

G Sp{2n + 2) on the configuration with ajj = 0. 



the symplectic transformation 



44 



The ADM mass and entropy transform under this symplectic transformation similarly as (392). 
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By solving (|356|) with (|393|) , one obtains the ADM mass 



(l(m) 



(394) 



The case S = —217, where 7] is an ^^/(Ijn) invariant metric, is the CP{n — 1, 1) model, i.e. 
( M reduces to ( pi]) . 



The most general extreme solution to this model has the form 597 



<i 
Y 



Gjpu — ^pupdpHj, 



(395) 



where 



(s-s)-i (s-s)-is 



H 



J 



ihj + 



S(S - s)-is 

(e) 



H 
H 



The asymptotically flatness condition leads to the following constraint on and hj in 



(396) 



_(s - s)-i _(s_- s)-is 
s(s-s)-i s(s-s)-is 



—I. 



(397) 



5.6 Quantum Aspects of = 2 Black Holes 

Supersymmetric field theories respect remarkable perturbative non-renormalization theo- 
rems. In = 1 theories, superpotentials are not renormalized in perturbation theory 
|321|, ^75|]. > 4 theories are finite to all orders in perturbative quantum corrections 



573| , |473|| . So, the classical BPS solutions in A^ > 4 theories are exact to all orders in pertur- 
bative corrections. (Cf. Some classical solutions of A^ = 4 theories are also exact solutions 
|607i |608| , |369i |370| , |7l|, |18], g^, H, [T7|, |17| of conformal a-model of string theory and, 
therefore, exact to all orders in a'-corrections.) For N = 2 theories, prepotentials, which 
determine the Lagrangians, receive perturbative quantum corrections up to one-loop level 

5481 , |321| , pQ9| , |^. Hence, one has to study quantum effect on prepotentials for complete 
understanding of solutions in A^ = 2 theories. 

In the following, we study the quantum aspects of black holes in the effective N = 2 
theories of compactified superstring theories. It is conjectured that the Eg, x Eg heterotic 
string on K3 x and the type-II string on a Calabi-Yau manifold are a A^ = 2 string 



dual pair gg, |g, ^ |T|, |rT§. Since the dilaton-axion field S belongs 



to a vector multiplet [hyper multiplet] of the heterotic [type-II] theory, moduli space of 
hyper multiplet [prepotential for a vector multiplet] is exact at the tree level, due to the 
absence of neutral perturbative couplings between vector multiplets and hypermultiplets 
4351 , [418| , [T3| , |167| , |168| , |118|] . Thus, applying the duality between heterotic and type-II strings. 



one can compute the exact prepotential for vector multiplets [hyper multiplet superpotential] 
of the heterotic [type-II] theory. 
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The prepotentials of the 
cubic terms: 



F{X) = d, 



abc' 



2 effective field theories of these string theories contain the 



(398) 



plus correction terms that include part of quantum corrections, instanton and topological 
terms which cannot be included in (|398D . For the type-IIA string on a Calabi-Yau three- fold, 
real coefficients dabc are the topological intersection numbers dabc = / Ja ^ Jb /\ Jc, where 
Ja G H^'^{Y, Z) are the Kahler cone generators. For the heterotic string on K3 x T^, dabc 
describe the classical parts and the non-exponential parts of perturbative corrections to the 
prepotential. The Kahler potential associated with (|398|) 



IS 



K{z, z) = — log (^—id, 



abc[Z - Z iZ 



zfiz 



(399) 



General double-extreme black holes and a special class of extreme black holes with non- 
constant scalars of the N = 2 theory with ( |398| ) are discussed in |]50[. In the following, we 
study the effect of the quantum correction terms of the prepotential on the classical solutions 



5.6.1 Es X Es Heterotic String on K3 x 

At generic points in moduli space, the Eg x Es heterotic string on K3 x is characterized by 
65 gauge-neural hypermultiplets Q (20 from the K3 surface and 45 from the gauge bundle) 
and 19 vectors (18 from vector multiplets and 1 from the gravity multiplet). So, the moduli 
z°- [a = l,...,ny) in the vector multiplets consist of the axion-dilaton S, the moduli T 
and U, and Wilson lines {i = 1, ...,n^ — 3): 



iS, 



iV\ (400) 

We denote the moduli other than S as (m = 2, -n-t,). The number of Wilson lines 
(or the generic unbroken Abelian gauge group [/(l)""^^ with one of U{1) factors coming 
from the gravity multiplet) depends on the choice of SU (2) bundles with instanton numbers 
{di,d2) = (12 -n,12 + n) ^UT^ ||. For example, the STU model (i.e. the complete 
Higgsing of the D = 6 gauge group E^ x E-i) is possible for = 0, 1, 2. 

Since prepotentials of N = 2 theories are not renormalized beyond one-loop perturbative 
levels, the prepotentials are written in the form ||136| , p09i |T0| , P] : 

F = F(°) + F«+F(^^), (401) 

where F^^^ is the tree-level prepotential and F^-^^ ^pi'^P)'^ is the one-loop [non-perturbative] 
correction. The classical moduli space of the Es x Es heterotic string on K3 x is "^^l^'^^-* 



266| , p55| , |263| , |272| , |132| , |135| , |136|| with S residing in the separate moduli space 



SO{2,n^-l) 
SO{2)xSO{n^-l) 

^^^^^y^. The tree-level prepotential is 



pio) 



X^ 



x^x^ - £(xO" 



1=4 



-s 



(402) 



''^The scalar components of the remaining hypermultiplets in 56 of E'j are not spectrum-preserving moduli, 
since their non-zero vacuum expectation values induce mass for some of the non- Abelian fields, resulting in 
change in the spectrum of light particles in the effective theories. 
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with the corresponding tree-level Kahler potential: 



K^^) = - log{S + S)- log 



(T + T){u + u) + V' 



i\2 



(403) 



Since the dilaton is the loop-counting parameter of the heterotic string, F^^'^ is independent 
of S: = /i(T™) with the infinite series terms exponentially suppressed in the decompact- 
ification limit of large moduli. Non-perturbative corrections arise from the spacetime gauge 
or gravitational instantons ||550| , |551| , [436| , |19|, and give rise to holomorphic but exponentially 
suppressed corrections. So, the heterotic prepotential has the form: 



F = -S 



NP I 



-2-kS 



rpm^ 



(404) 



Since the T-duality is an exact symmetry of the heterotic string to all orders in pertur- 
bation, the one-loop correction /i(T'") ^ g ^ ^ |Sg, |TT|, |TT7[ has 
to have an well-defined T-duality transformation properties ||209| , 0. For models with one 
Wilson line □ (STUV-model) llT^, 

h{T,U,V) =Pn{T,U,V) -c- ^ V Cn{4kl-b'^)Li3{e[ikT + ilU + ibV]), (405) 



k,l.b€Z 
(k,l,b)>0 



where c 



and eia; 



[x] = exp2iTix. Here, Cn{4:kl — IP') are the expansion coefficients 



of particular Jacobi modular form ||117|| and PniT^U^V) is the one-loop cubic polynomial, 
which depends on the particular instanton embedding ra, given by ||7y, [45 1| , |1171 

4 



p^{T^U,V) = --U^ 



+ n)V'' + (1 + \n)UV^ + \nTV^. 



(406) 



Perturbative Corrections In section p.5.2| , we obtained the general expression for en- 
tropy (or the ADM mass of the double extreme black hole) in the tree level effective theory 
of the heterotic string on K?) x T^. (See (|378|) for the tree level expression.) The entropy 
depends on the symplectic charge vector Q = (q^m) Q^^^) through the full triality invariant 



form D = {q{rn)\(l{rn)){(l^^^\(l^^^) — {<l{m) ' Q^^^Y ||123|] and is invariant under T-duality since the 
dilaton ImS* and the combination {q(m)\(l{m)) remain intact under T-duality ||136| , |209| , |123|| . 

Once perturbative quantum corrections are considered, T-duality transformations get 
modified due to the one-loop corrections to the prepotential: 



p ^ ^(0) , ^(1) 



-S 



TU - 



i\2 



(407) 



where the one-loop correction term h{T"^) is independent of the axion-dilaton field S = 
—iX^/X^. For the purpose of discussing duality transformations, it is convenient to go to 
the symplectic basis, applying the transformations ||255| , |272| , |132| , |136| , |209 | 



X^ ^X^ = Fi, Fi^ Fi = -X\ 



(40J 



^This is possible for the instanton embedding with n = 0, 1, 2. 
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with the corresponding tree-level holomorphic section taking the form (|375|) in the new basis. 
(In this basis, the theory has a uniform weak coupling behavior as ImS* ^ oo.) Since one- 
loop corrections are independent of X^, the relation = Fi is not modified at one loop 
level and, as a result, still satisfies the constraint {X\X) = at one-loop level. However, 
-Fa gets modified due to the perturbative correction F^^^ in the following way [|12| (Cf. See 
( ^75| ) for the tree-level expression): 



(409) 



where F)^^ = dF^-^^ /dX^. Note, F^^^ keeps the classical value. 

Whereas X^ transforms exactly the same way as in classical theory, the T-duality trans- 
formation rules of Fa get modified at one-loop level due to the modification of prepotential 
201, Imp: 



X' 



10' 



-ll E 



h + [{u^r'cux' 



(410) 



where U G 50(2,2 -|- n,Z) and the symmetric integral matrix C encodes the quantum 
corrections. From the relation X^ = —Fi = —iSX^, one sees that S is no longer invariant 
under the perturbative T-duality transformation ( ^10| ), but transforms as p09| 



S-^ S 



T\-ll 



(411) 



Note, {q(m)\(l{m)) in the classical expression ( |378D is still invariant under the perturbative 
T-duality, but the dilaton ImS* transforms under the perturbative T-duality ( [411|) . Since 
superstring theories are exact under T-duality order by order in perturbative corrections, 
one expects entropy to be invariant under T-duality. One way of making entropy to be 
manifestly invariant under T-duality is to introduce the invariant dilaton-axion field Spert 
P09| , |338|| which do not transform under T-duality. This motivates the following conjectured 
expression for entropy at one- loop level ||123|| : 



Spert = '^\Zpert\^ = TT (Im Spert) (P(m) b(m) ) • 



(412) 



The perturbative dilaton Iva Spert is understood as follows. The perturbative prepotential 
( [40 7|) leads to the following perturbative Kahler potential ||209 



= - log Us + S) + Vgs{T^, T'")! - log [(T- + f '")r/„„(T- + f ") 



where 



2{h + h)- (T™ + T'^){dT-^h + dfr^h) 



(413) 



(414) 



(T- + f-)r/^„(T" + f") 

is the Green-Schwarz term |[450| , |203| , |124|| describing the mixing of the dilaton with the other 
moduli T"*. From this expression for K, one infers that the true string perturbative coupling 
constant gpert is of the modified form: 



-^ = l{S + S + VGsiT"^,T 

9pert ^ 



(415) 
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One can prove this conjectured form ( [412| ) of the perturbative entropy by solving (|356|) with 
i W^) substituted. 

In the following, as examples of quantum corrections to = 2 black holes, we find 
explicit expressions of entropy for the axion-free (Rez" = 0) solution with special forms of 
the perturbative prepotential. We assume that 2Y^ — ip^ = + = X ^ 0. Note, the 
symplectic magnetic charge in the perturbative basis defined by(^D^) is expressed in terms 
of the charges and gs in the original basis as = •••)• solving the stability 

equation U — Tl = iQ with the following perturbative prepotential 

F{Y) = "''^^l + ^c(r°)^ = ZX^, (416) 

one obtains the following expression for the entropy (Cf. See ( p23| ).): 



- = -2 (go - 2cA) 

TT 



A 

Here, A in ( |417|) is obtained by solving the following equation derived from ( P56| ): 



(417) 



— + 2cA, qa = 



go = =f^ + 2cA, qa = -^dabcpY. (418) 

For the case cp^ ^ 0, one can express A in terms of charges as 

A = M^^L±^, (419) 
Qcp^ 

from which one sees that charges satisfy the following constraint when = 0: 

3p^qo+p''qa = 0. (420) 
For the case c = and go 7^ 0, A is 



A = J'h!^!!^^ (421) 
V Qo 

with the sign ± determined by the condition goA < that the entropy should be positive. 
As a special case, when c = p° = the entropy is 

- = 2JqodabcPyY, (422) 



with the solution having only + 1 independent charges, i.e. g^ = 0. In particular, with 
the cubic prepotential F{Y) = —h^^—^^^ + a ^^J , the entropy ( |422| ) becomes 

S_ 

TT 



- = 2^-go {hp^p^ -a{p^f). (423) 

IT » 



The explicit solution with non-constant scalar fields is obtained by just substituting the 
symplectic charges by the associated harmonic functions in the stabilization equations. For 
the case where the prepotential is the general cubic prepotential, i.e. ( |416| ) with c = 0, the 
solution has the form iSOll: 



ds^ = -e-^^dt^ + e^^dx-dx, e^^ = \/HndabcH^H>'H'', 
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pa 



(424) 



where the harmonic functions in the solution are 
i/"^ = v/2 (/^'^ + ^) , Ho = V2(ho+^f). 



(425) 



Here, the constants /I's are constrained to satisfy the asymptotically flat spacetime condition: 



Aho-Catch'^h'h' = 1, 

D 

and, therefore, the ADM mass of the solution is 



M=^ + Ip'^hoCabch'h'. 
Aho 2 



(426) 



(427) 



When /I's take the values at the horizon expressed in terms of charges as Hq = qq/c and 
j^a ^ pa^^^ ^Yie ADM mass (|427D reduces to the entropy S = 7iM^\min in (|2|). 

As a special case, we consider the following prepotential corresponding to the STU model 
with the a cubic quantum correction: 



For this case, the metric component has the form 

'y \ 'y 'Y' 7^ 



(428) 



(429) 



Note, the quantum correction term acts as a regulator, smoothing out singularity, for example 
those of massless black holes |578|, |3T8|, EHl El |17|, |40|, |08|, |88l, of classical solutions. 



5.6.2 Type-II String on Calabi-Yau Manifolds 



Type-IIA string on a Calabi-Yau three-fold ||115| , |373|| gives rise to = 2 theory with /ii i + 1 
vector fields and /ii^2 + l hypermultiplets {hi i and hi 2 being the Hodge numbers of the three- 
fold), with the additional hyper multiplet and vector field coming from those associated 
with the dilaton and the gravity multiplet, respectively. The moduli in the vector multiplets 
consist of the Kahler-class moduli (a = 1, = /ii,i), where hi^i = dim(if^'^(M, Z)). 



The general form of type-IIA prepotential is 115, 373 



+ 



1 



XC(3) 

2(277)3 ' (27r) 



E 

di,...,dh 



(430) 



where n^^ are the rational instanton numbers of genus and x is the Euler number. 
Here, the prepotential is defined inside of the Kahler cone cr(i^) = {J2a f^Jalt"" > 0}, where 
Ja are the (1, l)-forms of the Calabi-Yau 3- fold M. In the large Kahler class moduli limit 
(t" cxd), only the classical part in the prepotential, which is related to the intersection 
numbers, survives. To the general form (430) of the prepotential, one can add an extra 
topological term which is determined by the second Chern class C2 of the Calabi-Yau 3-fold: 



^ top 



24 



C2 ■ Ja 



M 



C2 A Ja- 



(431) 



110 



The effect of adding such term to the prepotential is the symplectic transformation corre- 
sponding to constant shift of the 6'-angle ||63CI|| (Cf. See the paragraph below (|384|) ). 



In particular, the type-IIA model dual to the Heterotic string on K3 x with n„ = 4 and 
n = 2 (an STUV model) ||117| ] corresponds to the compactification on the Calabi-Yau three- 
fold Pi. ,1,2,6,10(20) ||397|| with /ii 1 = 4 and Euler number x = —372 |7T[. The transformations 



between the moduli in the pair of these type-IIA and heterotic theories are 

= U-2V, = S-T, = T-U, t^ = V, (432) 

and some of the instanton numbers |117|| and the Euler number of the three-fold are 
given in terms of the quantities of the heterotic string by: 

nWk,0A2i+2k+b = -2c2m - b'), X = 2c2(0). (433) 
The cubic intersection-number part of the prepotential is 

+l(ti)3 + 8(ti)2t^ + f{t'y + 2if)H' + %tHH^ 

+2{t^)H^ + 12t\t^f + Qt\t^f + Q{ty. (434) 

In the limit = V = Q (i.e. the STU model of the heterotic string with n = 2), the model 
reduces to the type-IIA string compactified on -Pi, 1,2,8,12 (24) with hi^i = 3 and x = —480. 
The linear topological term, for this case, takes the form: 

^ C2^^A = ^^1 + ^2 ^ = S + T + -U. (435) 
24 6 6 

Entropy Formula For black holes in type-IIA string on a Calabi-Yau 3-fold, entropy 
depends not only on f/(l) charges, but also on the topological quantities of the 3-fold. 

In the following, we consider the double-extreme black holes in the type-IIA superstring 
on a Calabi-Yau 3-fold with the following special form of prepotential: 

yaybyc j 

where Y"' = ZX"^. Note, the prepotential is determined by the classical intersection numbers 
Cabc = —Gdabc and the expansion coefficients C2- Ja = 241^00 of the 2nd Chern class C2 of the 
3-fold. 

Note, the above form of prepotential can be obtained by imposing the symplectic trans- 
formation of the following form on the prepotential without 2nd Chern class terms: 

The general expression for the entropy with p° = = and Woa = is obtained in 



By imposing the symplectic transformation ([437|) , one obtains the following entropy for the 



type-IIA theory with the prepotential ( [43 6|) and the charge configuration p° = = 0: 
S 



2j{qo - WoaP'')dbcdP'P'P''. (438) 
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5.6.3 Higher-Dimensional Embedding 

The above D = A black holes in string theories with the cubic prepotential arise from the 
compactification of the following intersecting M-brane solution 



dsli = ^ 



dudv + Hodu^ + -CabcH^H^H^dx^ + H^uj} , (439) 
6 J 

due to the duality [ |635|| among the heterotic string on K3 x T^, the type-II string on a Calabi- 
Yau 3- fold (CY) and M-theory on CY x ||103| , |261| , |262|| . This solution corresponds to 3 



M5-branes (with the corresponding harmonic functions if", a = 1,2,3) intersecting over a 
3-brane (with the spatial coordinates x), and the momentum (parameterized by the harmonic 
function Hq) flowing along the common string. Here, the intersection of 4-cycles that each 
M 5-brane wraps around is determined by the parameters Cabc and each pair of such 4-cycles 
intersect over the 2-dimensional line element Ua. 

Compactifying the internal coordinates and the common string direction, one obtains the 
following D = 4 solution with spacetime of the extreme Reissner-Nordstrom black hole: 



dsl = ^ dt^ + \ --H'^CabcH'^Hm^dx^. (440) 

l-lH^CabcH-Hm- V 6 



6 2^-Branes 

The purpose of this chapter is to review the recent development in p-branes and other higher- 
dimensional configurations in string theories. (See also |P84|| for another review on this sub- 



ject.) Study of p-branes plays an important part in understanding non-perturbative aspects 
of string theories in string dualities. The recently conjectured string dualities require the 
existence of p-branes within string spectrum along with well-understood perturbative string 
states. Furthermore, microscopic interpretation of entropy, absorption and radiation rates 
of black holes within string theories involves embedding of black holes in higher dimensions 
as intersecting p-brane. 

This chapter is organized as follows. In the first section, we summarize properties of 
single-charged p-branes. In the second section, we systematically study multi-charged p- 
branes, which include dyonic p-branes and intersecting p-branes. In the final section, we 
review the lower- dimensional p-branes and their classification. We also discuss various p- 
brane embeddings of black holes. 

6.1 Single- Charged j9-Branes 

In this section, we discuss p-branes which carry one type of charge. Such single-charged 
p-branes are basic constituents from which "bound state" multi-charged p-branes, such as 
dyonic p-branes and intersecting p-branes, are constructed, p-branes in D dimensions are 
defined as p-dimensional objects which are localized m. D — 1 — p spatial coordinates and 
independent of the other p spatial coordinates, thereby having p translational spacelike 
isometries. Note, the allowed values of {D,p) for which supersymmetric p-branes exist are 
limited and can be determined by the bose-fermi matching condition [Q. (The details are 
discussed in section ^.2.3| .) 
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The effective action for a single-charged p-brane has the form: 



^^^^^ = 2^ / ^""^v^t^ - 



2{p + 2)\ ^+2J. 



(441) 



where kd is the D-dimensional gravitational constant, is the D- dimensional dilaton and 
Fp+2 = dAp^i is the field strength of {p + l)-form potential Ap+i. Here, the parameter a{p) 
given below is determined by the requirement that the effective action ( |441| ) and the cr-model 
action ( [443| ) scale in the same way [p42|] under the rescaling of fields 



2ip+l){p + l] 



4 



2(p+l)(p- 



p+p+2 D-2 
where p ~ D — p — 4 corresponds to spatial dimensions of the dual brane. 



(442) 



6.1.1 Elementary p-Branes 

Electric charge of {p + l)-form potential Ap^i in Id{p) is carried by the "elementary" p- 
brane. The "elementary" p-brane has a (5-function singularity at the core, requiring existence 
of singular electric charge source for its support so that equations of motion are satisfied 
everywhere. Namely, the electric charge carried by the "elementary" p-brane is a Noether 
charge with the Noether current associated with the p-brane worldvolume cr-model action: 



-J^TTy'^'"'^"^'^''^^'' ■ ■■9^„^.X^''"''AM,...M,^,], (443) 

where X^^(^*) (M = 0,1,.. .,D — l;i = 0,1,. ..,p) is the spacetime trajectory of p-branes, 
Tp is the elementary p-brane tension, 7ij(0 [gMNi^)] is the worldvolume [spacetime] metric 
and Ap+i = AMi-Mp+idX^ A ■ ■ ■dX^'^^. The metric qmn in (|443|) is related to the canonical 
metric (7^jv in the Einstein-frame effective action ( [44 1|) through the Weyl-rescaling qmn = 
^a(p)cf>/{p+i) gcmi^^ Xhe "elementary" p-brane is a solution to the equations of motion of the 
combined action Id{p) + Sp. In particular, field equation and Bianchi identity of Ap^i are 

rf^ (e-«(p)'/'Fp+2) = 24(-l)(^'+i)' ^ Jp+i, dFp+2 = 0, (444) 
where the electric charge source current Jp+i = J^'^^"'^^^+^dXM^ A ■ ■ ■ A dXM^^+i is 

jAh-M,+,^^-^ = Tp / d'P+\e''-''^+'di,X^'' ■ ■ ■ \^,X^^^+' ^^^^~^\ (445) 



Here, i< denotes the Hodge-dual operator in D dimensions, i.e. -A^D-d ^ 

^^Mi-Md-j/^^^^^^^ ^j^j^ alternating symbol e^^-^d defined as eOi-^-i = 1. The 
Noether electric charge is 



[ {^J)d-p-i = ^— I e-"(^)*^Fp+2, (446) 



V2kd 

where S*^"*"^ surrounds the elementary p-brane 
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In solving the Euler-Lagrange equations of the combined action Id{p) + Sp to obtain 
the elementary p-hrane solution, one assumes the Pp+i x SO{D — p — 1) symmetry for 
the configuration. Here, Pp+i is the {p + l)-dimensional Poincare group of the p-brane 
worldvolume and SO{D —p—1) is the orthogonal group of the transverse space. Accordingly, 
the spacetime coordinates are splitted into x^^ = {x^,y"^), where /z = 0,...,p and m = 
p+1, D — 1. Due to the Pp+i invariance, fields are independent of x^, and SO{D —p — 1) 
invariance further requires that this dependence is only through y = y/SmnV^y^- In solving 
the equations, it is convenient to make the following static gauge choice for the spacetime 
bosonic coordinates of the p-brane: 

X'' = ^^'^ = constant, (447) 

where /i = 0, 1, ...,p [m = p + 1, D — 1] corresponds to directions internal [transverse] to 
the p-brane. The general Ansatz for metric with Pp+i x SO{D — p — symmetry is 

ds^ = e^^^y^^^dx^'dx" + e^^^y^dmndy'^dy''. (448) 

By solving the Euler-Lagrange equations with these Ansatze, one obtains the following so- 
lution for the elementary p-brane: 

ds^ = f{y)~^^^r]^^dx''dx'' + f{y)^^6„,ndy"'dy'^, 

= e^^fiy)-^, A,,...,^^, = -—e,^...^^^J{y)-\ (449) 

where is the determinant of the metric g^^, and f{y) is given by 

1 _|_ ^ K^ip 1 ^ ^ _1 

m = ^' ^ • (450) 

ll-- ^Iny, p=-l 

By solving the Killing spinor equations with the Pp+i x SO{D — p—1) symmetric field 
Ansatze, one sees that the extreme "elementary" p-brane preserves 1/2 of supersymmetry 
with the Killing spinors satisfying the constraint: 

(l-f)£ = 0, (451) 

where 

f = ^__L__^ion-.p5^^j^Mo5^^^M, . . . 9,^X*^-rMoM,...Af„ (452) 



(p+l)!y=^ 

which has properties = 1 and TrF = that make |(1 ± F) a projection operator. 
This originates from the fermionic /t-symmetry of the super-p-brane action. The extreme 
"elementary" p-brane ( [449D saturates the following Bogomol'nyi bound for the mass per unit 
area Mp = J d^~P~^y9oo: 

«:D-Mp>^|gp|e'^(^)*»/^ (453) 

where 9mn is the total energy- momentum pseudo-tensor of the gravity-matter system. 
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6.1.2 Solitonic p-Branes 

The magnetic charge of Ap+i is carried by a sohtonic p-brane, which is topological in nature 
and free of spacetime singularity. Since magnetic charges can be supported without source 
at the core, solitonic p-branes are solutions to the Euler-Lagrange equations of the effective 
action loip) alone. The "topological" magnetic charge Pp of Ap+i is defined as 

where 5*^+^ surrounds the solitonic p-brane. The magnetic charge Pp is quantized relative to 
the electric charge Qp via a Dirac quantization condition: 

^ = neZ. (455) 
47r 2' ^ ^ 

Solitonic p-brane solution has the form: 

9 p+1 p+1 

ds^ = g{y) p+p+^ri^^dxf'dx" + g{y)p+p+''Smndy"'dy'', 

= e^'giy)"^, = v^/^DPp£p+2/^^p+2, (456) 

where £p+2 is the volume form on S^'^'^ and g{y) is given by 

^ 2(p+l) j_ 

The "solitonic" p-brane ( [45 6|) preserves 1 /2 of supersymmetry and saturates the following 
Bogomol'nyi bound for the ADM mass per unit p-volume: 

> ^li'ple-"^^)*'/^. (458) 
v2 

Note, the sign difference in dependence of the mass densities ( |453| ) and ( |458| ) on the 
dilaton asymptotic value (pQ. So, in the limit of large (f)o, the mass density A4p [Aip] is large 
[small], and vice versa. 

6.1.3 Dual Theory 



We consider the theory whose actions Id{p) and Sp are given by ( |441|) and ( 443 ) with p 



replaced hj p = D — p — 4. So, in this new theory, p-branes carry electric charge Qp and 
p-branes carry magnetic charge Pp of {p + l)-form potential Ap^i. 

Since a p-brane from one theory and a p-brane from the other theory are both "elemen- 
tary" (or "solitonic"), it is natural to assume that these branes are dual pair describing the 
same physics. One assumes that the graviton and the dilaton in the pair actions are the 
same, but the field strengths Fp^2 and Fp+2 are related by = e~"'^^'^ -k Fp^2- (Thereby, 
the role of field equations and Bianchi identities are interchanged.) Then, it follows that 
since Qp = Pp and Pp = Qp the Dirac quantization conditions for electric/magnetic charge 
pairs {Qp^Pp) and {Qp,Pp) lead to the following quantization condition for the tensions of 
the dual pair "elementary" p-brane and p-brane: 

K^TpTp = \n\7r. (459) 
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By performing the Weyl-rescaling of metrics to the string-frame, one sees that the p-brane 
[p-brane] loop counting parameter Qp [gp\ is 

(g-2)a(p) J. (D-2)a(p) ^ 

= e Qp = e (460) 

with a{p) = —a{p). It follows that the brane loop counting parameters of the dual pair are 
related by 

ig^r' = l/{9p)'^'- (461) 

Thus, the strongly [weakly] coupled p-branes are the weakly [strongly] coupled p-branes. In 
particular, a string (p = 1) in D = 6 are dual to another string (p = 6 — 1 — 4 = 1), thereby 
strongly [weakly] coupled string theory being equivalent to weakly [strongly] coupled dual 
string theory. Other interesting examples are membrane/fivebrane dual pair in D = 11, 
string/fivebrane dual pair in D = 10, self-dual 3-branes in D = 10 and self-dual 0-branes in 
D = 4. Note, in D = 11 supergravity strong and weak coupling limits do not have meaning 
due to absence of the dilaton. 



6.1.4 Blackbranes 



We discuss non-extreme generalization of BPS "solitonic" p-brane in section |6.1.2| . Such 



solution is obtained |[464|| by solving the Euler-Lagrange equations following from loip) with 
R X SO{p + 3) X E{p) symmetric field Ansatze. The non-extreme p-brane solution is 



a(p)^ -I 



p+l 



+^2^2(p+i)^^2_^^ + A'_+'+'dx'dx,, 



-20 = A"J^\ F,+2 = (p+l)(r+r_)^e,+2, (462) 
where A± = 1 — {^Y'^^ and i = 1, ■■■,P- The magnetic charge Pp and the ADM mass per 



unit p- volume M.p of ( [46 2| ) are 



Pp = ^(P+ 1)(-+--)'^' -Mp = ^^^P + - ^-^']- (463) 



The solution ( [46 2| ) has the event horizon at r = r_^. and the inner horizon at r = r_, 
and therefore is alternatively called "black" p-brane. The requirement of the regular event 
horizon, i.e. r+ > r_, leads to the Bogomol'nyi bound \/2Aip > \Pp\e~°'^^^'^°^'^. 

In the limit r_ = 0, and Ap^i become trivial, i.e. Pp = 0, and spacetime reduces to the 
product of {D — p)-dimensional Schwarzschield spacetime and fiat R^. In the extreme limit 
(r+ = r^), the symmetry is enhanced to that of the BPS p-brane, i.e. Pp+i x SO{p + 3), 
since gu = gxix,- Such extreme solution is related to the BPS solution ([45 6[) through the 
change of variable y^^^ = r^^^ — r^_^^. In the extreme limit, the event-horizon and the 
singularity completely disappear, i.e. becomes soliton with geodesically complete spacetime 
in the region r > r+ = r_. 
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6.2 Mult i- Charged j9-Branes 



In this section, we discuss p-branes carrying more than one types of charges. These p-branes 
are "bound states" of single- charged p-branes. Muhi-charged p-branes are classified into two 
categories, namely "marginal" and "non-marginal" configurations. The "marginal" (BPS) 
bound states have zero binding energy and, therefore, the mass density M is sum of the 
charge densities Qi of the constituent p-branes, i.e. M = J2iQi- Such bound states with n 
constituent p-branes preserve at least (|)" of supersymmetry. The marginal bound states in- 
clude intersecting and overlapping p-branes. The "non-marginal" (BPS) bound states have 
non-zero binding energy and the mass density of the form = J2iQi- The quantized 
charges Qi of "non-marginal" bound states take relatively prime integer values. In general, 
non-marginal p-brane bound states are obtained from single- charged p-branes or marginal p- 
brane bound states by applying the SL{2, Z) electric/magnetic duality transformations and, 
therefore, preserve the same amount of supersymmetries as the initial p-brane configura- 
tions (before the SL{2, Z) transformations). In particular, intersecting p-branes are further 
categorized into orthogonally intersecting p-branes and p-branes intersecting at angles. 



6.2.1 Dyonic p-Branes 

In D = 2p+4, i.e. dimensions for which p = p, p-branes can carry both electric and magnetic 
charges of Ap^i. Examples are dyonic black holes {p = 0) in D = 4; dyonic strings (p = 1) 
in D = Q] dyonic membranes {p = 2) in D = 8. Such dyonic p-branes can be constructed by 
applying the D = 2(p + 2) SL{2, Z)em electric/magnetic duality transformations on single- 
charged p-branes. These dyonic p-branes have Pp+i x SO{D — p — 1) symmetry and are 
characterized by one harmonic function, just like single- charged p-branes, since the SL{2, Z) 
transformations leave the Einstein-frame metric intact. In particular, in D = 2 mod 4, the 
(p-|-2)-form field strengths satisfy a real self-duality condition -Fp_|_2 = — and, thereby, 

electric and magnetic charges are identified, i.e. Qp = —Pp. 

The SL{2, Z)em electric/magnetic duality transformations of 2fc-form field strength 
in D = 4k can generally be understood as the moduli transformations of D = [Ak + 2) 



theory compactified on T [pll|| . We consider the following D = {Ak + 2) action 



I(4k+2) = J d^^^^x^/^n + a J[dC AH A i<H], (464) 

where C is a {Ak + 2)-form potential with the field strength H = dC. We compactify the 
action ([464]) on with the following Ansatze for the fields 



ds^{Mik+2) = (is^(M4fe) H {Irl^dy^ + 2ReTdxdy + dx^), 

Imr 

C = Bdy + Adx, H = Gy + Fdx, (465) 

where r is the moduli parameter of T^, {x,y) are coordinates of (i.e. x ^ x + 1 and 
y ~ y + 1), and A, B [F, G] are {2k — l)-forms [2fc-forms] in D = Ak. By applying the 
self-duality condition ||625|| of H., one finds that 2A;-form G is an auxiliary field, which can 
be eliminated by its field equation as G = Imr -k F — Rer F, and one finds that F = dA. 
The final expression for the D = Ak action is 



'4fc 



/<;-.V-9[R-i(^]+a./FAG. (466) 
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where a real constant a is, in the convention of ||388|| , given by a = 2[(2A;)!]^^. The complex 
scalar r, which is expressed in terms of real scalars p and a as r = 2p + ie^^'^, parameterizes 
the target space manifold }A = SL{2, Z)\SL{2, R)/f/(l), which is the fundamental domain 
of SL{2, Z) in the upper half r complex plane. Here, U{1) is a subgroup of SL{2, R) which 
preserves the vacuum expectation value (r). The field equations are invariant under the 
following SL{2,'R,)em electric/magnetic duality transformation of F: 



. 1 ar + b , fa h 



iF,G)^iF,G)A-\ r^—^; A = [^^^ E SLi2,R). (467) 

Note, this SL{2, Z)em transformation is not S'-duality of string theories, since a is not the 
D = 4k dilaton. (In ( |464| ) , the dilaton is set to zero.) The following electric Q and magnetic 



P charge densities form an SL{2,II)em doublet: 

Q = ^Ig, P = ^If (468) 

This SL{2, R) em transformation on single- charged {2k — 2)-branes yields {2k — 2)-branes 
which carry both electric and magnetic charges of A2k-i- Such dyonic p-branes preserve 1/2 
of supersymmetry. Charges {Q, P) and {Q', P') of two dyonic {2k — 2)-branes satisfy the 
generalized Nepomechie-Teitelboim quantization condition [[482| , |591|| : 

QP' - Q'P e Z. (469) 

When such dyonic {2k — 2)-branes are uplifted to -D = {Ak + 2) through ([465|) , the 
solutions become self-dual {2k — l)-branes |p38| , p30|| . The electric and magnetic charges 
of the dyonic {2k — 2)-branes are interpreted as winding numbers of the self-dual {2k — 1)- 
branes around the x and y directions of T^. The dyonic {2k — 2)-branes {k = 1, 2) uplifted 
to D = 11 describe p-brane which interpolates between the M2-brane and the M5-brane, 
i.e. a membrane within a 5-brane (2|2m,5m)- 

In the following, we specifically discuss the k = 2 case | |388| , ^11[ . The associated action 



(( ^466| ) with = 2) is type-IIB effective action (|155| ) consistently truncated and compactified 



to D = 8. The N = 2, D = 8 supergravity has an SL{3, R) x SL{2, R) on-shell symmetry, 
whose S'L(3, Z) x 5'L(2, Z) subset is the conjectured ?7-duality symmetry of D = 8 type- 
II string. The R-R 4-form field strength and its dual field strength transform as (1,2) 
under 5'L(3,R) x SL{2,'R). This [/-duality group contains as a subset the S'0(2,2,Z) = 
[SL{2, Z) X SL{2, Z)]/Z2 T-duality group. The SL{2, Z) factor (in SL{3, Z) x SL{2, Z)) is 
the electric/magnetic duality ( [467| ), which is a subset of "perturbative" T-duality group. All 
the "non-perturbative" transformations are contained in the SL{3, Z) factor. 

The following dyonic membrane solution with (r) = i is obtained by applying the U{1) C 
SL{2, IV)em transformation with a parameter ^ to purely magnetic membrane: 



^ cos e ( *dH) + ^ sin e dH~^ A e{M^) 



^ sin{20{l-H)+2^H-. 

2(sin2e + //cos2 ' ^ ^ 

where (is^(M^) [(is^(E^)] is the metric of D = 3 Minkowski space [the 5-dimensional 
Euclidean space E^], e(M^) is the volume form of M^, -k is the Hodge-dual operator in E^ 
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and if is a harmonic function given by ([45 7|) with p = 2. Here, U{1) is the subgroup of 
SL{2,II)em that preserves (r) = i. In the quantum theory, the U{1) group breaks down 
to Z2 due to Dirac quantization condition, resulting in either electric or magnetic solutions 
when applied to purely magnetic solution. (But the solution in ( |470| ) with an arbitrary ^ 
satisfies the Euler-Lagrange equations following from ( [46 6|) and, therefore, can be taken as 
an initial solution to which the "integer- valued" duality transformations are applied.) 

To generate dyonic solutions with an arbitrary (r) and are relevant to the quantum 
theory, one has to apply the full SL{2,'Ei)EAi transformation to ( [47U[ ). The pair of electric 
and magnetic charges of such dyonic solutions take co-prime integer values. The ADM mass 
density of this extreme dyonic membrane saturates the Bogomol'nyi bound: 



1 r 



e2<'^>(g + 2(p)P)2 + e-2Hp2 



(471) 



and therefore 1/2 of supersymmetry is preserved. 

When uplifted to D = 10, this dyonic membrane becomes the following self-dual 3-brane 
of type-IIB theory 



"■5(10) 



■ [ds\M^) + dv^] + m [ds\^^) + du" 



H 

^{*dH) Adu + \dH~^ A e{m^) 



A dv. 



(472) 



where the coordinates (u, v) are related to the coordinates (x, y) in ([465[) through (y, x) = 
{v,u)A~^ [A G SL{2,Z)). The electric and magnetic charges of the above D = 8 dyonic 
membrane are respectively interpreted as the winding numbers of this D = 10 self-dual 
3-brane around x and y directions of T^. 

The D = 8 dyonic membrane ( [470| ) uplifted to D = 11 is a special case of orthogonally 
intersecting M-brane interpreted as a membrane within a 5-brane (2|2jv/,5m): 



"■^(ii) 



^(11) 



//^(sin^e + i/cos^O^ [H-^ds\M^) 
+ (sin^ ^ + H cos^ 0~^ds{E^) + ds^E^) 

^cos ^ *dH +^ sin ^ dH~^ A e(M^) 



3 sin 2^ 



2[sin^^ + i7cos2 ^] 



:dHAe(E^ 



(473) 



This M-brane bound state interpolates Q between the M 5-brane and the M 2-brane as ^ is 
varied from to |. As long as magnetic charge is non-zero (^ 7^ 0), ( |473| ) is non-singular, 
thereby singularity of the D = 8 dyonic membrane ( [470[ ) is resolved by its interpretation in 
D = 11. By compactifying an extra spatial isometry direction of ( [473| ) on S^, one obtains 
3 different types of dyonic p-branes in type-IIA theory: {i) a membrane within a 4-brane 
(2|2, 4), (ii) a membrane within a 5-brane (2|2, 5) and {in) a string within a 4-brane (1|1, 4). 

One can construct dyonic p-branes in D ^ 2{p + 2) hj compactifying purely electric or 
purely magnetic p-branes down to D = 2{p+2) (or D = 2{p+2)), applying electric/magnetic 

■^^The above procedure can be applied to intersecting p-branes to generate p-brane bound states which 
interpolate between different intersecting p-branes, e.g. the interpolation between the intersecting two {p+2)- 
branes and the intersecting two p-branes; the interpolation between the intersecting p-brane and (p+2)-brane 
and the intersecting (p + 2)-brane and p-brane |15f |. 
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duality transformations of p-branes (or p-branes) in D = 2{p + 2) (or D = 2(p + 2)), and then 
uplifting the dyonic solution to the original dimensions. In particular, the Z2 subset of the 
D = 2{p + 2) (or D = 2(p + 2)) electric/magnetic duality transformations relates electric p- 
brane and magnetic p-brane. Thus, the elementary p-brane in D ^ 2{p + 2) is interpreted as 
the electrically charged partner of magnetic p-brane, establishing electric/magnetic duality 
between electric "elementary" p-brane and magnetic "solitonic" p-brane in D ^ 2{p + 2). To 
enlarge this Z2 electric/magnetic duality symmetry in D = 2(p + 2) (or D = 2{p + 2)) to the 
SL{2, Z) symmetry so that one can generate dyonic p-branes from single- charged p-branes, 
one has to turn on a pseudo-scalar field. For example, the dyonic 5-brane in D = 10 type-IIB 
theory is constructed in |j72| by applying the SL{2,Z)jjb x SL{2,Z)em transformation of 
the truncated type-IIB theory in D = 6. (This ^0(2, 2) = SL{2, Z)iib x SL{2, Z)em group 
is a subgroup of SO{5,5) [/-duality group of type-II string on T^.) There, it is found out 
that non-zero R-R fields (which are related to the pseudo-scalar field) are needed for the 
solution to have both electric and magnetic charges. 

The type-IIB SL{2, Z)jjb S'-duality transformation leads to dyonic p-brane whose electric 
and magnetic charges coming from different sectors (NS-NS/R-R) of string theory. General 
dyonic solutions where form fields carry both electric and magnetic charges are generated 



by additionally applying the SL{2,Z)em electric/magnetic transformation in D = 6 [[7^ . 
In particular, the electric/magnetic duality transformation that relates the solitonic 5-brane 
and elementary 5-brane is the product of {Z2)nB and {Z2) em transformations. Such dyonic 
5-brane solutions preserve 1/2 of supersymmetry. 



We comment on generalization of dyonic p-branes discussed in this section. In [ 230 
general dyonic p-branes within consistently truncated heterotic string on T^, where truncated 
moduli fields are parameterized by 3 complex modulus parameters T^^^ [i = 1, 2, 3) of 3 
in T^, is constructed. Thereby, the 0(6,22, Z) T-duality symmetry of heterotic string on 

is broken down to SL{2, Z)^. The general class of multi-charged p-brane solution is 
then characterized by harmonic functions each associated with T*^*^ and the dilaton-axion 
scalar 5*. Such solutions break more than 1/2 of supersymmetry. With trivial S, (|)" of 
supersymmetry is preserved for n non- trivial T^'\ With non-trivial S, additional 1/2 of 
supersymmetries is broken unless all of T*^*^ are non-trivial. With all T*^*^ non-trivial, (|)^ 
or none of supersymmetry is preserved, depending on the chirality choices. In particular, a 
special case of general class of solution with 5* and only one of T^^^ non-trivial corresponds to 
generalization of D = 6 self-dual dyonic string, when such solution is uplifted to D = 6. This 
dyonic solution is parameterized by 2 harmonic functions, which are respectively associated 
with electric and magnetic charges of 2-form potential. In the self-dual limit, i.e. when 
the electric and magnetic charges are equal, the solution becomes the D = Q self-dual 
dyonic string. Within the context of non self-dual theory, the solution preserve only 1/4 of 
supersymmetry, whereas as a solution of self-dual theory it preserve 1/2 of supersymmetry. 



6.2.2 Intersecting p-Branes 

Constituent p-Branes Before we discuss intersecting p-branes, we summarize various 
single-charged p-branes in D = 10, 11, which are constituents of intersecting and overlap- 
ping p-branes. These p-branes are special cases of "elementary" p-branes and "solitonic" 
p-branes discussed in section |6.1| . They are characterized by a harmonic function H{y) in 
the transverse space (with coordinates i/p+i, ...,yD-i) and break 1/2 of supersymmetry. 
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D = 11 supergravity has 3- form potential. So, the basic p-branes (called Mp-branes) 
are an electric "elementary" membrane and a magnetic "solitonic" fivebrane: 

ds^ = Hj,P+'^/'[H-\-de + dxl + --- dxl) + {dyl^^ + ■ • ■ + dyl^)l 
^tx^x^vo. = -2^yo.H~\ a = 3, 10 (for p = 2), 

^y.,-y.^ = ^^a,-aAc,Hp, a, = 6, ...,10 (for p = 5), (474) 

where c = 1(— 1) for (anti-) branes and harmonic function Hp = 1 + |^_^^^8-p is for Mp-brane 
located at the {0, 1, ...,p} hyperplane at = ?/g. The Killing spinor e of these M p-branes 
satisfies the following constraint: 

roi...pe = ce, (475) 

where Foi-.p = ToFi ■ ■ ■ Fp is the product of fiat spacetime gamma matrices associated with 
the worldvolume directions. 

In D = 10, there are 3 types of p-branes, depending on types of charges that p-branes 
carry. The electric charge of NS-NS 2-form potential is carried by NS-NS strings (or funda- 
mental strings): 

ds^ = H-\-dt^ + dx^) + dyl + ■ ■ ■ + dyl e^''' = H-\ (476) 
The magnetic charge of NS-NS 2-form potential is carried by NS-NS 5-branes (or solitons): 

ds'^ = -dt^ + dxl + --- + dxl + H{dyl + --- + dyl), e^^ = H. (477) 

The charges of R-R (p + l)-form potentials are carried by R-R p-branes: 

ds^ = H-^/\-df + dxl + --- + dxl) + H^/\dyl^^ + --- + dyl), 

e^^ = jr^^^,,,^^^^ = d^^H-\ (478) 

where p = 0,2,4,6 [p = 1,3,5,7] for R-R p-branes in type-IIA [type-IIB] theory. These 
R-R p-branes of the effective field theory are long distance limit of Dp-branes in type-II 
superstring theories ||193|| : the transverse [longitudinal] directions of R-R p-branes correspond 
to coordinates with Dirichlet [Neumann] boundary conditions. 

The Killing spinors of D = 10 p-branes satisfy one constraint. The left-moving and the 
right-moving Major ana- Weyl spinors ei and ept have the same [opposite] chirality for the 
type-IIB [type-IIA] theory, i.e. TioeL,R = eL,R [TweL = ei and rioe^ = -e^]. So, spinor 
constraints are different for type-IIA/B theories: 

• NS-NS strings: cl = ToiCl, = -ToitR 

• IIA NS-NS fivebranes: = Toi-.-seL, eR = Toi....^eR 

• IIB NS-NS fivebranes: ei = Toi-seL, = -Tqi^.^cr 

• R-R p-branes: = Foi-.-pe/j. 
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Whereas in type-II superstring theories there are Dp-branes with p = —1, 0, 9, R-R p- 
branes in massless effective field theories cover only range p < 6. So, there is no place in the 
massless type-II supergravities for R-R 7- and 8-branes0. Although the R-R 7-brane in type- 



IIB theory can be related to 8- form dual of pseudo-scalar of type-IIB theory |p93|| , it cannot 
be T-dualized to R-R p-branes in type-IIA theory since it is specific to the uncompactified 
type IIB theory, only. In W^, it is proposed that D p-hranes of type-II superstring theories 



with p > 6 can be realized as R-R p-branes of massive type-II supergravity theories. In the 
following, we discuss R-R 7- and 8-branes in some detail, since their properties and T-duality 
transformation rules are different from other R-R p-branes. 

The R-R 8-brane is coupled to 9-form potential. The introduction of 10-form field 
strength into the theory does not increase the bosonic degrees of freedom (therefore, is not 
ruled out by supersymmetry consideration), but leads to non-zero cosmological constant. 



In fact, the massive type-IIA supergravity constructed in p04|| contains such cosmological 



constant term. It is argued ||498|| that the existence of the massive type-IIA supergravity 



with the cosmological constant is related to the existence of the 9-form potential of type- 



IIA theory. In [^], new massive type-IIA supergravity is formulated by introducing 9-form 
potential Ag whose 10-form field strength Fio = lOdAg is interpreted as the cosmological 
constant once Hodge- dualized. (Note, the cosmological constant m in the massive type-IIA 
supergravity is independent of the dilaton in the string-frame, which is typical for terms in 
R-R sector.) In this new formulation, the cosmological constant m is promoted to a field 
M{x) by introducing Ag as a Lagrange multiplier for the constraint dM = that M{x) = m 
is a constant: the field equation for M{x) simply determines the new field strength Fio, while 



the field equation for Ag implies that M{x) = m. It is conjectured in [[154|| that the mas- 
sive type-IIA supergravity is related to hypothetical i7-theory in = 13 through the 
Scherk-Schwarz type dimensional reduction (see below for the detailed discussion), rather 
than to M-theory. The conjectured type-IIB Sl{2, Z) duality requires the pseudo-scalar x 
to be periodically identified (x ~ X + 1); which together with T-duality between massive 
type-IIA and type-IIB supergravities implies that the cosmological constant m is quantized 
in unit of the radius of type-IIB compactification circle, i.e. m = (ra G Z). 

The massive type-IIA supergravity admits the following 8-brane (or domain wall) as a 
natural ground state solution: 

ds'^ = H-^^^dx^dx" + H^dy"^, e"^"^ = H\ (479) 

and the Killing spinor e satisfies one constraint F^e = ±e. The form of harmonic function 
H[y), which is linear in y, depends on M{x). When M{x) = m everywhere, H = m\y — yol, 
with a kink singularity at y = y^. When M(x) is locally constant, the corresponding solution 
is interpreted as a domain wall separating regions with different values of M (or cosmological 
constant). An example is H = —Q-y + b [H = Q^y + b] for y < [y > 0], where 8-brane 
charges Q± are defined as the values of M as ?/ — >• itoo and b is related to string coupling 
constant e'^ at the 8-brane core. This 8-brane solution is asymptotically left-flat [right-flat] 
when Q_ = [(5+ = 0]. The multi 8-brane generalization can be accomplished by allowing 
kink singularities of H at ordered points y = yo < yi < ■ ■ ■ < yn- 

The R-R 8-brane of massive type-IIA supergravity can be interpreted as the KK 6-brane 
of D = 11 supergravity Namely, after the R-R 8-brane is compactified to 6-brane in 

"^^R-R 9-brane of type-IIB theory is interpreted as = 10 spacetime. 
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D = 8, the 6-brane can be lifted as the R-R 6-brane of mass/ess type-IIA supergravity, which 
is interpreted as the KK monopole of M-theory on ||601 . 



Under the T-duahty, the R-R 8-brane is expected to transform to R-R 7-brane or 9- 
brane in type-IIB theory. First, T-duahty transformation of massless type-II supergravity 
along a transverse direction of the R-R 8-brane leads to the product of and D = 9 
Minkowski spacetime, which is 9-brane. (Note, the direct dimensional reduction requires 
H to be constant.) Second, T-duality transformation leading to type-IIB 7-brane is much 
involved and we discuss in detail in the following. 

T-duality transformation involving massive type-IIA supergravity requires construction 
oi D = 9 massive type-IIB supergravity. D = 9 massive type-IIB supergravity is obtained 
from massless type-IIB supergravity through the Scherk-Schwarz type dimensional reduction 
procedure [^28|| , i.e. fields are allowed to depend on internal coordinates. This is motivated 
by the observation that the 'Stiickelberg' type symmetry, which fixes the m-dependence 
of field strengths in type-IIA supergravity, is realized within type-IIB supergravity as a 
general coordinate transformation in the internal direction, which requires some of R-R 
fields to depend on the internal coordinates. Namely, an axionic field xi^^ ^) R-R 
0-form field) is allowed to have an additional linear dependence on the internal coordinate 
z, i.e. xi^y^) ~^ + x{^): where x is the lower-dimensional coordinates. Since x appears 
always through dx in the action, the compactified action has no dependence on the internal 
coordinate z. The result is the massive supergravity with cosmological term. 

The massive type-IIA supergravity compactified on through the standard KK pro- 
cedure is related via T-duality to the massless type-IIB supergravity compactified on 
through the Scherk-Schwarz procedure. This massive T-duality transformation generalizes 



those of massless type-II supergravity in |]81| . The explicit expression for m-dependent cor- 
rection to the T-duality transformation can be found in Under the massive T-duality, 
the type-IIA 8-brane transforms to the type-IIB 7-brane, which is the field theory realiza- 
tion of D 7-brane of type-IIB superstring theory. By applying the T-duality of massless 
type-II supergravities to this 7-brane, one obtains a 6-brane of type-IIA theory, whereas 
transformation to 8-brane of type-IIA theory requires the application of massive T-duality. 

This generalized compactification Ansatz for x is a special case of the generalized 
compactification on a rf-dimensional manifold where an {n — l)-form potential v4„_i 
[n < d) for which n-th cohomology class if"(Mrf, R) of is non-trivial is allowed to 
have an additional linear dependence on the (n — l)-form ujn-i{z), i.e. An-i{x,z) = 



mun-i{z) + standard terms ||154| , [443|| . (All the other fields are reduced by the standard 



KK procedure.) Here, duOn-i represents non-trivial n-th cohomology of M^. (In the case of 
compactification of type-IIB theory on S^, the cohomology dz is the volume form on S^.) 
Since A„_i appears in the action always through dAn-i, the lower- dimensional action de- 
pends on An-i only through its zero mode harmonics on Ma, only. The constant m manifests 
in lower dimensions as a cosmological constant and, thereby, the compactified D-dimensional 
action admits domain wall, i.e. {D — 2)-brane, solutions. The general pattern for mass gen- 
eration is as follows. First, the KK vector potentials always become massive. Second, a 
field that appears in a bilinear term in the Chern-Simons modification of a higher rank 
field strength acquires mass if it is multiplied by An-i (with general dimensional reduction 
Ansatz). Third, when axionic field Aq''^^ associated with D = 11 3- form potential Amnp 
is used for the Scherk-Schwarz reduction, the lower- dimensional theory contains a topolog- 
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ical mass term. In these mechanisms, the fields associated with the Stiickelburg symmetry 
(under which the eaten fields undergo pure non-derivative shift symmetries) get absorbed 
by other fields to become mass terms for the potentials that absorb them. The consistency 
of the theory requires that the fields that are eaten should not appear in the Lagrangian. 



Note, whereas the original Scherk-Schwarz mechanism ||528|| is designed to give a mass to the 
gravitino, thus breaking supersymmetry, and do not generate scalar potentials, in our case 
a cosmological constant is generated and the full supersymmetry is preserved j^. 

In addition to single- charged p-branes, there are other supersymmetric configurations 
which are basic building blocks of p-brane bound states. These are the gravitational plane 
fronted wave (denoted 0^), called 'pp-wave', and the KK monopole (denoted 0^). Their 
existence within p-brane bound states are required by duality symmetries. 

First, the KK monopole in D = 11 is introduced [|601|] in an attempt to give D = 11 



interpretation of type-IIA D 6-brane ||367|| . The KK monopole is the magnetic dual of the 



KK modes of D = 11 theory on S^, which is identified as R-R 0-brane (electrically charged 
under the KK U{1) gauge field) | |635| . The D = 11 KK monopole, which preserves 1/2 of 



supersymmetry, has the form: ||601 



dsj^ = -df + dy-dy + Vdx ■ rfx + V'^dx^^ - A ■ rfx)^ (480) 

where y [x] is the coordinates of the Euclidean space [R-^]; V = 1 + ^ {p = v^x ■ x) 
and a 1-form potential A, satisfying V x A = W, has the field strength F = fie2, where 
62 is the volume form on S"^. The singularity of ( |480|) at p = is a coordinate singularity, 
which is removed once the coordinate x^^ is periodically identified with the period Anfi. By 
compactifying the solution ( |48CI| ) along x^^ on 5*^, one obtains R-R 6-brane in type-IIA theory 



(carrying magnetic charge /i), which is completely non-singular. When (|480|) is reduced along 
a direction in R®, one has the KK monopole in D = 10. 

Second, the pp-wave, which preserves 1/2 of supersymmetry, plays as important role as 
p-branes. First of all, string dualities require the existence of pp-wave within the string spec- 
trum. Namely, T-duality on type-IIA [type-IIB] fundamental string along the longitudinal 
direction yields a pp-wave in type-IIB [type-IIA] theory ||359| , |370|] . Furthermore, the type- 



IIA D 0-brane has pp-wave as its image in D = 11, with the momentum of pp-wave identified 
as the D 0-brane charge. When pp-wave is compactified along a transverse direction, one 
has pp-wave in Z) = 10. The pp-wave propagating in y-direction has the form: 

ds'^ = dudv + W{u, y.)du^ + rfx ■ c?x, dlW = 0, u,v = y±t. (481) 

The pp-wave is constructed in the following way. One imposes a Lorentz boost {t, y) 
(t cosh f3 + y sinh /3, x cosh (3 + t sinh (3) on the Schwarzschield solution and takes the extreme 
limit, i.e. infinite boost (boost with the speed of light) and zero Schwarzschield mass limit 
292|| . Then, one obtains pp-wave solution with W = where n G Z+ depends on D and 



the numbers of isometry directions of the configuration. More general solution is obtained 
by replacing W = by W{u,x). In particular, the choice W = fi{u)x^ corresponds to 
wave with the profile propagating along y; an asymptotic observer, however, observes 
pp-wave with W = and Q ~ ([/ dufi{u)Y). When the Lorentz boost is imposed on a 
black p-brane and extreme limit is taken, one has a bound state of a p-brane and pp-wave. 
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But the Scherk-Schwarz reduced theories have smaller symmetry than those reduced via the standard 



KK procedure |154| 
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Orthogonally Intersecting p-Branes From single- charged p-branes, one can construct 
"marginal" bound states of p-branes by applying general intersection rules. The "marginal" 
bound states are called orthogonally "overlapping" ["intersecting"] p-branes if the constituent 
p-branes are separated [located at the same point] in a direction transverse to all of the p- 
branes. We denote the configuration where a (p + r)-brane intersects with a (p + s)-brane 
over a p-brane as {p\p + r,p + s) | [493|| . We add subscripts {NS, R, M) in this notation to 
specify types of charges that the constituent p-branes carry, e.g. 2m, '^ns and 3^^ respectively 
denote M 2-brane, NS-NS string (or fundamental string) and R-R 3-brane. 

The intersection rules are first studied in |[492|| in an attempt to interpret Giiven solutions 



32711 , and general harmonic superposition rules (which prescribe how products of powers of 
the harmonic functions of intersecting p-branes occur) of intersecting p-branes are formulated 
611|| . (Such harmonic superposition rules of intersecting M-branes are already manifest 



m 



in general overlapping M-branes constructed in p87|| .) Intersection rules can be indepen- 
dently derived from the 'no force' condition on a p-brane probe moving in another p-brane 
background | |613|| . Alternatively, one can derive general intersection rules for "marginal" 



bound state p-branes in diverse dimensions from equations of motion, only |jT8[. Namely 



from the equations of motion following from general D-dimensional action with one dilaton 
(f) and arbitrary numbers of ra^-form field strengths [A = 1,...,N) with kinetic terms 
J2a 2n7T^"'*'^-^nA' obtains the following intersection rule prescribing {p\pa,Pb)- 

{PA + 1){PB + 1) 1 ....^ 

P + 1 = 0^72 2^AaAeBaB, (482) 

where = +(— ) when the brane A is electric (magnetic). It is interesting that the relation 
derived from the equations of motion of the effective action alone, predicts D-branes 



{0\1ns,Pr) and D-branes for higher branes. In the following, we discuss intersection rules for 
a pair of branes. Intersecting configurations with more than two constituents are constructed 
by applying the intersection rules to all the possible pairs of branes. 

There are 3 types of intersecting p-branes: self-intersections, branes ending on branes and 
branes within branes. First, p-branes of the same type intersect only over (p — 2)-brane (so- 
called (p— 2) self-intersection rule), denoted as (p— 2|p, p). This can be understood ||492|| from 
the fact that p-brane worldvolume theory contains a scalar (interpreted as a Goldstone mode 
of spontaneously broken translational invariance by the p-brane), which is Hodge- dualized 
to a worldvolume (p — l)-form potential that the (p — 2)-brane couples to. The second type, 
denoted as (p — 1 |p, q) with g > p, is interpreted as a g-brane ending on a p-brane with 
(p — l)-branes being the ends of g-branes on the p-branes. This type of intersecting p-branes 
can be constructed by applying 5*- and T-duality transformations on M 2-brane ending on 
M5-brane (1|2m,5m) or fundamental string ending on R-R p-brane (0|lAr5,pif,). The third 
type, denoted as (p|p, q) with p < g, is interpreted as p-branes inside of the worldvolume 



of g-brane ||224|| . This type of intersecting p-branes preserves fraction of supersymmetry 
when the projection operators Pp and Pg (defining spinor constraints associated with the 
constituent D p-branes) either commutes or anticommutes |[493|| . If Pp and Pg commute, 
then (pIp, g) preserves 1/4 of supersymmetry. This happens iff p = g mode 4. When Pp and 
Pg anticommute, one has configurations that preserve 1/2 of supersymmetry. An example is 
0-brane within membrane {0\0r,2r), which can be obtained from (2|2m,5m) (|473|) through 
dimensional reduction on and T-duality transformations. 
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The spacetime coordinates of intersecting branes are divided into 3 parts: (i) the overall 
worldvolume coordinates ^'^ {fi = 0, 1, ...,d — 1), which are common to all the constituent 
branes; (ii) the relative transverse coordinates x"' {a = 1, ...,n), which are transverse to part 
of the constituent branes; {in) the overall transverse coordinates ?/' {i = 1, ...,£), which are 
transverse to all of the constituent branes. Since a transverse [longitudinal] coordinate of 
R-R p-branes corresponds to a coordinate with Dirichlet [Neumann] boundary condition, 
these 3 types of coordinates respectively correspond to coordinates of open strings of the 
NN-, ND- (or DN-) and DD-types. 

Intersecting p-branes are divided into 3 types, according to the dependence of harmonic 
functions on these coordinates. The first type, for which the general intersection rules are 
formulated in |[492| , |611|| , has all the harmonic functions depending on the overall trans- 



verse coordinates, only. For the second type, one harmonic function depends on the overall 
transverse coordinates and the other on the relative transverse coordinates. The third type 
has both harmonic functions depending on the relative transverse coordinates. For the first 
[third] type, constituent p-branes are, therefore, localized in the overall [relative] transverse 
directions but delocalized in the relative [overall] transverse directions. We will be mainly 
concerned with intersection rules for the first type and later we comment on the rest of types. 

One can construct supersymmetric (BPS) intersecting p-branes when spinor constraints 
associated with constituent p-branes (given in the previous paragraphs) are compatible with 
one another with non-zero Killing spinors. When none of spinor constraint is expressed as 
a combination of other spinor constrains, intersecting number of p-branes preserve (|)^ 
of supersymmetry. (Note, from now on N stands for the number of constituent p-branes, 
not the number of extended supersymmetries.) One can introduce an additional p-brane 
without breaking any more supersymmetry, if some combination of spinor constraints of 
existing constituent p-branes gives rise to spinor constraint of the added p-brane. 

First, we discuss intersecting Mp-branes. Intersecting rules, studies in |[492| , are: 

• Two M2-branes [M5-branes] intersect over a 0-brane [a 3-brane], i.e. {0\2m,'2.m) 
[{3\5m,5m)]- 

• M2-brane and M5-brane intersect over a string, i.e. (112^^,5^), interpreted as M2- 
brane ending on M5-brane over a string. The worldvolume theory is described by 
D = Q {0, 2) supermultiplet with bosonic fields given by 5 scalars and a 2-form that 
has self-dual field strength, and M 2-brane charge is carried by a self-dual string inside 
the worldvolume theory. 

• One can add momentum along an isometry direction by applying an 5*0(1, 1) boost 
transformation. 

All the possible intersecting M-branes are determined by these intersection rules. One can 
intersect up to 8 Mp-branes by applying intersection rules to each pair of constituent M p- 



branes: the complete classification up to T-duality transformations is given in [^. 

Intersecting M-brane solutions can be constructed from the harmonic superposition rules. 
These are first formulated in |611| for BPS M-branes and are generalized to the non-extreme 



case in ||243| , |1 75|| and to the rotating case in ||185|| . First, the harmonic superposition rules 



for the BPS follows: 
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The overall conformal factor of the metric is the product of the appropriate powers of 
the harmonic functions associated with constituent Mp-branes: 

ds' = l[H^r'^^'{y)[--l (483) 

i 

where pi = 2,5, and Hp-{y) are harmonic functions in overall transverse space (with 
dimension £), namely of {i) the form Hp-{y) = 1 + for i > 2, {ii) logarithmic 



form for £ = 2, and {iii) linear form for i = 1. Here, y = yyf + ■ ■ - yj is the radial 
coordinate of the overall transverse space. So, the spacetime is asymptotically flat 
when i > 2. 

The metric is diagonal (unless there is a momentum along an isometry direction) 
and each component inside of [■ ■ ■] in (|483|) is the product of the inverse of harmonic 
functions associated with the constituent pj-branes whose worldvolume coordinates 
include the corresponding coordinate. 

When momentum is added to an isometry direction, say ^-direction, the above rules 
are modified by the harmonic function K{y) associated with the momentum as follows: 

-dt^ + d^^ ^ -K~\y)dt^ + K{y)df, = d^ + [K~\y) - l]dt. (484) 

When i > 3, one can add a KK monopole in a 3-dimensional subspace of the over- 
all transverse space. All the harmonic functions depend only on these 3 transverse 
coordinates and the metric is modified in the overall transverse components as follows 

dy'^dy^ — > dyf + ■ ■ ■ + dy'j_4^ 

+H^\dyi^3 ± axK cos Odcpf + H{dr^ + r^dnl), (485) 

where the harmonic function H = 1 + is associated with the KK monopole charge 
Pkk = i:ceKK^2- The 2-form field strength associated with the KK monopole has the 
form ^2 = Pkk^2- 



• Non-zero components of 4-form field strength JF are given by ( [474| ) for each constituent 
Mp-branes. 

Now, we discuss generalization of harmonic superposition rules to the non-extreme, ro- 
fating case. The solutions get modified by the harmonic functions gi{y) = 1 + associated 
with angular momentum parameters and the following combinations of Qi. 

+ for even £^ = ^/h^^- (486) 

EiJi fJ^iQi ^ for odd ^ i=i 

Here, a and /i, are defined in (|189| ) and ( |191| ). The harmonic superposition rules are modified 
in the following way: 
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Harmonic functions are modified as 

2m sinh 5 cosh 6 . ^ 2m sinh^ 5 , , 

^ = 1 + —2 ^ ^^=1 + /^ (487) 

y y 

where the boost parameter b is associated with electric/magnetic charge or momentum 
2m sinh 5 cosh 5. 

The metric components get further modified as 



dr fdt\ Sijdy'dy^ dy' + y'dn^_^, 

where / = 1 — fe-T^ and /' = Q^^ — fi-T=^ are non-extremahty functions. Here, 

- — 2 - — -2 

dVt(^_'^ denotes the angular parts of the metric. In the hmit U = 0, dQ,f^_i becomes fiat 

~2 

metric dflj^i of S^~^. Generally, dQg_i is given by the angular metric components of 
rotating black hole in (compactified) D = i + 1 and the general rules for constructing 

. 2 

these components are unknown yet. (The explicit forms of d^l^_i up to 3 Mp-brane 
intersections with momentum along an isometry direction are given in ||185|| .) 

The harmonic superposition rule (|484|) with a momentum along an isometry direction 
^ is modified as 

-dt^ + d^"^ ^ K-^fdf + Kdf, d^ = d^ + [K'-^ - l]dt, (489) 
where 5 is a boost parameter associated with momentum 2m sinh 5 cosh 5 and K'^^ = 

The non-zero components of the 4-form field strength are the same as the BPS case, 
when li = 0. For /j ^ 0, there are additional non-zero components associated with the 
induced electric/magnetic fields due to rotations. The general construction rules are 
unknown yet; the explicit expressions up to 3 intersections with momentum along an 



isometry direction are given in ||185 



Next, we discuss intersecting p-branes in D = 10. The intersection rules are as follows: 

• Two fundamental strings can only be parallely oriented, i.e. l^s II ^ns- 

• Two solitonic 5-branes orthogonally intersect over 3-spaces, i.e. (3|5Ar5, Sats). 

• A fundamental string and a solitonic 5-brane can only be parallely oriented, i.e. Iat^ || 

5ns or (l|lAr5',5ivs)- 

• An R-R p-brane and an R-R g-brane intersect over n-spaces {n\pRR, qRR) such that 
p + q — 2n = A. 

• A fundamental string orthogonally intersects an R-R p-brane over a point, i.e. 

{^\^ns,Pr)- 
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• A solitonic 5-brane intersects an R-R p-brane over ra-spaces {n\5Ns,PR) such that 
p — n = 1. 

These intersecting p-branes preserve 1/4 of supersymmetry except the multi-centered con- 
figuration l^s II ^Ns- These intersection rules are derived in ||613|| by applying 'no force' 



condition and in |]TB| from the equations of motion. Alternatively, one can derive these rules 
from the intersection rules of M-branes by applying KK procedure and duality transforma- 
tions, which we discuss in the following in details. 

Intersecting p-branes in D = 10 can be obtained from intersecting M-branes through 
compactification on and duality transformations. We have the following p-branes in 
type-IIA theory from the compactifications R\\ and R± of M-branes along a longitudinal 
and a transverse directions, i.e. the double and direct dimensional reductions, respectively: 

2j\/ — ^^Ns^ 2a/ — >2ji, 5m — 5m — ^Sivs; (490) 

which can be understood from the relations of type-IIA form fields to the D = 11 3-form 
field under the standard KK procedure. Dimensional reduction of 0^ and 0^ in Z) = 11 
yields the following type-IIA configurations: 

Ou^^Or, O^^O^, 0„,^6r, 0„-^0™, (491) 

where R\\ [R±] on 0^ denotes the reduction in the direction associated with Taub-NUT term 
[the other directions] of the metric. 

Duality transformations further relate different types of p-branes. 

First, we consider T-duality between type-IIA and type-IIB theories on S^. T-duality 
( p.61|) on type-IIA/B R-Rp-branes along a tangent [transverse] direction leads to type-IIB/A 
R-R (p — l)-branes [(p+ l)-branes]. Note, T-duality on a longitudinal direction introduces an 
additional overall transverse coordinate that harmonic functions have to depend on, which is 
not always guaranteed. So, the T-duality on a longitudinal direction is called "dangerous" , 
whereas the T-duality on a transverse direction is "safe" since the resulting configurations 
are guaranteed to be solutions to the equations of motion. 

T-duality transformation rules of NS-NS p-branes can be inferred from T-duality transfor- 
mation of fields [^ (see also ( |161| )) as follows. Among other things, T-duality interchanges 



off-diagonal metric components g^j^a and the same components B^a of the NS-NS 2-form po- 
tential, where a is the T-duality transformation direction. So, when p-brane has non-trivial 
[fi = t, a)-component of the metric or NS-NS 2-form potential, T-duality transformation is 
reminiscent of interchange of momentum mode (electric charge of KK U{1) field Qf^a) and 
winding mode (electric charge of NS-NS 2-form U{1) field B^a) under T-duality. So, pp-wave 
(whose linear momentum is identified with KK electric charge) and NS-NS string (carrying 
electric charge of the NS-NS 2-form field, identified as string winding mode) are interchanged 
when T-duality is performed along the longitudinal direction of string or the direction of pp- 
wave propagation. T-duality along the other directions yields the same type of solutions. 
Second, the {n = 0j, a)-component of metric [NS-NS 2-form potential], where (pi are angu- 
lar coordinates associated with rotational symmetry, corresponds to the Taub-NUT term 
[is associated with magnetic charge of a solitonic 5-brane 5ns]- So, magnetic monopole (or 
Taub-NUT solution) and NS-NS 5-brane are interchanged when T-duality transformation is 
applied along the direction transverse to NS-NS 5-brane or along the coordinate associated 
with Taub-NUT term. T-duality along the other directions yields the same type of solutions. 
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Second, the type-IIB SL{2, Z) S-duality transformation can be used to relate NS-NS 
charged solutions and R-R charged solutions which are coupled to 2-form potentials. Under 
the Z2 subset transformation, NS-NS string and NS-NS 5-brane transform to R-R 1-brane 
and R-R 5-brane, respectively. Full SL{2, Z) transformations on NS-NS string [NS-NS 5- 
brane] yields "non-marginal" BPS bound states of p NS-NS strings and q R-R strings [p 
NS-NS 5-brane and q R-R 5-brane] with the pair of integers {p, q) relatively prime. 

The duality transformation rules are, therefore, summarized as follows: 

(P+l)-R.) ^NS ^^w, ^NS ^'^NS, 

Oto, 5ivs — ^5ivS) 5ivs — ^Om, 

Om, lATs^-^lij, 5ns^^5r- (492) 

We now discuss various intersecting p-branes in D = 10. 

First, we consider intersecting R-R p-branes in type-II theories. D-brane configurations 
are supersymmetric if the number u of coordinates of DN or ND type is the multiple of 4 
501| |. (See section S.'S.'I for details on this point.) At the level of low-energy intersecting 
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R-R p-branes of the effective field theories, this means that solutions are supersymmetric 
when the number of relative transverse coordinates is the multiple of 4, i.e. n = 4,8. This 
can also be derived from the condition that the Killing spinor constraints = TQi...peR of 
the constituent R-R p-branes are compatible with one another. When both of the harmonic 
functions depend only on the relative transverse coordinates, BPS configurations are possible 
for n = 8 case only, and otherwise only n = 4 configurations are BPS. Since our main concern 
is the intersecting R-R p-branes with all the harmonic functions depending only on the overall 
transverse coordinates, we concentrate on the n = 4 case. Since T-duality preserves the total 
number n of the relative transverse coordinates, one can obtain all the intersecting 2 R-R 
p-branes with n = 4 by applying "safe" T-duality transformations to intersecting R-R 0- 
brane and R-R 4-brane, i.e. (0|0r, 4/j). One can further add R-R p-branes in such a way 
that n = 4 for each pair of constituent R-R p-branes. It is shown |^5[ that one can intersect 
up to 8 R-R p-branes which satisfy the n = 4 rule for each pair: the complete classification 
up to T-dualities is given in [^. The explicit solutions for BPS intersecting R-R p-branes 
can be constructed by the following harmonic superposition rules: 

• The metric is diagonal, with each component having the multiplicative contribution 
of H~^^^ [Hy^] from each constituent R-R p-brane whose worldvolume [transverse] 
coordinates include the associated coordinate. 

• Dilaton is given by the product of harmonic functions associated with the constituent 



R-R p-branes: e'^'f' = Uk 



Pk- 
2 

Pk 



• Non-zero components of (p -|- 2)-form field strengths are given by ([478D for each con- 
stituent R-R p-branes. 

As an example, solution for intersecting R-R (p + r)-brane and R-R (p + s)-brane over a 
p-brane, i.e. (p|p + r,p + s), is of the form: 
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1/2 s+r 

J2 (dx^f + (Hp+rHp+^Y^^SijdyW 



\Hp+r J a=s+l 

p-\-r — 3 p+s — 3 
-20 _ TT 2 TT 2 

-^-^p+r -^-^p+s ; 

^ tx^—x^y^ — ^y'-^p+s5 tx^'+'^—x^+^'y^ — dyiH^j^^. (493) 

We discuss intersecting p-branes which contain NS-NS p-branes. First, {^IIns^Vr) with 
< p < 8, is nothing but open strings that end on D-brane. This type of configurations 
can be obtained by first compactifying (0|2m,2m) on 5"^ along a longitudinal direction of 
one of M2-brane (resulting in (OIIats, 2/?)), and then by sequentially applying T-duality 
transformations along the directions transverse to the NS-NS string. Second, (p — 1-\'C)ns,'Pr) 
with 1 < p < 6, are interpreted as Dp-brane ending on NS-NS 5-brane. Namely, NS-NS 5- 
branes act as a D-brane for D-branes. This interpretation is consistent with the observation 
^ that M5-branes are boundaries of M2-branes. This type of intersecting branes can 



be constructed by first compactifying (l|2jvf, 5^/) on along an overall transverse direction 
(resulting in (l|5Ar5, 2^))), and then by sequentially applying T-duality transformations along 
the longitudinal directions of the NS-NS 5-brane. Third, intersecting NS-NS p-branes can be 
obtained in the following ways: (z) compactification of (3|5m, 5m) along an overall transverse 
direction leads to (2|5Ar5', ^ns)i iii) compactification of (1|2m, 5m) along a relative transverse 
direction which is longitudinal to M2-brane leads to {1\2]^Si'^ns)) {Hi) the type-IIB S- 
duality on {-1\Ir, 1r) yields (-l|livs. Ins)- 

We comment on the case some or all of harmonic functions depend on the relative trans- 
verse coordinates W^. These types of intersecting p-branes can be constructed by applying 



the general harmonic superposition rules, taking into account of dependence of harmonic 
functions on the relative transverse coordinates. In particular, the metric components as- 
sociated with the relative coordinates (that harmonic functions depend on) have to be the 
same so that the equations of motion are satisfied. First, the second type of intersecting 
p-branes, i.e. one harmonic function depends on the relative transverse coordinates, can 
be constructed from the first type of intersecting p-branes, i.e. all the harmonic functions 
depend on the overall transverse coordinates, by letting one of harmonic functions depend on 
the relative transverse coordinates. Thus, the classification of the second type is the same as 
that of the first type. The third type of p-branes, i.e. all the harmonic functions depend on 
the relative transverse coordinates, have 8 relative transverse coordinates (n = 8) for a pair 
of p-branes. It is impossible to have more than two p-branes with each pair having n = 8. 
In D = 11, the only configuration of the third type is (1|5m,5m) ||287|| . This M-brane 



preserves (^)^ of supersymmetry, since the Killing spinor satisfies two constraints of the form 



( [475|) , each corresponding to a constituent M 5-brane. By compactifying an overall trans- 
verse direction of (1|5m,5m) on S^, one obtains (l|5Ar5, 5Ar5) 0, which was first constructed 



m 



423||. Further application of the type-IIB S'L(2, Z) transformation leads to {l\5ji,5ji) 



2-brane with its longitudinal coordinates given by the overall longitudinal and overall transverse 
coordinates of (1|5m,5m) can be further added without breaking any more supersymmetry. The added 
M 2-brane intersects the M 5-branes over strings and is interpreted as an M 2-brane stretched between two 
M 5-branes. 

^^One can further add a fundamental string along the string intersection without breaking any more su- 
persymmetry. T-duality along the fundamental string direction leads to type-IIB (l|5Ars, 5ns) with pp-wave 
propagating along the string intersection. Note, the former configuration preserves only 1/8 of supersym- 
metry, rather than 1/4, if regarded as a solution of type-IIB theory. 
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The series of application of T-duality transformations, then, yield a set of overlapping 2 R-R 
p-branes with n = 8. (Complete list can be found in ||287|| .) These overlapping p-branes 



correspond, at string theory level, to D-brane bound states with 8 ND or DN directions, and 
therefore should be supersymmetric. When 2 R-R p-branes intersect in a point, one can add 
a fundamental string without breaking any more supersymmetry. This type of configura- 
tions is interpreted as a fundamental string stretching between two D-branes. For the case 
where 2 R-R p-branes intersect in a string, one can add pp-wave along the string intersection 
without breaking anymore supersymmetry. Another third type of intersecting p-branes in 
D = 10 can be constructed by compactifying (1|5m, Sa/) along a relative transverse direction, 
resulting in (l|4ij, 5ns), followed by series of T-duality transformations along the longitudi- 
nal directions of the NS-NS 5-brane, resulting in (p — 3\pfi.,5ns) with 3 < p < 8. One can 
further add R-R (p — 2)-branes to these configurations; these configurations are interpreted 
as a Z) (p — 2)-brane stretching between Dp-brane and NS-NS 5-brane. 

Other Variations of Intersecting p-Branes So far, we discussed intersecting p-branes 
with p—p' = mod 4. Existence of such classical intersecting p-branes that preserve fraction 
of supersymmetry is expected from the perturbative D-brane argument |p04[, |501||. One can 



construct such solutions by applying the harmonic superposition rules discussed in the above. 

In this subsection, we discuss another type of p-brane bound states which do not follow 
the intersection rules discussed in the previous subsection. Such p-brane bound states con- 
tain pair of constituent p-branes with p — p' = 2 and still preserve fraction of supersymmetry 
Q. These p-brane configurations can be generated by applying dimensional reduction or 
T-duality along a direction at angle with a transverse and a longitudinal directions of the 
constituent p-branes ||519| , p^ , |152|| . (Hereafter, we call them as 'tilted' reduction and 'tilted' 



T-duality.) These p-brane configurations can also be constructed by applying 'ordinary' di- 
mensional reduction and sequence of 'ordinary' duality transformations on (2|2a/, 5m) ( |473|) , 
which preserves 1/2 of supersymmetry. 

In fact, it conflicts with diffeomorphic invariance of the underlying theory that one has 
to choose specific directions (which are either transverse or longitudinal to the constituent 



p-branes) for dimensional reduction or T-duality transformations [ p.52|| . So, the existence of 
such new p-brane configurations is required by (M-theory/IIA string and IIA/IIB string) 
duality symmetries and diffeomorphism invariance of the underlying theories. 

We now discuss the basic rules of 'tilted' T-duality and 'tilted' dimensional reduction on 
constituent p-branes. Before one applies 'tilted' T-duality and dimensional reduction to p- 
branes, one rotates a pair of a longitudinal x and a transverse y coordinates of a (constituent) 
p-brane by an angle a (a diffeomorphism that mixes x and y): 



x' \ I cos a — sm a \ ( x 



y' ) V sm a cos a / \y 



(494) 



(Note, X and y have to be diffeomorphic directions so that one can compactify these directions 
on 5*^.) Then, one compactifies or applies T-duality along the a;'-direction. These procedures 



52t 



It is argued 1504, |501[| that D-brane bound state with p — p' = 6 is not supersymmetric and is unstable 



due to repulsive force. Although a solution that may be interpreted as (OjOjjij, 6jjif) is constructed in |152], 
its interpretation is ambiguous due to abnormal singularity structure of harmonic functions, and it cannot 
be derived from (2|2m, 5m) though a chain of T-duality transformations. 
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preserve supersymmetry. When a = [a = 7r/2], such compactification or T-duahty trans- 
formation is the compactification or T-duahty transformation along a longitudinal direction 
X [a transverse direction y]. Thus, as the angle a is varied from to 7r/2, the resulting bound 
state interpolates between the corresponding two limiting configurations. 

First, we discuss the 'tilted' reduction Ra of solutions in D = 11. The 'tilted' reduction 
on M-branes leads to type-IIA j9-brane bound states, interpreted as 'brane within brane': 

2m^(1|Us, 2r)a, 5m^(4|4r, 5^s)a, (495) 

where the subscript A means type-IIA configuration. From 0^ and Oi„ in D = 11, one obtains 
the following type-IIA bound states: 

0^-^(0^|6h)a, 0^^(0^|0,j)^, (496) 

where (0^|Or)a is interpreted as a 'boosted' DO-brane. 

Second, we discuss 'tilted' T-duality transformations Tq,. The off-diagonal metric com- 



ponent gx'y' induced by the coordinate rotation (|494|) is transformed to the same component 
B^'yi of 2-form potential under T-duality. So, the T-transformed solution has diagonal met- 
ric and non-zero = B^u + 27ia'F^u, where Ff^i, is the worldvolume gauge field strength 
445|| . For R-R p-brane bound states, the corresponding perturbative D-brane now, there- 



fore, satisfies the modified boundary condition dnX^ — iT^^^diX^ = 0. The induced flux J^^'y' 
is related to a as J^^'y' = — tana. The ADM mass of the transformed configuration is of 
the form ~ Qi + Q25 ^ characteristic of non-threshold bound states. First, the 'tilted' 
T-duality on type-IIA/B j9-branes leads to the following type-IIB/A bound states: 

1ns^{0^\Ins), ^Ns^iO^As), {p+1)r^{p\Pr,{p + '2)r), (497) 

where (Ou^IItv^) is simply a boosted fundamental string. The existence of the D-brane bound 
states {p\pr, (p+2)ij) preserving 1/2 of supersymmetry is also expected from the perturbative 
T)-brane considerations. One can apply 'tilted' T-duality transformation more than once 
to obtain new p-brane bound state configurations. For example, by applying 'tilted' T- 
duality transformations to Z}2-brane in two different directions, one obtains 15(4,2,2,0)- 
brane bound state [Q. Second, 'tilted' T-duahty on 0^ and 0^ in type-IIA/B theory yields 
the following type-IIB/A bound states: 

Om^iOml^Ns), O.^iO^llNs)- (498) 

Next, we discuss p-brane bound states obtained by first imposing a Lorentz boost along 
a transverse direction and then applying T-duality transformation or reduction along the 
direction of the boost: T-duality along a boost and reduction along a boost, respectively 
denoted as and R^. The Lorentz boost yields non-threshold bound state of a p-brane 
and pp-wave. This bound state interpolates between extreme p-brane and plane wave, as 
the boost angle a (see below for its definition) varies from zero (no boost) to 7r/2 (infinite 
boost). The ADM energy E of such non-threshold bound state of extreme p-brane (with 
mass M) and pp-wave (with momentum p) has the form E"^ = + p^, a reminiscent of 
relativistic kinematic relation of a particle of the rest mass M with the linear momentum 
p, rendering the interpretation of such bound state as 'boosted' p-brane. The Lorentz boost 
with velocity v/c = sin a along a transverse direction y has the form ||519|| : 



t' = (cosa) ^(t + y sin a), y^y' = {cos a) ^{y + t sin a). (499) 
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In the above, the angle a is related to the boost parameter (3 as cosh/5 =1/ cos a. After 
the Lorentz boost ( |499|) , one compactifies or applies T-duality transformation along y'. 



First, we discuss the reduction Ry along a boost. Since the momentum of pp-wave 
manifests as the KK electric charge after reduction along the direction of momentum flow, 
the resulting bound state always involves R-R 0-brane. The following type-IIA bound states 
are obtained from the compactification with a boost of configurations in D = 11 Q: 

2m {0\0R,2ji)A, 5m-^{0\0r,5ns)a, 

On, (O^JO^)^, 0„-^(0|0k,6«)a. (500) 

Second, we discuss the T-duality T„ along a boost. Under the T-duality, the linear momen- 
tum of a pp-wave is transformed to the electric charge of the NS-NS 2-form potential | p59| ]. 



So, the T-dualized configurations always involve a fundamental string with non-zero winding 
mode. We have the following type-IIB/A bound states from type-IIA/B configurations: 

T T T 

0.„^(0^|1^5), 0m^{0m\lF,5Ns). (501) 

The diffeomorphic invariance and duality symmetries require new type of bound states 
in M-theory that preserve 1/2 of supersymmetry. These new M-theory configurations can 
be constructed by uplifting new type-IIA configuration discussed in this subsection. For 
example, by uplifting {0m\5Ns)A or (414^^,6/;;)^, one obtains the M5-brane and the KK 
monopole bound state in D = 11. Another example is the M2-brane and the KK monopole 
bound state uplifted from {1\1ns,6r)a or {Om\iNs)A- 

Non-threshold type-IIB {qi,q2) string, obtained from R-R or NS-NS string through 
SL{2,Z) duality, can be related to D = 11 pp-wave compactified at angle [ pl9|| . This is 
understood as follows. When the compactification torus T^ (parameterized by isometric 
coordinates {x, y)) is rectangular, the angle a of coordinate rotation defines the direction of 



(gi, ^2) cycle in T^, around which the D = 11 pp-wave is wrapped, as cos a = qi/ yqf + Q'i- 
(So, choice of different angle a corresponds to different choice of a cycle in T^.) Starting 
from pp-wave propagating along x, one performs coordinate rotation ( [494] ) in the plane 
{x,y), where y is an isometric transverse direction of the pp-wave, and then compactifies 
along ^/'-direction, which is the direction of (gi, g2)-cycle of T^ with coordinates {x,y). The 
resulting type-IIA configuration is a non-threshold bound state of pp-wave and D 0-brane. 
Subsequent T-duality transformation along yi leads to type-IIB (gi, ^2) string solution. This 
is related to the fact that the type-IIB SL{2, Z) symmetry is the modular symmetry of the 
-D = 11 supergravity on T^ |ST|, |538| , ^39[ (see section |^ for detailed discussion). 



Had we started from the bound state of M 2-brane and pp-wave along a longitudinal di- 
rection of the M 2-brane, we would end up with boosted type-IIB (gi, g2) string that preserves 

^■^This boost angle a can be identified with the angle a of coordinate rotation in ( [494| ). Namely, the non- 
threshold type-IIA (91,92) string bound state obtained from D = 11 pp-wave through tilted dimensional 
reduction at an angle a, followed by T-duality, can also be obtained by reduction along a boost of M 2-brane 
with the same boost angle a, followed by T-duality transformation. 

^''One can straightforwardly apply this procedure to intersecting M-branes, followed by sequence of T- 
duality transformations, to construct p-brane bound states that interpolate between those that pres erve 1/4 
of supersymmetry and those that preserve 1/2 of supersymmetry as a is varied from to 7r/2 |l5l|. 
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1/4 of supersymmetry. (The M2-brane charge is, therefore, interpreted as a momentum of 
the type-IIB (51,52) string.) 

On the other hand, the non-threshold type-IIB (51,52) 5-brane can be related to M5- 
brane. Namely, one first compactifies M 5-brane at an angle to obtain (4|4^, 5ns) a and then 
applies T-duality transformation along the relative transverse direction to obtain type-IIB 
(51,52) 5-brane bound state. Following the similar procedures, one can obtain the non- 
threshold type-IIB (51,52) string from M2-brane. 



Branes Intersecting at Angles In |^9[, it is shown that one can construct BPS D-brane 
bound states where the constituent D-branes intersect at angles other than the right angle. 
We first summarize formalism of . Then, we discuss the corresponding classical solutions 



0, ^ g in the effective field theory. 



In the presence of a Dp-brane, two spinors e and e (corresponding to = 2 spacetime 
supersymmetry) of type-II string theory satisfy the constraint: 

e = T^,)e:=f[efT,e, (502) 

where Cj is an orthonormal frame spanning D p-hiane worldvolume. For numbers of 
constituent D-branes, it is convenient to define the following raising and lowering operators 
from gamma matrices: 

ai = ^{T2k^,-zT2k), a' = ^(r2fc-i + ir2fc), k = l,...,N, (503) 

which satisfy the anticommutation relations: 

{a^ 4} = 61 {a^, a^} = = {a], 4). (504) 

The lowering operators define the 'vacuum' |0), satisfying a''\0) = 0. Under an SU{N) 
rotation 2;* R-z^ of the complex coordinates z'' = + ix^'' spanned by Z^p-branes, the 
raising and the lowering operators transform as 

a'' R^ja\ al R\^a]. (505) 

One can construct intersecting D p-hianes at angles in the following way. One starts 
from two Dp-hranes oriented, say, along the directions Rez* and applies SU{p) rotation 

—>■ R^jZ^ to one of Dp-branes. For this type of intersecting Dp-branes at angles, the 
spinor e satisfies the constraint: 

n (4 + «')^ = n (^VaJ + ^>^>- (506) 

fc=l k=l 

So, the resulting configuration has unbroken supersymmetries |0) and 11^=1 c^IlO). These 
two spinors have the same [opposite] chirality for p even [odd]. One can further compactify 
this intersecting Dp-branes at angles on a torus and then apply T-duality transformations 
to obtain other types of intersecting Dp-hranes at angles. Alternatively, one can start 
from {q\{p + q)R, {p + 5)7?) and rotate one D [p + 5)-brane relative to the other by apply- 
ing the S0{2p) transformation. The resulting configuration is supersymmetric when the 
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SU{p) C S0{2p) transformation is applied. When these intersecting D-branes are further 
compactified on tori, the consistency of toroidal compactification imposes the quantization 



condition for the intersecting angles ^'s in relation to the moduli of tori p2| . 

When intersecting D-branes at angles are compactified on a manifold Ai, the unbroken 
supersymmetry should commute with the 'generalized' holonomy group (defined by a modi- 
fied connection — with torsion — due to non-zero antisymmetric tensor backgrounds) of Ai. 
Here, the spinor constraint = Hi ^i'^ defines an action of discrete generalized holonomy. 
Generally, starting from an intersecting Dp-brane at angles with F = F + B = where F 
[B] is the worldvolume 2- form field strength [the NS-NS 2- form], one obtains a configuration 
with F 7^ when T-duality is applied. For intersecting D 2-branes at angles, the necessary 



and sufficient condition for preserving supersymmetry is that F is anti-self-dual ||8^ 



Classical solution realization of intersecting Z)-branes at angles is first constructed in 
97| . Starting from n parallel D 2-branes (with each constituent D 2-brane located at a; = 
Xa, a = l,...,n, and its charge related to ia > 0) lying in the {y'^.y^) plane, one rotates 
each constituent D 2-brane by an SU{2) angle in the {y^,y'^) and {y^.y^) planes, i.e. 
[z^, z^) — *■ (e*"'"^"'^, 6"*°"^^) where = y^ + iy"^ and z'^ = y^ + iy^. The solution in the string 
frame has the form: 

ds"^ = VTTx 



1 



-dt' + Y^idy^f 



1+X 

+ E Xa{[iRa)\dyf + [{RafM'} ) + T.idx' 



9 

2 



a=l / 1=5 

df f " 

A'^'^ = -rr^A{j:Xa{Ra)W^iRar,dy= 

k a=l 



1 + X 



- J2 ^aXb sii?{aa - ab){dy^ A dy^ - dy^ A dy'^) \ , 

a<b 



e^^^ = VT+X; X = J2Xa + J2XaXbsm\aa-ab), (507) 

a=l a<b 

where i?" (a = l,..,n) are (block-diagonal) 5*0(4) matrices that correspond to the above 
mentioned rotation of constituent D 2-branes and harmonic functions Xa{x) = | (^-p^i^) are 
associated with constituent D 2-branes located at a; = Xa- This configuration preserves 1/4 of 
supersymmetry and interpolates between previously known configurations: (i) = 0,7r/2 
case is orthogonally oriented D 2-branes, (ii) aa = ao, Va, case is parallel n D 2-branes 
oriented in different direction through SU{2) rotations, etc.. 

The ADM mass density of ( |507| ) is the sum of those of constituent D 2-branes, i.e. m = 
^ Z]a=i ^a) is independent of the SU (2) rotation angles The physical charge density 
is also simply the sum of those of constituent D 2-branes, although the charge densities in 
different planes {y\y^) of the intersecting D 2-branes depend on a^. 

T-duality on ( |507| ) yields other types of D-brane bound states. The T-duality along trans- 
verse directions leads to angled Dp-branes with p > 2. The T-duality along worldvolume 
directions leads to more exotic bound states of Z)-branes. Namely, since the constituent D 2- 
branes intersect with one another at angles, the worldvolume direction that one chooses for 
T-duality transformation is necessarily at angle with some of constituent D 2-branes. Con- 
sequently, the resulting configuration is exotic bound state of Dp-hrane {p ^ 2) and bound 
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states of the type studied in |9§] (e.g. bound state of D (p+l)-brane and D (p— l)-brane, and 
D (4, 2, 2, 0)-brane bound state) obtained by applying the 'tilted' T-duality transformation (s) 
on a Dp-hrane. 

The above intersecting D-branes at angles and related configurations are alternatively 
derived by (i) applying the 'tilted' boost transformation on the orthogonally intersecting 
two D-branes, followed by the sequence of T-S-T transformations of type-II strings 



or 



{ii) applying 'reduction along a boost' followed by T-duality transformations ||151|| . For the 



former case ||151| ], the resulting configurations are mixed bound states of R-R branes that 



necessarily involves fundamental string. It is essential that one has to turn on both D-brane 
charges of original orthogonally intersecting D-branes and apply the S'-duality between two 
T-duality transformations to have configurations where the D-branes intersect at angles. 

Intersecting p-branes at angles in more general setting, starting from M-branes with the 
flat Euclidean transverse space E^" replaced by the toric hyper-Kahler manifold Ain, are 



studied in ||285|| . We first discuss the general formalism and then specialize to the case of 
intersecting p-branes in D = 10, 11. 

4n-dimensional toric hyper-Kahler manifold Ain with a tri-holomorphic T" isometry 
has the following general form of metric: 

dsjjj^ = Uijdie ■ dx^ + U'^idipi + Ai){dipj + Aj) (i, j = 1, n), (508) 

where (pi (which are periodically identified — to remove a coordinate singularity — y9j ~ 
ipi + 2n, thereby parameterizing T") correspond to the U{1) isometry directions of Ain and 
X* = {xl\r = 1,2,3} parameterize n copies of Euclidean spaces E^. The n = 1 case is 
Taub-NUT space. The hyper-Kahler condition relates n 1-forms Ai = d'x.^ ■ ujij with field 
strengths Fi = dAi to Uij through e^^''djUki = FJ^^ = djUl^ — dlUj^. (So, a toric hyper- 
Kahler metric is specified by Uij alone.) This implies that Uij are harmonic functions on 
Ain, i-G- U'^-^di ■ djU = 0. Generally, a positive definite symmetric n x n matrix f/(x*) is 
linear combination 

N{{p}) 

U^J = ulf + Y: E f/.,[M,a^(M)] (509) 

{p} m=l 

of the following harmonic functions specified by a set of n real numbers {pi\i = l,...,n}, 
called a 'p- vector', and an arbitrary 3- vector a: 



The vacuum hyper-Kahler manifold E x T" with mod- 
uh space Sl{n,Z)\Gl{n,R)/SO{n) has the metric (|08D with Uij = ul°°^ (so, Ai = 0). 
Regular non- vacuum hyper-Kahler manifold is represented by harmonic functions Uij[{p}, a] 
associated with a 3(n — l)-plane in E^" defined by 3-vector equations J2k=iPk^^ = a.. The 
hyper-Kahler metric (|508|) is non-singular, provided {p} are coprime integers. The Sl{n, Z) 
transformation U — >■ S'^US {S G Sl{n, Z)) on the hyper-Kahler metric ( |508| ) leads to another 
hyper-Kahler metric with the Sl{n, Z) transformed p-vector S{p}. The angle 6 between two 

^^The manifold A4n is tri-holomorphic iff the triplet Kahler 2-forms fl = {dipi + Ai)dx^ — ^Uijdx.^ x dx^ 
are independent of tpi, i.e. C o $1 = 0. 
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3(n — l)-planes defined by two p- vectors {p} and {p'} is given by cos 9 = p-p' / y/p'^p''^. Here, 
the inner product is defined as p ■ q = {W^^^^Y^pigj, which is invariant under Sl{n, Z). The 
solution ( ^08| ) is, therefore, specified by angles and distances between mutually intersecting 
3{n — l)-planes associated with harmonic functions Uij[{p} , am{{p})]- 

The special case where AU = U — U^°°^ is diagonal (i.e. the p-vectors have the form 
(0, 1, 0) and AUij = ^ij^^^ there are only n intersecting 3(n — l)-planes) describes n 
fundamental BPS monopoles in maximally-broken rank (n+ 1) gauge theories found in [[444|| , 
thereby called LWY metric. When additionally f/(°°) is diagonal (so that U is diagonal), n 
3{n — l)-planes intersect orthogonally (cos^ = 0) and Ain = -Mi x ■ ■ ■ x Aii. In this case, 
one can always choose Uij such that Fi = dAi and Uu are related as Fi = -kdUu, where * is 
the Hodge- dual on E^. 

The hyper-Kahler manifold Ain preserves fraction of supersymmetry. It admits {n + 1) 
covariantly constant S0{4n) spinors (in the decomposition of Z)-dimensional Lorentz spinor 
representation under the subgroup ^/(n, R) x S0{4n)) if the holonomy of is strictly 
Sp{n), which corresponds to the case where 3{n — l)-planes intersect non-orthogonally, i.e. 

is non-diagonal. These covariantly constant 5*0 (4n) spinors arise as singlets in the de- 
composition of the spinor representation of S0{4n) into representations of holonomy group 
of A4n, i-e. Sp{n) for this case. The only toric hyper-Kahler manifolds whose holonomy is a 
proper subgroup of Sp{n) are those corresponding to the 'orthogonally' intersecting or 'par- 
allel' 3(n — l)-planes. For this case, = A^i x ■ ■ ■ J\Ai (i.e. product of n Taub-NUT space) 
with S'j9(l)" holonomy and diagonal Uij (thereby, 3(n — l)-planes intersecting orthogonally), 
and more supersymmetry is preserved since the non-singlet spinor representations of Sp{n) 
are further decomposed under the proper subgroup Sp{l)"'. A trivial case corresponds to 
the case Uij = ul'^\ i.e. the vacuum hyper-Kahler manifold: since the holonomy group is 
trivial, all the supersymmetries are preserved. 

The starting point of general class of intersecting p-branes is the following D = 11 
solution, which is the product of the D = 3 Minkowski space and M.2'- 

dsl^ = ds^E^'^) + U.jdx^ ■ dx.^ + U'^dip, + Ai){d^j + Aj), (511) 

where i = 1,2. For a general solution with non-diagonal Uij, thereby with the Sp{2) holon- 
omy for Ai2j ( |511D admits (n + 1) = 3 covariantly constant spinors. Namely, 32-component 
real spinor in D = 11 is decomposed under Sl{2,R) x 5*0(8) as 32 (2, 8^) © (2, Sj. 
Two 5*0(8) spinor representations Q 8s and 8c are further, respectively, decomposed under 
Sp{2) C 50(8) as 8s ^ 5 © 1 © 1 © 1 and 8^ ^ 4 © 4. So, 3/16 of supersymmetry is 
preserved. When Uij is diagonal (so, = -Mi x -Mi and 3-planes orthogonally intersect), 
the holonomy group is Sp{l) x 5*^(1). Under the Sp{l) x 5*^(1) subgroup, non-singlet Sp{2) 
spinor representations 5 and 4 are, respectively, decomposed as 5 ^ (2, 2) © (1, 1) and 
4 — > (2, 1) © (1, 2). So, 8/32 = 1/4 of supersymmetry is preserved. 



One can generalize the solution ( |511| ) to include M-branes without breaking any more 
supersymmetry, resulting in 'generalized M-branes', where the transverse Euclidean space 
is replaced by Ain- The harmonic functions (associated with M-branes) are independent of 
the U{1) isometry coordinates (pi, thereby Mp-branes are delocalized in the yjj-directions. 

First, one can naturally include an M2-brane to the solution ( |511|) , since the transverse 
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The subscripts s and c denote two possible SO{8) chiralities. 
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space of M2-brane has dimensions 8: 

dsj^ = H-lds\E'^'^) + pijdx.' ■ dx.^ + U'^{d^i + Ai){d^j + Aj)], 

F = ±uj(E'^^^) A dH-\ (512) 

where (^(E^'^) is the volume form on E^'^, the signs ± are those of M2-brane charge and 
H = if(x*) is a harmonic function (associated with M2-brane) on Ai2, i-e. W^di ■ djH = 0. 
The S0{1, 10) Kilhng spinor of this solution is decomposed into the S0{8) spinors of definite 
chiralities 8c and 8^, which are related to the signs ±. So, depending on the sign of M 2-brane 
charge, either all supersymmetries are broken or 3/16 of supersymmetry is preserved. 

Second, one can add M5-branes to the solution (|511|) if = -^1 x -^1, i-e. U = 
diag([/i(x^), [/2(x^)). For this purpose, it is convenient to introduce 2 1-form potentials Ai 
{i = 1, 2) with field strengths Fi which can be related to the harmonic functions ifi(x^) and 
H2{^) (associated with 2 M5-branes) as dHi = -kFi. (This is analogous to the relations 
dUi = -kFi satisfied by the diagonal components of U and the field strengths Fi = dAi of the 
solution ( 511 ) when both Af/ and t/*-""-* are diagonal.) Here, * is the Hodge-dual on E^. The 



explicit solution has the form: 

dsl^ = (ifiifa)^ UHiH2Y^ds\Y}^^) + iff i[f/2rfx2 ■ dx^ + U:^\d^2 + A 



\2l 



+iJf ^[f/ic/x^ ■ rfx^ + U^\dipi + Aif]+dz 
F = [FiA{dipi + Ai) + F2A{difi2 + A2)]Adz. (513) 

Generally with non-constant f/j and H^, (|513|) preserves 1/8 of supersymmetry, provided the 
proper relative sign of M 5-brane charges is chosen. 

In the following, we discuss the intersecting (overlapping) p-brane interpretation of so- 
lutions obtained via dimensional reduction and duality transformations of the D = 11 solu- 



tions ( |511|) - (|513|) . Due to the triholomorphicity of the Killing vector fields d/dcpi, the Killing 
spinors survive in these procedures. As for the p-branes associated with the harmonic func- 
tions Uij, there is a one-to-one correspondence between 3{n — l)-planes and p-branes, and 
the intersection angle of p-branes is given by the angle between the corresponding p-vectors, 
which define 3(n — l)-planes. 

First, we discuss intersecting (overlapping) p-branes related to ( ^11| ) and ( |512| ). Since 
( pll| ) is a special case of ( |512| ) with H = 1, we consider p-branes related to ( ^121 ), and then 



comment on the H = 1 case. First, one compactifies one of the U{1) isometry directions 
of M.2, say ip2 without lose of generality, on S^, resulting in a type-IIA solution, and then 
applies the T-duality transformation along the other U{1) isometry direction, i.e. the ipi- 
direction, to obtain the following type-IIB solution: 

dsl = {detU)^H^H-\detUy^ds'^{E'^^^) + {det Uy^Uijdx' ■ dx^ + H'^dz^ 

B^i) = A Adz, T = -^ + t^^^^, tkD = uj{E^'') A dH~\ (514) 

where (pB is the dilaton, t = i + ie~'^'^ [i = R-R 0-form field), (z = 1,2) are 2-form 
potentials in the NS-NS and R-R sectors, D is the 4-form potential, and z = (pi. This 
solution is interpreted as D 3-brane (with harmonic function H) stretching between 5-branes 
along the z-direction. The 5-branes in this type-IIB configuration are specified by a set of 
intersecting 3-planes J2^=iPk^^ = a in E^. From the expression for r in ( pl4| ), one sees 
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that the 5/(2, R) transformation U {S-^YUS-^ (S G 5/(2, R)) in M2 is reahzed in this 

CT + d 



type-IIB configuration as the type-IIB Sl{2, R) symmetry r of equations of motion. 



where S = (^^ ^ ^ The condition that Sl{2, R) is broken down to Sl{2, Z) so that with 

the coprime integers {^1,^2} remains non-singular after the transformation is translated into 
the type-IIB language that the 5/(2, R) symmetry of the equations of motion is broken down 
to the 5/(2, Z) 5-duality symmetry of type-IIB string theory. In the following we discuss 
particular cases of ( |514D . 

We first consider the solution ( |514| ) with U = diag(/7i(x^), if2(x^)) and H = 1. In this 
case, AI2 = -M-i x Aii with holonomy Sp{l) x Sp{l), thereby preserving 1/4 of supersym- 
metry. The corresponding solution is 'orthogonally' intersecting (2|5Ar5, 5^^): 

dsl = {HiH2)^{HiH2)-^ds'^{E'^'^) + H:^^d^^ ■ rfx^ + i/f ^c/x^ ■ dii^ + dz\ (515) 

where harmonic functions Hi = 1 + (2|x*|)~^ {i = 1,2) are respectively associated with 
NS-NS 5-brane and R-R 5-brane pSSj . 



A particular case of (|5l4D with f/(°°) = 1 = and a single 3-plane in (defined by 
{pi,P2}) is the bound state of NS-NS 5-brane and R-R 5-brane with charge vector (^1,^2)- 
So, the restriction that 7W2 is non-singular, i.e. {pi,P2} are coprime integer, manifests in the 
type-IIB theory that the corresponding p-brane configuration is a non-marginal bound state 
of NS-NS 5-brane and R-R 5-brane. There is a correlation between the D = 11 5/(2, Z) 
transformation, which rotates a 3-plane in E^, and the type-IIB 5/(2, Z) transformation, 
which rotates the charge vectors of the 2-form field doublet 



The general type-IIB solution (|514|) with non-diagonal f/(°°) is interpreted as an arbi- 



trary number of 5-branes intersecting or overlapping at angles, p-vectors and f/(°°) specify 
orientations and charges of 5-branes, and a determines distance of 5-branes from the origin. 
Since the corresponding A^2 has the Sp{2) holonomy, 3/16 of supersymmetry is preserved. 

Next, we discuss the intersecting p-branes in type-IIA string and M-theory related to 
( pl2| ). The intersecting p-branes in type-IIA theory are constructed in the following way. 
First, one T-dualizes the type-IIB solution ( |514|) along a direction in E^'^ to obtain the 
following type-IIA 'generalized fundamental string' solution, which can also be obtained 



from ( |511| ) by compactifying on a spatial direction in E^'^: 

ds'^ = H-^ds'^(E^^^) + Uijdx.'-dx.^ + U'\dipi + Ai){dipj + Aj), 
B = uj(E'^'^)H~\ 0A = -^lni/. (516) 

Subsequent T-dualities along ipi and ip2 lead to the type-IIA solution: 

ds^ = H-^ds\E^'^) + Uij{d:>e -dx.^ + d<^'d<^^), 
B = AiAd^' + uj{E^'^)H-\ (f)A = - In detU - - In H, (517) 

where B is the NS-NS 2-form potential and 0a is the dilaton. This solution is interpreted 
as an arbitrary number of NS-NS 5-branes intersecting on a fundamental string (with a har- 



monic function if), generalizing the solutions in ||423|| . The case with diagonal U represents 



orthogonally intersecting NS-NS 5-branes. More general case with non-diagonal U represents 
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intersecting NS-NS 5-branes at angles and preserves 3/16 of supersymmetry. The following 
solution in D = 11 is obtained by uplifting the type-IIA solution ( |517|) : 

dsj^ = H^{detU)^H-\detU)-^ds\E^'^) 

+ (det Uy^Uijidx' ■ rfx^' + d(p'd(p^) + H-^dy% 
F = [FiAdip' + iu{E^'^)AdH-^]Ady. (518) 

When U is of LWY type, this solution represents parallel M 2-branes which intersect inter- 
secting 2 M 5-branes (orthogonally when [/(°°) is diagonal as well) over a string. For more 
general form of U, the solution represents the M 2-branes intersecting arbitrary numbers of 
M 5-branes at angles and preserves 3/16 of supersymmetry. 

T-duality on the type-IIA solution ( |517| ) along the fundamental string direction leads to 



intersecting type-IIB NS-NS 5-branes with a pp-wave along the common intersection direc- 
tion. Further application of Z2 C SL{2, Z) S'-duality transformation leads to the following 
solution involving R-R 5-branes, which preserves 3/16 of supersymmetry when 5-branes 
intersect at angles: 

dsl = (det U) 3 [dtda + Hda^ + (rfx^ ■ dx.^ + d^'d^^)] , 
B' = AiAdif', T = iVdet U, (519) 

where B' is the R-R 2-form potential. The H = 1 case is classical solution realization of 
intersecting D-branes at angles of p9|. In [^], the condition for unbroken supersymmetry 



is given by the holonomy condition arising in the KK compactifications. This corresponds 
to the holonomy condition on the hyper-Kahler manifold of [p85|| . Namely, intersecting R-R 



p-branes preserve fraction of supersymmetry if orientations of the constituent R-R p-branes 
are related by rotations in the Sp{2) subgroup of 5*0(8). This is seen by considering spinor 
constraints of intersecting two D 5-branes, where one D5-brane is oriented in the (12345) 
5-plane and the other D5-brane rotated into the (16289) 5-plane by an angle 6. For this 
configuration, type-IIB chiral spinors {A = 1, 2) satisfy the constraints roi2345e^ = and 
R-\e)To,e2S9RiO)e' = e\ where R{e) = exp{-i^(r26 + Fgr + + F59)} is the 50(1,9) 
spinor representation of the above mentioned 5*0(8) rotation. (The rotational matrix R{9) 
is associated with an element of U{2, H) = Sp{2) that commutes with quaternionic conju- 
gation, which is the rotation mentioned above.) It can be shown |P85 that (i) for 6 = 0,tt, 



1/2 of supersymmetry is preserved since the second spinor constraint is trivially satisfied, 
(ii) for 6 = ±7r/2, 1/4 is preserved, and {in) for all other values of 6, 3/16 is preserved. 

Finally, we discuss intersecting (overlapping) p-branes related to (|513|) . The compactifi- 
cation on one of the U{1) isometry directions followed by the T-duality along the other U{1) 
isometry direction yields the following type-IIB solution: 

dsl = {H,H2UiU2)-^ [{UiU2HiH2)-'ds\E''') + {U2H2)-'dx' ■ rfx^ 
+ {UiHi)-^d:>c^ ■ dx^ + {HiH2)~^dz^ + {UiU2r^dy'^] , 

B = AiAdz + A2Ady, B' = A2 A dz + Ai A dy, T = i\ -^. (520) 

V H2U1 

This solution represents 2 NS-NS 5-branes in the planes (1, 2, 3, 4, 5) and (1, 6, 7, 8, 9) and 2 
R-R 5-branes in the planes (1, 5, 6, 7, 8) and (1, 2, 3, 4, 9) intersecting orthogonally. Since the 
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spinor constraint associated with one of the constituent p-branes is expressed as a combina- 
tion of the rest three independent spinor constraints, the solution preserves (|)^ of super- 
symmetry. Related intersecting p-brane is constructed by applying T-duality, oxidation and 
dimensional reduction. One can further include additional p-branes without breaking any 
more supersymmetry, provided the spinor constraints of the added p-branes can be expressed 
as a combination of spinor constraints of the existing p-branes. 



6.3 Dimensional Reduction and Higher Dimensional Embeddings 

The lower-dimensional {D < 10) p-branes can be obtained from those in D = 10, 11 through 
dimensional reduction. Reversely, most of lower- dimensional p-branes are related to D = 
10, 11 p-branes via dimensional reduction and dualities. In particular, many black holes in 
D < 10 originate from D = 10, 11 p-brane bound states, which makes it possible to find 
microscopic origin of black hole entropy. It is purpose of this section to discuss various 
p-branes in Z) < 10. We also discuss various p-brane embeddings of black holes. 

There are two ways of compactifying p-branes to lower dimensions. First, one can com- 
pactify along a longitudinal direction. It is called the 'double dimensional reduction' (since 
both worldvolume and spacetime dimensions are reduced, bringing a p-brane in D dimen- 
sions to [p — l)-brane in D — 1 dimensions diagonally in the D versus p brane-scan) or 
'wrapping' of branes (around cycles of compactification manifold). Since target space fields 
are independent of longitudinal coordinates, one only needs to require periodicity of fields 
in the compactification directions. Second, one can compactify a transverse direction of a 
p-hiane. It is called the 'direct dimensional reduction' (since this takes us vertically on the 
bran-scan, taking a p-brane in D dimensions to a p-brane in D — 1 dimensions) or 'con- 
structing periodic arrays' of p-branes (along the compactified direction). Since fields depend 
on transverse coordinates, direct dimensional reduction is more involved | }422| , |286| , [461[| . 
For this purpose, one takes periodic array of parallel p-branes (with the period of the size 
of compact manifold) along the transverse direction Then, one takes average over the 
transverse coordinate, integrating over continuum of charges distributed over the transverse 
direction. The resulting configuration is independent of the transverse coordinate, making 
it possible to apply standard Kaluza-Klein dimensional reduction In the double [direct] 
dimensional reduction, the values of p [p] and A are preserved; in the direct dimensional 
reduction, the asymptotic behavior of the fields (which goes as ~ l/|y|^) changes. 

Conventionally, the direct dimensional reduction uses the zero- force property of BPS 
p-branes, which allows the construction of multicentered p-branes. Note, however that it 
is also possible to apply the vertical dimensional reduction even for non-BPS extreme p- 
branes [ [461 ] and non-extreme p-branes contrary to the conventional lore. Namely, 



since the equations of motion (of a non-extreme, axially symmetric black {D — 4)-brane in D 
dimensions, for the non-extreme case) can be reduced to Laplace equations in the transverse 
space with suitable choice of field Ansatze, one can still construct multi-center p-branes 
for non-BPS and non-extreme cases as well. For the non-extreme case, when an infinite 
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Such staking-up procedure breaks down for {D — 3)-branes in D dimensions, due to conical asymptotic 



spacetime [461]. This is also related to the fact that {D — 2)-branes reside in massive supergravity, rather 



than ordinary massless type-II theory. 

^^Or one can promote such isometry directions as the spatial worldvolume of a p-brane, leading to an 



intersecting p-brane solution 1 287 , 611 , 461 , 424 1 
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number of non-extreme p-branes are periodically arrayed along a line, the net force on each 
p-brane is zero and the conical singularities along the axis of periodic array act like "struts" 
that hold the constituents in place. Furthermore, since the direction of periodic array is 
compactified on with each p-brane precisely separated by the circumference of S^, the 
instability problem of such a configuration can be overcome. 

One can also lift p-branes as another p-branes in higher-dimensions, so-called 'dimensional 
oxidation'. First, the oxidation of ap-brane in D dimensions to ap-brane in D + 1 dimensions 
(i.e. the reverse of the direct dimensional reduction) is never possible in the standard KK 
dimensional reduction, since the oxidized p-brane in D + 1 dimensions has to depend on the 
extra transverse coordinate introduced by oxidation 0. (This is analogous to the 'dangerous' 
T-duality transformation.) Second, the oxidation of a p-brane in D dimensions to a (p-|- 1)- 
brane in D + 1 dimensions (i.e. the reverse of the double dimensional reduction) is classified 
into two groups. A p-brane in D dimensions is called 'rusty' if it can be oxidized to a (p-|- 1)- 
brane in D + 1 dimensions. Otherwise, it is called 'stainless'. Thus, p-branes in bran scan 
are KK descendants of stainless p-branes in some higher dimensions Q. A p-brane in D 
dimensions is 'stainless' when (i) there is not the antisymmetric tensor in D + 1 dimensions 
that the corresponding {p+ l)-brane couples to, or (m) the exponential prefactors a^j+i and 
qd for (p-|- 2)-form field strength kinetic terms in D + 1 and D dimensions do not satisfy the 



relation a'j^_^_-^^ = a|, — tj^^t^Zi)- (This relation is satisfied by the expression for a in (|531|) , 



(D-2)(D-1) 

provided A remains unchanged in the dimensional reduction procedure.) 

In this section, we focus on p-branes in D < 10 with only field strengths of the same rank 
turned on, comprehensively studied in p9|, |6T], |56|, |63], |43], |55|, |62|, |58|, |60l. A 



special case is black holes, which are 0-brane bound states. We also discuss their supersym- 
metry properties and interpretations as bound states of higher-dimensional p-branes. 

6.3.1 General Solutions 

We concentrate on p-branes in D = 11 supergravity on tori. Bosonic Lagrangian of D = 11 
supergravity is 



7? _ _ _Lf2 



+ A A A is, (521) 
o 



where F4 = dA^ is the field strength of the 3-form potential ^3. So, such p-branes have 
interpretation in terms of M-theory or type-II string theory configurations. Although one 
can directly reduce the D = 11 action down to < 11 by compactifying on T^^~^ in one 
step, it turns out to be more convenient to reduce the action ( ^21| ) one dimension at a time 
iteratively until one reaches D dimensions. Namely, one compactifies 11 — D times on S^, 
making use of the following KK Ansatz: 

dsl^, = e2°^(i4 + e-2(^-2)"^(d;2 + A)', 
Anix,z) = An{x) + An-iix) Adz, (522) 



^^Such a p-brane in D dimensions should rather be viewed as a p-brane in Z? + 1 dimensions whose charge 
is uniformly distributed along the extra coordinate. This is interpreted as the limit where one of charges of 



intersecting two p-branes in D -I- 1 dimensions is zero [461|. 

^"Contrary to the conventional lore that all the p-brancs in Z? < 10 are obtained from those in D = 10, 11 
through dimensional reductions, there are stainless p-branes in D < 10 which cannot be viewed as dimensional 



reductions of p-branes in D = 10, 11. So, the conventional brane scan is modified |45£] 
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where is a dilatonic scalar, Ai = A^dx'^ is a KK 1-form field, A„ is an n-form field arising 



from ^3 and a = l/y2(D — 1){D — 2). The explicit form of resulting D < 11 action can 
be found elsewhere [[156|| . The advantage of such compactification procedure is that spin- 



fields are manifestly divided into two classes in the Lagrangian. Namely, only dilatonic 
scalars = appear in the exponential prefactors of the n-form field kinetic 

terms. The dilatonic scalars originate from the diagonal components of the internal metric 
and are true scalars. The couplings of to n-form potentials A° are characterized by the 
"dilaton vectors" da in the following way: 

e-'C^-,orrn = E e'^HK+lf ■ (523) 

The complete expressions for "dilaton vectors" , which are expressed as linear combinations 
of basic constant vectors, are found in P56|| . On the other hand, the remaining spin-0 fields 



coming from the off-diagonal components of Gmn and the internal components of ^3 are 
axionic, being associated with constant shift symmetries, and should rather be called 0-form 
potentials, which couple to solitonic (D — 3)-branes. (Note, there are no elementary p-branes 
for 1-form field strengths.) 

Up to present time, study of p-branes within the above described theory has been mostly 
concentrated on the case where only n-form potentials of the same rank are turned on, with 
the restrictions that terms related to the last term in ( ^21| ) (denoted as Cffa from now on) 
and the "Chern- Simons" terms in (n + l)-form field strengths are zero. These restrictions 
place constraints on possible charge configurations for p-branes. These constraints become 
non-trivial when a p-brane involves both undualized and dualized field strengths, i.e. when 
the p-brane has both electric and magnetic charges coming from different field strengths. 
The former [later] type of constraint is satisfied as long as the dualized and undualized 
field strengths have [do not have] common internal indices i,j, k. 

Supersymmetry Properties The supersymmetry preserved by p-branes is determined 
from the Bogomol'nyi matrix Ai, which is defined by the commutator of supercharges = 
IdT. ^^^^^''PcdT.AB per unit p-volume: 

[Q,,, Q,,] = N^^'dT.AB ~ e{Me2, (524) 

where N^^ = eiV^^'~^ d^^^ipc is the Nester's form defined from the supersymmetry transfor- 
mation rule oi D = 11 gravitino ipA'- 

^AB ^ eir^^^Z}ce2 + le-.T^^'^-e.F^c, + ^eir^^^--^^e2Fc,...c,. (525) 

The first term in A^"^^ gives rise to the ADM mass density and the last two terms respectively 
contribute to the electric and magnetic charge density terms in M.. The Bogomol'nyi matrix 
for the 11-dimensional supergravity on {S^Y^~^ is in the form of the ADM mass density 
m term plus the electric and magnetic Page charge density ||49CI|| (defined respectively as 
4^ jsD^n -kFn and Jsn F„) terms. 

^^In particular, to set the O-forms ^q"**^ to zero consistently with their equations of motion, the bilinear 
products of field strengths that occur multiplied by A}^'' in Cffa should vanish. 
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Since the Bogomornyi matrix is obtained from the Hermitian supercharges, its eigenval- 
ues are non-negative. The matrix Ai has zero eigenvalues for each component of unbroken 
supersymmetry associated with the Killing spinor e satisfying S^ipA = 0. Since D = 11 spinor 
has 32 components, the fraction of preserved supersymmetry is ^, where k is the number 
of eigenvalues of Ai (i.e. the nullity of the matrix A4) or equivalently the number of lin- 
early independent Killing spinors. The amount of preserved supersymmetry is determined 
as follows. First, one calculates the ADM mass density m from the p-brane solutions. Then, 
one plugs m, together with the Page electric and magnetic charge densities of the p-branes, 
into the Bogomol'nyi matrix. The multiplicity k of eigenvalues of the resulting matrix Ai 
determines the fraction of supersymmetry preserved by the corresponding p-branes. 



Multi-Scalar p-Branes General p-branes with more than one non-zero p-brane charges 
are called "multi-scalar p-branes" , since such p-branes have more than one non-trivial dila- 
tonic scalars. The Lagrangian density has the following truncated form: 



-9 



n 



2{p + 2)\ 



p+2) 



(526) 



where field strengths -^^2 — '^^p+i defined without "Chern-Simons" modifications. In 
this action, the rank p + 2 of field strengths is assumed to not exceed -D/2, namely those with 
p + 2 > D/2 are Hodge-duahzed. This is justified by the fact that the dual of field strength 
of an elementary [solitonic] p-brane is identical to the field strength of solitonic [elementary] 
{D — p — 2)-brane, with the corresponding dilaton vector differing only by sign. 

We consider extreme p-branes with N non-zero (p + 2)-form field strengths, each of 
which is either elementary or solitonic, but not both. For the simplicity of calculations, 
the S'0(l,p — 2) X SO{D — p + 1) symmetric metric Ansatz ( [448| ) is assumed to satisfy 
(p + 1)A + (p + 1)B = [ [457| | , so that the field equations are linear. The p-brane solutions 
are then determined completely by the dot products Map = da ■ ap of the dilaton vectors 
da associated with non-zero (p + l)-form field strengths -F^2 ('^ — ■■■■> solving the 

equations, it is assumed that is invertible Q, which requires the number N of non-trivial 
Fp+2 be not greater than the number of the components in 0, i.e. N <11 — D. For such 
p-branes, only components (f a = da- (p of (p are non-trivial. If one further takes the Ansatz 
—eipa + 2(p + 1)A oc J2i3{M~^)a/3f/3, then M^/j takes the form: 



M, 



45, 



al3 



2(p+l)(p+l) 
D-2 



(527) 



The conditions on fields that linearize the field equations and lead to Map of the form ( p27| ) 
are also dictated by supersymmetry transformation rules for the BPS configurations. Thus, 
a necessary condition for "multi-scalar p-branes" to be BPS is for the dilaton vectors 
associated with participating field strengths to satisfy (|527| ). The following extreme multi- 
scalar p-brane solution is obtained by taking further simplifying Ansatz discussed in ||457|] : 



N N _p+j_ 

^-,^^-lj,+i)A ^ =YyHa °-'dx''dx''ri^^ + n HS-''dy"'dy 



(528) 



Q = l 



^^When Map is singular, analysis depends on the number of rescaling parameters [456|. The only new 
solution is the case = 0, which yields solutions with a — and (F")^ = F'^/N, Va. 
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where harmonic functions = 1 + ^p^^^ iy = ^/WW^) ^"^^ associated with p-branes 
carrying the Page charges Pa = Aa/4, and the field strengths are given, respectively, for the 
electric and magnetic cases by 

Fp% = dH-^ A (F+^x, Fp%2 = ^{dH-^ A (F+^x). (529) 

The elementary and solitonic p-branes are related by — > —0. The ADM mass density is 
the sum of the mass densities of the constituent p-branes, i.e. m = 

Ea=iPa- Multi-center 



generalization is achieved by replacing harmonic functions by = 1 + Z^i |^_^"'.'|p+i ||424 



Single-Scalar p-Branes We discuss the case where the bosonic Lagrangian for 11- 
dimensional supergravity on {S^y^~^ is consistently truncated to the following form with 



one dilatonic scalar and one {p + 2)-form field strength |[459| , |456 

c = ^r- 



(530) 



where we parameterize the exponential prefactor a in the form: 



2(p+l)(p+l)^ (531) 

D-2 ^ ^ 

This expression for a is motivated from ( [442| ) , now with an arbitrary parameter A replacing 
4. By consistently truncating (|526|) , one has ( |530| ) with (-Fp+2)^ = Z]q:(-^j^2)^ ^^'t' given 
by (for the case Ma/3 is invertible) 

= \Y(M-')aB\ , (l) = aJ2{M-')apda-$. (532) 

a,l3 

By taking Ansatze which reduce equations of motion for { f)30{ ) to the first order, one 
obtains ||459|| the "single-scalar p-brane" solution with the Page charge density P = A/4: 




= H^, d-s^ = H~^^dx>'dx''r]^^ + H^&=h dy'^dy"', (533) 

where H = 1 — 2(^1) '^^^ niass density is m = Although inequivalent charge 

configurations give rise to the same A, i.e. the same solution, supersymmetry properties 
depend on charge configurations. 

Note, although one can obtain p-brane solutions ( p33| ) for any values of p and a, hence 
for any values of A, only specific values of p and a can occur in supergravity theories. The 
value of A is preserved in the compactification process, provided no fields are truncated. 



For p-branes with 1 constituent, A is always 4, as can be seen from the form of a in (|442|) , 
determined by the requirement of scaling symmetry 0, and always 1/2 of supersymmetry is 
preserved. The value A = 4 can also be understood from the facts that A = 4inD = ll, 
since there is no dilaton in Z) = 11, and the value of A is preserved in dimensional reduction 
not involving field truncations. 

^•^For p-branes with A 7^ 4, the scahng symmetry of combined worldvolume and effective supergravity 
actions is broken. 
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When the field strength is a hnear combination of more than one original field strengths, 
A < 4. With all the Page charges Pa = \a/^ of "multi-scalar j9-brane" ( ^2^ ) equal, one 
has "single-scalar p-brane" with the Page charge P = A/4 (A = \fN\a)- By substituting 
Map in ( p7| ) into (|532| ), one has A = A/N. So, "single- scalar p-branes" with A = A/N 
{N > 2) are bound states of N single-charged p-branes (with A = 4) with zero binding 
energy, and preserve the same fraction of supersymmetry as their multi-scalar generalizations. 
Only "single-scalar p-branes" with A = 4/iV [N G Z+) and "multi-scalar p-branes" can be 
supersymmetric. (Non-supersjnumetric p-branes in this class is related to supersymmetric 
ones by reversing the signs of certain charges.) And only single-scalar p-branes with A = 4/A^ 
(A^ > 2) have multi-scalar generalizations. 



Dyonic p-Branes In D = 2(p + 2), p-branes can carry both electric and magnetic charges 
of {p + 2)-form field strengths. There are two types of dyonic p-branes p56|| : (i) the first 
type has electric and magnetic charges coming from different field strengths, (ii) the second 
type has dyonic field strengths. As in the multi-scalar p-brane case, the requirements that 
^FFA = and the Chern-Simons terms are zero place constraints on possible dyonic solutions 
in D = 2{p + 2) = 4,6,8. Such restrictions rule out dyonic p-branes of the first type in 
= 6, 8. For the second type, dyonic p-brane in D = 8 is special since it has non-zero 0-form 
potential Aq^^^-* ||388| , thereby requiring non-zero source term FmnpqFrstu^^^^^^^^'^^ j and 



can be obtained from purely electric/magnetic membrane by duality rotation, unlike dyonic 
D = Q string and D = A 0-brane of the second type. Dyonic p-branes of the second type 
include self-dual 3-branes in Z) = 10 ||367| , p38|| , self-dual string |p42|| and dyonic string |p30|| 
in D = 6, and dyonic black hole in D 



A pej . 

There are two possible dyonic p-branes (associate with ( |530| )) of the second type Q with 
the Page charge densities Aj/4 [ [456|] : (1) = p + 1 case (i.e. A = 2p + 2) with the solution 



g-ia</.-(p+l)A 



Ai 1 



,+|a</.-(p+l)A 



A, 



av/2rP+i' 

and (2) a = case (i.e. A = p + 1) with the solution 



1^2 rP^ 



(534) 



0, 



1 + 



2\ 



A? + Ai 1 



1 



p 



(535) 



The ADM mass density for ( |534| ) is m 



2VA 



(Ai + A2), whereas for { f)35\) 



m 



27a 



The solution ( |535| ) is invariant under electric/magnetic duality and, therefore, is equivalent 
to the purely elementary (A2 = 0) or solitonic (Ai = 0) case. For (|534|) with Ai = A2, the 
field strength is self-dual and = 0, thereby ( |534| ) and ( p35| ) are equivalent, but for ( p35| ) 
Ai and A2 are independent. When Ai = — A2, (|534|) corresponds to anti-self-dual massless 
string with enhanced supersymmetry. 



Note, the solutions ( |534| ) and ( |535| ) are not restricted to those obtained from the D = 11 
supergravity on tori. For D = 8,6 and 4, which are relevant for the D = 11 supergravity on 
tori, A's for (|3|) and (|3|) are respectively {6,3}, {4,2} and {2,1}. So, (^) and 
with p = 2 (i.e. D = 8) are excluded. 



^"^The solutions for dyonic p-branes of the first type have the form 
both Hodge-duahzed and unduahzed field strengths. 



with Lagrangian (526) containing 



147 



Black p-Branes We discuss non-extreme p-branes. Non-extreme p-branes are additionally 
parameterized by the non-extremality parameter k > 0. There are two ways of constructing 
non-extreme p-branes. 

The first method involves a universal prescription for "blackening" extreme p-branes, 
which deforms extreme solutions with e^-^ = 1 — (r = ||243|| : 

dt^^e^^dt^, dr^ ^ e-'^^dr^, (536) 

while modifying harmonic functions associated with p-branes as if = 1 -|- sinh 25a/r^+^ —>■ 
1 -|- ksinli^ 5a/ r^^^. The resulting non-extreme p-branes, called "type-2 non-extreme p- 
branes", have an event horizon at r = r+ = k^/(P+^\ which covers the singularity at the 



core r = 0. The ADM mass density has the generic form m ~ y (Qa)^ + which 
is always larger than the extreme counterpart, and all the supersymmetry is broken since 
the Bogomol'nyi bound is not saturated. For type-2 non-extreme p-branes (with p > 1), 
the Poincare invariance is broken down to R x E'^ because of the extra factor e^'^ in the 
[t, t)-component of the metric. For 0-branes, the metric remains isotropic but the quantity 
(p -|- 1)A + {p + 1)B no longer vanishes. 

In the second method, the metric Ansatz ( [448| ) remains intact but instead general solution 



to the field equations is obtained |[462| , ^55|| without simplifying Ansatze, e.g. {p+ 1)A+ {p + 



1)B = 0, that linearize field equations. (In solving the field equations without simplifying 
Ansatze, one encounters an additional integration constant interpreted as non-extremality 
parameter.) So, the resulting non-extreme p-branes, called "type-1 non-extreme p-branes", 
preserve the full Poincare invariance (in the worldvolume) of extreme p-branes. So, type-1 
non-extreme p > solutions do not overlap with the type-2 non-extreme counterparts. But 
type-1 non-extreme 0-branes contain type-2 non-extreme 0-branes as a subset. 

The equations of motion for single-scalar p-branes and dyonic p-branes of the second type 
are, respectively, casted into the forms of the Liouville equation and the Toda-like equations 
for two variables, which are subject to the first integral constraint. The equations of motion 
for dyonic p-branes are solvable when = p -|- 1 (i.e. A = 2(p -|- 1)) or = 3(p -|- 1) (i.e. 
A = 4(p -|- 1)). When = p -|- 1, the equations of motion are reduced to two independent 
Liouville equations. Since A < 4 in supergravity theories, only dyonic strings in D = Q and 
dyonic black holes in D = 4 are relevant, with only dyonic strings having BPS limit. When 

= 3(p -|- 1), the equations of motion are reduced to SU{3) Toda equations. Only dyonic 
black holes are possible in supergravity theory for this case. In the extreme limit, such black 
holes preserve supersymmetry when either electric or magnetic charge is zero. 

For multi-scalar p-branes with N field strengths, the equations of motion are Toda-like in 
general, but when the extreme limit is BPS (i.e. dilaton vectors satisfy ( |527D ) the equations 
of motion become N independent Liouville equations. The requirements that non-extreme p- 
branes are asymptotically Minkowskian and dilatons are finite at the event horizon (thereby 
the event horizon is regular) place restrictions on parameters of the solutions. 



Massless p-Branes For multi-scalar p-branes and a dyonic p-brane (|535|) of the second 



type, the ADM mass density has the form m ~ Y,a -^a- So, they can be massless when 
some of the Page charges are negative. In this case, there are additional eigenvalues of 
the Bogomol'nyi matrix, enhancing supersymmetry. Generally massless p-branes are ruled 



148 



out if one requires the Bogomol'nyi matrix to have only non-negative eigenvalues 0, since 
the Bogomol'nyi matrix is obtained from the commutator of the Hermitian supercharges. 
Since some of the Page charges are negative, the massless p-branes have naked singularity. 
On the other hand, if one allows negative eigenvalues, one can have p-branes preserving 
more than 1/2 of supersymmetry and some of non-BPS multi-scalar p-branes can become 
super symmetric due to the appearance of eigenvalues with suitable sign choice of Page 
charges (but their single-scalar counterparts are non-BPS, since Page charges have to be 
equal in the single-scalar limit) ||457| . 



6.3.2 Classification of Solutions 

In this subsection, we classify p-branes discussed in the previous subsection according to their 
supersymmetry properties. Since single-scalar p-branes and their multi-scalar generalizations 
preserve the same amount of supersymmetry (except for the special case of massless p- 
branes), the classification of multi-scalar p-branes is along the same line as that of single- 
scalar p-branes. Single-scalar p-branes are supersymmetric only when A = 4/iV (A^ G Z+) 
and the dilaton vectors Sa (associated with the participating field strengths) of their multi- 
scalar p-brane counterparts satisfy the relations 



Spin-0 fields, i.e. dilatonic scalars and 0-form fields, form target space manifold of a- 
model. The target space manifold has a coset structure G/H, where G ~ i?„(+„)(R) {n = 
11 — D) is the (real- valued) fZ-duality group Q and if is a linearly-realized maximal subgroup 
of G. Under the G-transformations, the equations of motion are invariant. When the DSZ 
quantization is taken into account, G and H break down to integer- valued subgroups. The 
subgroup G(Z) is the conjectured ^/-duality group of type-II string on tori. 

The asymptotic values of spin-0 fields, called "moduli" , define the "scalar vacuum" . The 
asymptotic values of dilatonic scalars and 0-form fields are, respectively, interpreted as the 
"coupling constants" and "^-angles" of the theory. One can parameterize spin-0 fields by a 
G- valued matrix V{x) which transforms under rigid G-transformation by right multiplication 
and under local //-transformation by left transformation: V{x) — > h{x)V{x)A~^ , h{x) G H 
and A G G. It is convenient to define a new scalar matrix M = V'^V, which is inert under H 
but transforms under G as M — > AMA'^. So, the [/-duality group G generally changes the 
"vacuum" of the theory. By applying a G-transformation, one can bring the asymptotic value 
of M to the canonical form M^o = 1. The subgroup H leaves M^o = 1 intact (i.e. H is the 
L'^-duality little group of the scalar vacuum), thereby acting as solution classifying isotropy 
group (of the vacuum) that organizes the distinct solutions of the theory into families of the 
same energy. The integer-valued subgroup G(Z) fl if is identified with the Weyl group of 
G that transforms the set of dilaton vectors associated with field strengths of the same 
rank as weight vectors of the irreducible representations of G(Z). 

The U Weyl group in Z) < 9 contains a subgroup Su^d consisting of the permutations 
of the internal coordinates {i ^ j), corresponding to the permutations of field strengths ^ 
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In the exceptional case of 4-scalar solution with 2- form field strengths in D = 4 , it is possible to have 



massless p-branes where the Bogomol'nyi matrices have no negative eigenvalues | 457 ]. 

^^For D < 6, this is the case only when all the field strengths are Hodge-dualized to those with rank 



< D/2 



^"^In the following, we also call the real- valued group G as the [/-duality group, but the distinction between 
G'(R) and G{Z) will be clear from the context. 

^^This permutation is a discrete subset of G(R) which acts on a field strength multiplet linearly. 
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and (for D < 8) the additional discrete symmetries that interchange field strengths and the 
Hodge dualized field strengths (namely, the interchange of field strength equations of motion 
and Bianchi identity). At the same time, the associated dilaton vectors transform in such 
a way that theory is invariant, respectively, by permutation or change of signs, forming an 
irreducible multiplet under the Weyl group. 

In particular, Mq,^ are invariant under the U Weyl transformations and therefore A is 
also preserved. Furthermore, since the Bogomol'nyi matrix Ai is invariant under the U Weyl 
group, p-branes with the same eigenvalues of Ai and, therefore, the same supersymmetry 
property are related by the U Weyl group. Starting with a p-brane with a set of Sa, one 
generates a U Weyl group multiplet of p-branes with the same Ma/s (or same A) and the same 
eigenvalues of A^. In the case of multi-scalar or dyonic j9-branes, where the N Page charges 
are independent parameters, the size of the U Weyl multiplet is larger than that of single- 
scalar p-brane counterparts, since the participating field strengths are now distinguishable. 



We classify p-branes according to the rank of field strengths that p-branes couple to |[456 



457| |. Particularly, BPS p-branes are possible with = 1 4-form/3-form field strength, < 4 
2-form field strengths and N < 7 1-form field strengths. BPS p-branes with A^ participating 
field strengths appear in lower dimensions once they occur in some higher dimensions; the 
p-branes in those maximal dimensions are "stainless super p-branes". Generally, BPS p- 
branes with A = 4, 2, | respectively preserve ^, |, | of supersymmetry, and 0-branes with 
A = |, |, |, which occur only in D = 4, all preserve j^. As for the super p-branes with 4 field 
strengths, there are two inequivalent solutions: (i) those that preserve | of supersymmetry 
(denoted A = 1') and are coupled to 2-form and 1-form field strengths (ii) those that preserve 
^ (denoted A = 1) and are coupled to 1-form field strengths, only. Lastly, we show that 
iJ-transformations on black holes discussed in chapter H generate the most general black 



holes in D = 11 supergravity on tori 171 



4-Form Field Strength There is only one 4-form field strength in each dimension, but 
within the supergravity models under consideration in this section, the 4-form field strength 
exists only in D > 8, since those in D < 8 are Hodge-dualized to lower ranks. So, no 
multi-scalar generalization is possible. There is a unique single-scalar p-brane, which is 
either elementary membrane or solitonic {D — 6)-brane. In D = 8, one can construct dyonic 
membrane of the second type ( |534D , but it is ruled out by the constraint Cffa = 0. 



3-Form Field Strengths There are 11 — D 3-forms in D > Q, except in D = 7 where there 
is an extra 3-form coming from the Hodge-dualization of the 4-form. The associated dilaton 
vectors satisfy M^fs = 25 — ^^i^; which are not of the form ( p27| ), and, therefore, the 
multi-scalar generalization is not possible. In fact, this expression for M^/j yields A = 2 -|- 
in the limit = F'^/N,'^a: supersymmetry is completely broken unless A^ = 1 (i.e. A = 4), 
in which case 1/2 of supersymmetry is preserved. In D = 6, one can construct dyonic strings. 
Due to the constraint CppA = 0, only dyonic strings of the second type, which are ( |534| ) and 
(^35|) with A = 4 and 2, respectively, are possible. 



2-Form Field Strengths Two-form field strengths couple to elementary 0-branes and 
solitonic {D — 4)-branes. Analysis of 2-form field strengths and 1-form field strengths is 
complicated due to their proliferation in lower dimensions. We therefore discuss only super- 
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symmetric cases; complete classification of p-branes including non-supersymmetric ones can 
be found in ||456| , |457|| . The dilaton vectors Oq associated with N participating 2-form field 



strengths satisfy (|527|) only for < 4. The dimensions D in which these BPS p-branes with 
= 1, 2, 3, 4 2-form field strengths appear are, respectively, D < 10, 9, 5, 4. For = 1, 2, 3, 
the p-branes preserve of supersymmetry, and for the = 4 case, the solutions preserve 
1/8. Whereas p-branes with A^ < 3 can be either purely electric/magnetic or dyonic (of the 
first type), p-branes with A^ = 4 are intrinsically dyonic (of the first type). 

In D = 4, there are 4 inequivalent BPS black holes with A = (A^ = 1,2,3,4), 
corresponding to dilaton couplings a = ^/S, 1, -^,0, respectively 0. These black holes are 

interpreted as bound states of N D = 5 KK black holes with a = ^/S ||5 1 1| , p49|| . 

In D = 4, dyonic 0-branes of both first and second types satisfy the constraint Cffa = 0. 
Discussion on the first type is along the same line as the multi-scalar 0-branes. As for the 
second type, we have solutions ( p34| ) and ( |535D with a = l/y/S (i.e. A^ = 2) and a = 
(i.e. A^ = 4), respectively. First, a = case is intrinsically dyonic of the first type even 
when Ai = or A2 = 0. Although the explicit forms of solutions are insensitive to signs 
of Page charges, their supersymmetry properties depend on their relative signs. Second, 
the supersymmetry property of a = 1/ \/3 case is insensitive to the signs of Page charges. 
Supersymmetry is preserved when (i) Ai = or A2 = 0, corresponding to purely sohtonic or 
elementary solution preserving 1/4 of supersymmetry, or (m) Ai = — A2, corresponding to a 
massless black hole preserving 1/2. 



1-Form Field Strengths 1-form field strengths couple to solitonic {D — 3)-branes, only. 
The dilaton vectors satisfy (|527|) for N < 7 participating field strengths. A^ = 1,2,3 cases 
occur, respectively, in D <9, 8, 6, whereas A^ = 5, 6, 7 cases occur in D = 4, only. As for the 
A^ = 4 case, there are 2 inequivalent BPS solutions: {{) those occurring in Z) < 6, denoted 
A^ = 4' or A = 1' and (ii) those occurring only in D = 4, denoted A^ = 4 or A = 1. For 
generic values of Page charges, p-branes preserve 2~^ [^] of supersymmetry for A^ = 1, 2, 3, 4 
[A^ = 5, 6, 7]. The A^ = 4' case preserves |. In the case A = 1', |, |, |, p-branes are BPS 
or non-BPS, depending on the signs of the Page charges. However, for A = 4, 2, |, 1, their 
supersymmetry properties are independent of the Page charge signs. 



Black Holes in 4 < D < 9 The 0-branes in D = 11 supergravity on tori with the most 
general charge configurations can be obtained by applying subsets of [/-duality transforma- 
tions on the generating solutions. As in the case of black holes in heterotic string theory 
on tori, the set of transformations that generate the general black holes with the canonical 
asymptotic value of scalar matrix M^o = 1 from the generating solutions is of the form 
H/Hq, where Hq is the largest subgroup of H that leaves the generating solutions intact. 
The H / Hq transformation introduces dim(if) — dim(ifo) parameters, which together with 
the parameters of the generating solutions form the complete parameters of the most general 
solution. The number of U{1) charges of the generating solutions are 5, 3, 2 for Z) = 4, 5, > 6, 
respectively. The charge configurations for these generating solutions are the same as the 
heterotic case in chapter ^, with all the charges coming from the NS-NS sector. To gener- 
ate solutions with an arbitrary asymptotic value of the scalar matrix M, one additionally 
imposes a general (real- valued) fZ-duality transformation. 

^^Note, only for these values of a, the 0-branes have a regular event horizon. 
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The "dressed" 0-brane charge Z = VoqZ can be rearranged in an x anti-symmetric 
complex matrix Z^ab {A, B = 1, N), where is the number of the maximal supersym- 
metry in D dimensions. Z and Zdab are invariant under the global G-transformation but 
transform under the local if-transformation. Z^ab appears in the supersymmetry algebra in 
the form [Qau, Qb/s] = CafsZoAB- In general, Zdab is splitted into blocks of ^ x y subma- 
trices. Two diagonal blocks Z^^ i^ correspond to NS-NS charges and two off-diagonal blocks 
represent R-R charges. By applying the if-transformation Z^ —>■ Z^ = hZDh^ {h e H), 
one can bring the matrix Zd into the skew-diagonal form with complex skew eigenvalues Aj 
(i = 1, N/2). These eigenvalues Aj are related to charges of the generating solutions in a 
simple way, which we show in the following. 

We now discuss the subsets of H that generate 0-branes with the most general charge 
configurations from the generating solutions. 

• D = 4: The most general 0-brane carries 28 + 28 electric and magnetic charges of 
the f/(l)^^ gauge group. The [/-duality group is G = with the maximal compact 
subgroup H = SU(8). The skew eigenvalues Aj {i = 1, ...,4) are related to the charges 
QiR^L = Qi ± Q2, P2R,L = -Pi ± -P2 and q of the generating solution as 

Al = QlR + P2R, ^2 = QlR — P2R, 

A3 = QiL + P2L + 2zq, K = QiL- P2L-2iq. (537) 

The subset of H = SU{8) that leaves the generating solution unchanged is S'0(4)l x 
SO{A)r. The 63 - (6 + 6) = 51 parameters of H/Ho = SU{8) /[S0{4:)l x SO{A)r] are 
introduced to the generating solution. 

• D = 5: The "dressed" 27 electric charges of the most general 0-brane transform as 
a 27 of the USp{8) maximal compact subgroup of ^/-duality group Eq. The skew 
eigenvalues A, {i = 1,...,4) with a constraint Y^j=iXi = are related to the charges 
QiR^L = Qi ± Q2 and Q of the generating solution as 

Al = g + QiR, X2 = Q-QiR, A3 = -Q + QiL, A4 = -Q - Qil- (538) 

The subset S'0(4)i x S0{4:)ji C USp{8) leaves this charge configuration intact. The 
USp{8)/[SO{4:)l X 5*0(4)^] transformation introduces remaining 36 — 12 = 24 charge 
degrees of freedom into the generating solution. 

• D = 6: The most general 0-brane carries 16 electric charges, which transform as a 16 
(spinor) of the 5*0(5,5) fZ-duality group, whereas the "dressed" charges transform as 
(4,4) under the maximal compact subgroup SO (5) x SO (5). The skew eigenvalues Aj 
(i = 1, 2) are related to the charges Qir^l = <5i ± <52 as 

Ai=gifi, A2 = giL. (539) 

''"For 0-branes in Z? = 4, the matrix Z^ab is defined as follows 
pi charges of the [/(l)^^ gauge group of the N — D — A supergravity are combined into a 56-vector 
= {p^ , qi), which transforms under G as Z ^ AZ. The dressed 0-brane charge Z — VooZ — {p^ , qi)'^ is 
invariant under G but transforms under local SU{8). The central charge matrix Z^ab, which is the complex 
antisymmetric representation of SU{8), that appears in the N ^ 8, D ~ 4 supersymmetry algebra is related 
to the "dressed" charges qj and p' as Z^ab — {^i^W^)t^AB^ where t^is — "^ba generators of 5*0(8). 



159|, 381 1 . The electric qi and magnetic 
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The subgroup 5*0(3)^ x 5*0(3)/? of the maximal compact subgroup 50(5) x 50(5) 
leaves the generating solution intact. The transformation [5*0(5) x 5*0 (5)]/ [5*0 (3)^ x 
5*0(3)^] introduces remaining 2(10 — 3) = 14 charge degrees of freedom. 

• D = 7: The most general 0-brane carries 10 electric charges, which transform as a 
10 under the SL{5, R) ^/-duality group, whereas the "dressed" charges also transform 
as 10 under 5*0(5). The skew eigenvalues Aj {i = 1,2) are related to the charges 
QiR^L = Qi ±^2 in the same way as the D = 6 case. The subgroup S0{2)l x 5*0(2)r 
of the maximal compact subgroup 5*0(5) preserves the generating solution. 10 — 2 = 8 
parameters of 50(5)/[50(2)l x S0{2)r] are introduced into the generating solution. 

• D = 8: 6 electric charges of the general 0-brane transform as (3, 2) under the [/-duality 
group 5*L(3,R) x 5*L(2,R). There is no subgroup of the maximal compact subgroup 
5*0(3) X f/(l) that leaves the generating solution intact. The 50(3) x U{1) trans- 
formation induces 3 + 1 = 4 remaining charge degrees of freedom into the generating 
solution. 

• D = 9: 4 electric charges of the general 0-brane transform as (3, 1) under the [/-duality 
group 5L(2,R) x R+. The maximal compact subgroup U{1) introduces an additional 
electric charge into the generating solution. 

Since the equations of motion and, especially, the Einstein frame metric are invariant 
under the [/-duality, it is natural to expect that quantities derived from the metric, e.g. the 
ADM mass and the Bekenstein-Hawking entropy, are [/-duality invariant. In fact, one can 
express the Bekenstein-Hawking entropy in a manifestly [/-duality invariant form in terms 
of unique G invariants of D = 11 supergravity on tori. Such manifestly [/-duality invariant 
entropy depends only on "integer- valued" quantized bare charges ||260| . 



In the following, we give the manifestly [/-duality invariant form for the Bekenstein- 
Hawking entropy of black holes with general charge configuration. 



D = 4: The quartic i5^7(7) invariant is given in terms of Z/^ab as ||160|| 



T — 7 yBC y yDA \iy yAB\2 
Ji — ^iAB^i, ^iCD^A — ly^iAB^i ) 

+ ^{^ABCDEFGhZ^^ Z^^Zf^Zf^ + e^^'~^^^^'^^ ZiABZ^^CDZiEFZiG^^Q) 

In terms of the skew-eigenvalues Aj, J4 takes the form 
4 4 

"^4 = E 1^*1' - 2 E l^iHAjf + 4(AiA2A3A4 + A1A2A3A4). (541) 

i=l j>i 



By substituting Aj in (|537|) into the following invariant entropy [[405i |413 



one 



reproduces the Bekenstein-Hawking entropy ( |203[ ) of the generating solution: 



Sbh = -JJ4. (542) 
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D = 5: The cubic -^6(6) invariant has the form ||156| , |157|| : 

8 

J3 = — ^ Q Z^BC^ Z^DE^i Z^pA, (543) 

A,...,F=1 

which is expressed in terms of the real skew eigenvalues Aj as 

J3 = 2^Af. (544) 

■t=i 

Here, Q is the USp{8) symplectic invariant. The manifestly -^6(6) invariant expression 
for the entropy of general solution is of the form ||171|| : 



Sbh = ttV^^s, (545) 

which reproduces the entropy ( |276|) of the generating solution if the expressions for Aj 
in ( ^38|) are substituted. 



6 < D < 9: There is no non-trivial ?7-duality invariant in D > 6. This is consistent 
with the fact that the Bekenstein-Hawking entropy of the general BPS black holes in 
D > 6 is zero, which is the only [/-duality invariant in D > 6. For near-extreme black 
holes, which has non-zero Bekenstein-Hawking entropy, the entropy can be expressed 
in a duality invariant form in terms of "dressed" electric charges and, therefore, has 
dependence on scalar asymptotic values ||171 |. 



The ADM mass M of the BPS solution is given by the largest eigenvalue max{|Aj|} 

of 

Zdab- The [/-duality invariant form of the ADM mass can be expressed in terms of 
the [/-duality invariant quantities Tr(y^) (m = l,...,[N/2] — p + 1; Yd = Z]^Zd) and 
corresponds to the largest root of a polynomial of degree [N/2] —p+1 in M with coefficients 
involving TY{Yff). The BPS solution preserves p/N of supersymmetry if p of the central 
charge eigenvalues have the same magnitude, i.e. |Ai| = ■■■ = |Ap|. This depends on 
charge configurations of black holes. As for the generating solutions, the number of identical 
eigenvalues |Aj| can be determined from (|537|) , ( |538| ) and ( |539| ). In the following, we discuss 
D = 4 black holes as an example Q p71 . 



p = A case: The generating solution preserves 1/2 of supersymmetry when only one 
charge is non-zero. The [/-duality invariant ADM mass is M = — |Tr(y4). 

p = 3 case: An example is the case where {Qi,Q2,Pi = P2) 7^ with q = 



\\J {QiR + P2r)'^ — QiL- The [/-duality invariant mass has the form = — |Tr(y4)-|- 

p = 2 case: An example is the case where only Qi and Q2 are non-zero. The [/-duality 
invariant mass M is the largest root of a cubic equation in M with coefficients involving 
[/-duality invariants Tr(y2^) (m = 1, 2, 3). 



''^The fraction of supersymmetry preserved by iV = 8, I? = 4 BPS black holes can also be determined 



from the Killing spinor equations [140 
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• p = 1 case: Examples are the case where only Qi, Q2 and Pi are non-zero, or the case 
where all the five charges are non-zero and independent. The largest root of a quartic 
equation involving invariants Tt{YI^) (m = 1, ...,4) corresponds to the ADM mass of 
the BPS solution. 



6.3.3 p-Brane Embedding of Black Holes 

We discuss the D = 10, 11 p-brane embeddings of black holes in D < 10. Starting from 
p-branes in D = 10, 11, one obtains 0-branes in Z) < 10 by wrapping all the constituent 
p-branes around the cycles of the internal manifold. The resulting black hole solution has 
the following generic form: 

dsl = hT^^{r)[-h-\r)f{r)dt^ + f-\r)dr^ + r^dQl_^], (546) 

where / = 1 — [Ha = 1 + ^"^^^™-3 "^^ ] is harmonic function associated with non-extremality 
parameter m [charge Qa = (D — 3)msinh2Sa] and h(r) = Yla=i Ha{r). The ADM mass and 
the Bekenstein-Hawking entropy are 

N 

Madm = 2m[{D-3)J2sinh^6a + D-2] 

a=l 

^ N 



a=l 

N 



— 2 

Sbh = -{2m)~ujD~-2Y[ cosh 6a 



D-2 N 



N / X 1/2 



=1 



/^^""II V^a + /^' + /^ , (547) 



where = {D — 3)m is the rescaled non-extremality parameter and we neglected overall 
factor related to the gravitational constant, since we are interested only in the dependence 
on m, 6a and Qa- 

As can be seen from ( p46| ) , dimensional reduction of single-charged p-branes leads to 
black holes with singular horizon and zero horizon area in the BPS limit. To construct black 
holes with regular event horizon and non-zero horizon area in the BPS limit, one has to 
start from multi-charged p-branes in higher dimensions. This is achieved in D = 4, 5 with 
iV = 4, 3, respectively, which can be seen from the BPS limit of entropy in ( ^47|) . In fact, it 
is shown in [75| that the number N of distinct BPS black hole solutions to the equations of 



motion for the action i f)3(\ ) that have intersecting p-brane origins in = 11, 10 is = 4, 3 
and 2 for D = 4,5 and D > Q, respectively. 

In the following, we discuss intersecting p-branes which give rise to regular BPS black 
holes in D = 4, 5, as well as black holes with singular BPS limit. We concentrate on in- 
tersecting M-branes; intersecting p-branes in D = 10 are related to intersecting M-branes 



72 



Generally, for a multi-charged black p-brane with the Page charges Aq, = (p + l)msmh26a (a = 



1, ...,N), Madm - 2m [{p + 1) ^^^^ sinh^ 6^ + p + 2\ = ^Li V^l + A^' + 2 (f±f - f ) M and Sbh = 

p + 2 ^ p+2 N / \ 1/2 

j{2m) ujp+2 Ha=i coshSa ~ ^ I\a=i ( V '^a + + M ) ; wherc fj.= {p+ l)m is the rescaled 



4 

non-extremality parameter. 



155 



through dimensional reduction and duahties. All the possible D = 10, 11 BPS, intersect- 
ing p-branes that satisfy intersection rules are classified in |]75[. Also, there is a M-brane 
configuration (|473|) interpreted as a M2-brane within a M5-brane (2 C 5), which preserves 
1/2 of supersymmetry p88|| . By including 2 C 5 configurations, one constructs new type 



of black holes ||149| , |150|| which are mixture of marginal and non-marginal bound states. 
Namely, the ADM mass and horizon area of p-branes that contain 2 C 5 have the forms 
M Ei J of + + c/i and Ah ~ / + Va?H-7i^)^/^ with = JqI + P^ for each 



2 C 5 constituent, where Qi [Pj] is charge of M2-brane [M5-brane] in the 2 C 5 constituent 
and c, d are appropriate constants. One can also add KK monopole to intersecting M-branes 
with overall transverse space dimensions higher than 3. We will not show the explicit inter- 
secting p-brane solutions, since one can straightforwardly construct them applying harmonic 
superposition rules discussed in the previous section; explicit solutions can be found, for 
example, in P32|, EH^, m |T7|, Wm pO]. 



Four-Dimensional Black Holes Intersecting M-branes which reduce to D = A black 
holes with 4 charges, i.e. (|546|) with = 4, should have 4 or 3 (with momentum along a 
isometry direction) Mp-brane constituents and at least 3 overall transverse directions. Such 
configurations are (i) 2 ± 2 ± 5 _L 5 for A^ = 4, and [ii) 5_L5_L5, 2±5_L5 and 
2 ± 2 ± 5 for A^ = 3. Additionally, one has the following D = 11 configurations that reduce 
io D = A black holes preserving 1/8 of supersymmetry: (z) 2 ± 2 ± 2 ± +KK monopole, 
{ii) 2 ± 5 + boost + KK monople, {Hi) (2 C 5) ± (2 C 5) ± (2 C 5), (iv) (2 C 5) ± 
5 + boost, (f ) (2 C 5) ± 2 + KK monopole, {yi) (2 C 5) + boost + KK monopole. Also, the 
boost + KK monoplole configuration reduces to -D = 4 black hole that carries KK electric 
and magnetic charges and preserves 1/4 of supersymmetry. 



Five-Dimensional Black Holes Intersecting M-branes with 3 or 2 (with a boost along 
a isometry direction) Mp-brane constituents and at least 4 overall transverse directions can 
be reduced to D = 5 black holes with 3 charges. These are 2 _L 2 _L 2 and 2 ± 5 with a 
momentum along a isometry direction. An additional M-brane configuration that reduces 
to -D = 5 black hole with 3 charges is (2 C 5) _L 2, which preserves 1/4 of supersymmetry. 



Black Holes in D > 6 0-branes in D > 6 can be supersymmetric with up to 2 constituent 
p-branes. Supersymmetric 2 intersecting M-branes are 5 _L 5, 2 _L 5 and 2 ± 2, which are 
compactified to 2-charged black holes in D = 4, 5 and 7, respectively, after wrapping each 
constituent Mp-brane around cycles of a compact manifold. One can compactify overall 
transverse directions of these D = 5,7 black holes to obtain black holes with 2 charges in 
D = 4 and D < 6, respectively. One can also construct black holes in D < 9 and D < 5 
by compactifying M 2-brane and M 5-brane with momentum along a longitudinal direction, 
respectively. Additionally, the M-brane configuration (2 ± 5) + boost reduces to D = 6 black 
hole that preserves 1/4 of supersymmetry. 
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7 Entropy of Black Holes and Perturbative String 
States 



One of challenging problems in quantum gravity for past decades is the issues related to black 

I, |12|, HI 



hole thermodynamics. It was early 1970's |p3l p 



when it was first noticed that 
the event horizon area A behaves much like entropy S of classical thermodynamics. Namely, 
it is observed ||496| , |343|| that the event horizon area tends to grow {6 A > 0), resembling 
the second law of thermodynamics {6S > 0). Furthermore, Bardeen, Carter and Hawking 



38| proved that the surface gravity k of a stationary black hole is constant over the event 



horizon, resembling the zeroth law of thermodynamics, which states that the temperature 
is uniform over a body in thermal equilibrium. They also realized the following relation 
between the ADM mass M of black holes and the event horizon area A: 



dM 



SttG 



-ndA, 



N 



(548) 



which resembles the thermodynamic relation between energy E and entropy S (the first law 
of thermodynamics): 



dE = TdS, 



(549) 



if one identifies the energy E with the ADM mass M and the entropy S with the event horizon 
area A with some unknown constant of proportionally. Such analogy between horizon area 
and entropy met initially with skepticism, until Hawking discovered ||345| , |346|| that black 
hole is indeed thermal system which radiates (quasi-Planckian black body) thermal spectrum 
with temperature Th = Tih/2ti, due to quantum effect. Since then, it is widely accepted that 
a black hole, as a thermal system, is endowed with "thermodynamic" entropy given by a 
quarter of the event horizon area in Planck units, the so-called Bekenstein- Hawking entropy 
P3l g47| , H, |73, g: 



54 55 
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A 



BH 



AhG 



(550) 
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Puzzles on black hole entropy stem from the fact that entropy is a thermodynamic quan- 
tity, which arises from the fundamental microscopic dynamics of a large complicated system 
as a universal macroscopic quantity which does not depend on the details of the underly- 
ing microscopic dynamics. So, if the correspondence between laws of black hole mechanics 
and thermodynamic laws is to be valid, the thermodynamic black hole entropy ( ^50| ) should 
have a statistical interpretation in terms of the degeneracy of the corresponding microscopic 
degrees of freedom. Based upon our knowledge of statistical mechanics, one could guess sev- 
eral possible interpretations of the statistical origin of black hole entropy: {€) internal black 
hole states associated with a single black hole exterior [|^, |347|| , {ii) the number of 

different ways the black holes can be formed [0, |347|| , {Hi) the number of horizon quantum 
states [^94| , |587| , [iv) missing information during the black hole evolution ||348| , |302|| . Another 
difficulty comes from the fact that contrary to ordinary thermodynamics, understanding of 

-KdA + <^dQ + fid J, where 



73 



For the Kerr-Newmann black hole, this relation is generalized to dM 



SttGjv 



$ [Vt] is the potential [angular velocity] at the event horizon and Q [J] is a ?7(1) charge [angular momentum]. 
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black hole thermodynamics requires the treatment of quantum effects, as we noted the cru- 
cial role that the Hawking effect plays in establishing black hole thermodynamics. Thus, the 
statistical interpretation of black hole entropy should necessarily entail quantum theory of 
gravity, of which we have only rudimentary understanding. 

The early attempts during the 1970's and 1980's were not successful in the sense that the 
most of approaches either (i) did not touch upon the statistical meaning of entropy, since 
the calculations were mostly based on thermodynamic relations (e.g. calculating entropy 
using Clausius's rule S = J dM/T given that the black hole temperature T is determined by 
the surface gravity method [^8|, |626|| ), or (ii) is purely classical (e.g. in Gibbons-Hawking 



Euclidean (on-shell functional integral) method [p94 ] involving grand partition function, the 
black hole entropy A/{4hGN) is reproduced at tree-level of quantum gravity calculation). 
Another major was the ultraviolet quadratic divergence |^ (related to the divergence of the 
number of energy levels a particle can occupy in the vicinity of black hole horizon) in black 
hole entropy when the Euclidean functional formulation of the partition function is evaluated 
for quantum fields in the black hole background. To avoid such divergences 



't Hooft 

introduced "cutoff" at a small distance e just above the event horizon in the path integral of 
real free scalar field Q 0, assuming that there are no states at the interval between the event 
horizon and the cutoff (the so-called brick-wall method). The black hole entropy in field 
theory based on brick-wall method in general depends on the cut-off distance e in the form 
S(f, ^ reflecting the quadratic divergence. It was conjectured ||594|| by 't Hooft that such 
ultraviolet divergence of the statistical entropy might be related to Hawking's information 
paradox | 348 |, i.e. a black hole is an infinite sink of information. 



In |588 



it is shown that the divergence associated with the Euclidean functional for- 
mulation of the partition function for canonical quantum gravity (of point-like particles) is 
related to the renormalization of the gravitational coupling Gn- When the contributions to 
entropy (obtained from the partition function) from the pure gravity and matter fields are 
added, the entropy takes a suggestive form S = + ^) similar to (|550|) but the bare 

gravitational constant Gat is renormalized. The explicit calculation of quantum corrections 
of quantum gravity shows ||202| , |394| , P95|| that the renormalized gravitational constant Gn 
takes the same form. Since superstring theory is a promising candidate for a finite theory of 
quantum gravity, the contradiction encountered in the point-like particle field theory has to 
be resolved 



583| , ^85| , |588| , |589|| . It is indeed shown in 



|, p.86|| that theory of superstring 
propagating in a black hole background gives rise to a finite expression for black hole en- 
tropy in the calculation of partition function through Euclidean path integral, with the finite 
renormalized gravitational coupling Gn'- the genus zero contribution gives rise to the clas- 
sical result (15501) with a bare Newton's constant Gn and the higher genus terms contribute 
to finite corrections to Gn- 

This can be seen intuitively by considering microscopic states near the event horizon 
For point-like particles, due to the arbitrarily small longitudinal Lorentz contraction 



584 



near the event horizon, an arbitrarily large number of particles can be packed close to the 
event horizon, giving rise to a divergent entropy. However, the Lorentz contraction of strings 
along the longitudinal direction is eventually halted to a finite extent and, therefore, only 



'''*This is closely related to the fact that quantum gravity in point-like particle field theory is non- 
renormalizable, as we will discuss below. 

^'"^'t Hooft proposed that the entropy of black hole is nothing but the entropy of particles which are in 
thermal equilibrium with black hole background | 592| , 592, |595| |. 
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finite number of strings can be packed near tlie liorizon, leading to finite entropy. 

Just as only contribution to the first-quantized path integral of the point-like particle 
field theory is from the set of paths that encircle or touch the black hole event horizon, 
only string graphs which contribute to the entropy through the partition functions are those 
that are somehow entangled with the event horizon. From the point of view of an external 
observer, this kind of closed strings, which are partially hidden behind the event horizon, 
look like open strings frozen to the horizon. Thus, the black hole entropy can somehow be 
interpreted as being associated with oscillation degrees of freedom of fluctuating open strings 



whose ends are attached to the black hole horizon ||588 |. 

This chapter is organized as follows. In section 7J., we discuss connection between black 
holes and perturbative string states. Identification of black holes with string states makes 
it possible to do exphcit calculations of statistical entropy of black holes, based on the 
conjecture that microscopic origin of entropy is from degenerate string states with mass 



given by the corresponding ADM mass of the black hole. In section [7.2| , we discuss Sen's 
original calculation of statistical entropy of the BPS static black hole, which was compared to 
Bekenstein-Hawking entropy evaluated at the stretched horizon. In section |7.3| , we generalize 
Sen's result to near-extreme rotating black holes. In section [7.4| , we discuss the level matching 
of black holes to macroscopic string states at the core. This justifies our working hypothesis 
that black holes are perturbative string states. In section \l.5[ we summarize Tseytlin's 
method of chiral null model for calculating statistical entropy of the BPS black holes that 
carries magnetic charges as well as perturbative NS-NS electric charges. 

7.1 Black Holes as String States 



It is not a new idea that elementary particles might behave like black holes ||342| , f)26[ f)94 
A particle whose mass exceeds the Plank mass and therefore whose wavelength is less than 
its Schwarzschield radius exhibits an event horizon, a characteristic property of black holes. 
Since typical massive excitations of strings have mass of the order of the Planck mass, one 
would expect that massive string states become black holes when gravitational coupling (or 
string coupling) is large enough. It has been shown that black holes with given charges and 
angular momenta behave like string states with the corresponding quantum numbers. 



Before we discuss identification of black holes with string states, we summarize |^ 



some aspects of perturbative spectrum, moduli space and T-duality of heterotic string on a 
torus. Heterotic string |p22|| is a theory of closed string whose left- and right-moving modes 
are respectively described by bosonic and super string theories. So, the critical dimensions, 
in which the conformal anomali is absent, for each mode are different: D = 26 for the left- 
movers and D = 10 for the right-movers. In compactifying the extra 16 coordinates of the 
left-movers on T^^, one obtains a rank 16 non-Abelian gauge group which is associated with 
the even-self-dual lattice of the type Eg x Eg or Spin{32)/Z2. Thus, the massless bosonic 
modes of heterotic string in Z) = 10 at a generic point of moduli space are f/(l)^^ gauge 
fields, as well as graviton, 2-form field and dilaton in the NS-NS sector ground state. 

We compactify the extra d spatial coordinates (/i = 1, c?) on T*^ to obtain a theory 
in D = 10 — d. The toroidal compactification is defined by the periodic identification of 
each internal coordinate, i.e. ~ X^ + 27rm^, where is the integer-valued string 
"winding mode" . Since the holonomy of a torus is trivial, all of supersymmetry is preserved 
in compactification, i.e. N = 4 for the compactification on T^. The T'^ part of the heterotic 
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string worldsheet action in flat background, including the coupling to gauge fields A'^ and a 
2- form potential 5^,^, is 

+ iGaf3 + B^i3)dX''dX^] + (ferminionic terms), (551) 

where /x, z/ = 1, d [a = 1, 16] correspond to the coordinates of T"^ [T^^ of left-movers], 
and the complex worldsheet coordinate and derivative are defined as 

z=^{T + ia), d=^{dr-td^). (552) 

The internal coordinates X" live on the weight lattice of Eg x Eg or Spin{32)/Z2. The back- 
ground fields G^^, B^y and which parameterize the moduh space 0((i+ 16, rf, 7i)/[0{d-\- 
16, Z) X 0((i, Z)] of T'^ X T^^, can be organized into the "background matrix" of the form: 



^-^ + ^-\ {G + B):j 



(553) 



where B [G] is the antisymmetric [symmetric] part of E. (For the relations between the back- 
ground fields in ( |551| ) and E, see the next footnote.) Here, the indices j [J, J], associated 
with T'^ [T^^], run from 1 to o? [from 1 to 16]. In particular, the components Eu = {B + G)ij 
of E are related to the Cartan matrix Gjj of Eg x Eg or 5'pm(32)/Z2 as 

Eij = Gij (/>J), E,, = ^C7,, E,j = (/<J). (554) 

The Narain lattice [ 480 , 481| A*^'^^^^-*, which defines T'^ x T^^ is spanned by basis vectors 
a = (tti, aj) of the form: 

= (e„ ^Af E^), = (0, Ej), (555) 

where the vectors {Ef\I = 1, 16} and {ef\i = 1, d} are defined through 

Ei-Ej = 2Gjj, ei-ej = 2Gij, a ■ Ej = 0. (556) 

The zero modes {pr,Pl) of the right- and left-moving momenta form an even self-dual 
lattice r*^'^''^"'"^^) = r^'^''^^ © r(0'i6)_ Quantized momentum zero modes {pr,Pl) are embedded 
into T^d+^^'d+m) 

where 

pji=[n' + m\B -G)]a\ pl = [n' + m'{B + G)]a* , m,neR^+^^. (558) 
Here, a* is the basis vector of the lattice dual to A'^^^^^^: 

a" = (e", 0), a'* = (-^ A'e^*, E'*), (559) 
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where E^* [e"] are dual to Ei [e^], i.e. eJ=i efe^^* = 51 [Y}a=i EfE^* = 5/]. 

The heterotic string with the action (|551|) has an 0{d + 16, Z) T-duahty symmetry. 
This group is a subgroup of the following 0{d+ 16, d+ 16, Z) transformation that preserves 
the triangular form of E in ( |553| ): 



E ^ E' = {aE + b){cE + d)- 



^ j G 0(c/+ 16, c/+ 16, Z) 



(560) 



and {pr,Pl) in r*^'^'''"*'^^^ transforms as a vector. T-duality is proven [|307|| to be exact to all 
orders in string coupling. 



The mass of perturbative states for heterotic string on a torus is ||322 | 
1 1 



{iPRy + 2Nn-l} 



{ipLr + 2NL-2}, 



(561) 



where Nl^^ are left- and right-moving oscillator numbers, is the vacuum expectation 
value of the dilaton (or string coupling) . 

We now identify string states with black holes. The mass of the BPS purely electric 
black holes in heterotic string on T^, which preserves | of the = 4 supersymmetry, is 



337|,p8tp^, |560|, |564|: 
1 



m 



16A(°) 



(562) 



where a is the charge lattice vector on an even, self-dual, Lorentzian lattice A with the 
0(6,22) metric L and the subscript (0) denotes asymptotic values. Here, M is the moduli 
matrix of defined in ( |121j ). Under the T-duality, the moduli matrix and the charge lattice 
transform as ||56U 



iVfW ^ QM^^'^Q^, A ^ LQLA, Q e 0(6, 22) 



(563) 



and the BPS mass (562) is invariant. With a choice of the asymptotic values A2°'' = 1 and 
M^°) = Je 22; the mass takes a simple form: 



= — «"(/6,22 + L)aba'' 
16 



(564) 



The string momentum [winding] zero modes are identified with the quantized electric 
charges of KK [2-form] U{1) gauge fields, i.e. dn^L = Pr,l- Then, m = M, provided Nr = | 



248|| : the BPS black holes are identified with the ground states of the right movers. With a 
further inspection of ( |561D , one finds Nl in terms of a 



d^Ld, 



(565) 



leading to d Ld > —2. So, the various BPS black holes in the heterotic string on a torus 
are identified |P48|| as string states with the corresponding value of Nl [or d'^Ld]. 

Non-extreme black holes are identified with string states with the right movers excited 
as well. Identification of black holes in other dimensions and in type-II theories with string 



^^By contracting with e" and E^" 
G"!^ = 2Gij{E^*Y{E-^*f and B'^'' = 



, one obtains the background fields in 
2B,j{e"Y{ei*)\ etc. 



5l|) from E. For example, 
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states is proceeded similarly as above. For type-II string theories, the mass of perturbative 
string state is 



{{pnY + 2Nn-l} 



{(p^f + 2NL-l}. 



(566) 



Since the type-II strings have supersymmetry in both the right- and left-moving sectors, 
perturbative string states can (i) preserve supersymmetry in both sectors {N^ = = 1/2), 
leading to short supermultiplet; {ii) preserve supersymmetry in one sector, only {Nr^l > 
Nl,r = 1/2), leading to intermediate supermultiplet; [iii) break supersymmetry in both 
sectors {N{i,NL > 1/2), leading to long supermultiplet. Further study of equivalence of 
string states and extreme black holes, including spins of string states and dipole moments 



of rotating black holes, is carried out in [249, 237 



7.2 BPS, Purely Electric Black Holes and Perturbative String 
States 

In the previous section, we showed that BPS electric black holes in the string low energy 
effective actions are identified with perturbative string states. Thus, it is natural to infer 
that the microscopic degeneracy of black holes originates from the degenerate string states 
in a corresponding level. 

In general, non-extreme black holes are also identified with perturbative string states. 
However, non-extreme solutions are plagued with (unknown gravitational) quantum cor- 
rections and, therefore, the ADM mass cannot be trusted. In fact, the number of states 
in non-extreme black hole grows with the ADM mass M^h like ~ e'^bh ||594|| , whereas the 
string state level density grows with the string state mass Mstring as ~ gA^strins^ Thus, if 
one is to identify string states with black hole states, one is force to identify M^^^ with 



M string [ 583 , 517 1. In [583 1, Susskind attributes the discrepancy to the mass renormalization 
due to unknown quantum corrections. (See also section where it is discussed that the 
Bekenstein-Hawking entropy of non-extreme black holes has to be evaluated at the specific 
string coupling at the black hole and microscopic configuration (D-branes and fundamental 
string) transition point.) 

As first pointed out by Vafa [|583|[ , the BPS solutions do not receive quantum corrections 
485|[ due to renormalization theorem of supersymmetry. Such class of solutions are. 



therefore, suitable for testing the hypothesis that the statistical origin of black hole entropy 
is from the degenerate string states with mass given by the ADM mass of black hole. 

So, one can calculate the "statistical" entropy by taking logarithm of the string level 
density. This yields the finite non-zero entropy ~ ^/Nl. However, the "thermal" entropy of 



the BPS purely electric black holes in heterotic string is zero. In [|564|[ , Sen circumvented with 
problem by postulating that the "thermal" entropy of the BPS black hole is not the event 
horizon area, but the area of a surface close to the event horizon, a so-called "stretched" 
horizon [|596|, ^87] , |586|[ . Although the BPS electric black hole solutions are free of quantum 



^^It is argued in [ p50{ that the Bekenstein-Hawking formula for entropy, i.e. (entropy) cx (horizon area), 
ceases to hold for extreme case and entropy of an extreme black hole is always zero, displaying discontinuity 



in going from non-extreme to extreme case. This is attributed [B50 as being due to difference in Euclidean 
topologies for the two cases. The cure for this discontinuity is proposed in |291[, where it is suggested that 
one has to extremize after quantization, rather than quantizing after extremization. 
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corrections, they receive (classical) stringy a' corrections due to the singularity at the event 
horizon. This leads to the shift of the event horizon by the amount of an order of a'. 

Originally, the stretched horizon is defined ||587|| as the surface where the local Unruh 
temperature for an observer, who is stationary in the Schwarzschield coordinate, is of the 
order of the Hagedorn temperature [ 331 1. Namely, it is a surface where the string interactions 
become significant. In | [419| , |582| , [475|| , it is observed that the transverse size of strings 



diverges logarithmically and fill up a region at the stretched horizon, melting to form a single 
string. Thereby, information in the string states is stored and thermalized with black hole 
environment in the region near the stretched horizon ||582| , |584| , [454| , [452| , [475|| , and black 
hole states are in one-to-one correspondence with single string states. So, the statistical 
entropy is due to degenerate strings states in equilibrium with the black hole background at 



the stretched horizon ||588 
In this section 



we summarize 



5641, [49511 to illustrate this idea. The electric black hole 



considered in ||564|| is a special case of the general solution ||178|| discussed in section |4.2.1| . But 
for the purpose of illustrating the idea of perturbative string state and black hole correspon- 
dence, we follow Sen's parameterization of solution in terms of left-moving and right-moving 
electric charges, rather than in terms of KK and 2-form electric charges. 



7.2.1 Black Hole Solution 

In Sen's notation, the most general non-rotating, electric black hole solution in the heterotic 
string on T^, in the Einstein-frame, is [p64| 



jj^i/dx dx 



r{r — 2m) 



Ai 



-dr^ + A2{d9'^ + sin^ 



r(r — 2m) 

where A = r^[r^ + 2mr(coshacosh/5 — 1) + m^(cosha — cosh/5)^] 
The ADM mass and the electric charges are 

1 



(567) 



Mbh 



2G 



N 



-m(l -f- coshacosh/3). 



(56J 



/ :^fl's'^*sinhacosh/5 for 1 < z < 22 
I ^9sP"~^^sinh(3cosha for 23 < i < 28 ' 

where n [p] is an arbitrary 22 [6] component unit vector. The left and right handed charges 



are defined as 



1 71j^ 

-(/6,22 - L)ijQ^ = -^gsmsinhacoshf], 



1 ■ 
Qr = -{16,22 + L)ijQ^ = -^gsmsmh(3cosh.a, 



(569) 



and the 28-component left and right handed unit vectors and nn are similarly defined. 
The solution ( ^67| ) is in the frame where the 0(6,22) invariant metric L ( |127|) is diagonal. 
This parameterization of black hole solution has a convenient form in which only left [right] 
handed charges are non-zero when /3 = [a = 0] with all the parameters finite. 
The solution has 2 horizons at r = r+ _ = 2m, 0. The event horizon area is 



A 



r=r-|- 



87rm(cosha + cosh/3). 



(570) 
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The surface gravity at the event horizon is 



2m(cosha + cosh/3) 
7.2.2 Extreme Limit and String States 

The extreme limit is defined as a hmit where the inner and outer horizons coincide, i.e. 
m — > 0. In taking the "non-extremahty parameter" m to zero, one has to let one (or both) 



of the boost parameters a and (3 go to infinity so that the electric charges ( 569 ) do not 
vanish. Since we are interested in the BPS solutions, we let the ADM mass depend only on 
the right-handed electric charge. This is achieved by taking the limit f3 ^ oo and m —>■ 
such that rh = ^me^ remains as a finite non-zero constant, while a remaining finite. In this 
limit, the ADM mass and the electric charges are 

Mbps = — ^mcosha, 

1 . . 1 . 

Ql = -^gsnlrhsmha, Q'j^ = -j=gsn'j^mcosha, (572) 

thereby the ADM mass depends on the right-handed electric charge, only: 

M'bps = (573) 

where Gat = 2. In this limit, the solution has the form ( p67|) with m = and 

A = r^(r^ + 2mrcosha -|- m^). (574) 



The event horizon area ( ^701) is zero in the BPS limit. However, the string states are 
degenerate. One can circumvent such problem by calculating entropy at the "stretched 
horizon" right above the event horizon. To find a location of the stretched horizon, one 
considers a region close to the event horizon in the "string frame" metric: 



^2 



dS^ = g^'r^dx^'dx'' ~ —n^gW + gldr^ + gyUO^ + sm^Od^^) 

= -f^dP + df^ + f^{de^ + ?,m^ed^^), (575) 



where f = ggV and i = t/rh. Note, in the frame {t,f,6,(l)), all the dependence on the other 
parameters has disappeared. One can show that the other background fields also become 
independent of the parameters near the event horizon, if one performs a suitable 0(6,22) 
transformation. Thus, the location of stretched horizon, i.e. the location where higher order 
stringy corrections become important, is unambiguously estimated to be located at f = C, 
a distance of order 1 (in unit of string scale) from the event horizon. In terms of the original 
coordinate, the stretched horizon is located at r = C/gs = 1]. 



The stretched horizon area, calculated from ( |567| ) with m = and ( ^74|) , is 



A ~ AirriTh = AiTThC/gs, (576) 
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where only the term leading order in rj is kept, and therefore the thermal entropy is Sbh = 



f — . To compare this expression with the statistical entropy, one expresses Sbh in 



2 9, 



terms of electric charges by using the relation m = 4 



M'bh 



Q 



^ derived from (|572|): 



S 



BH 



2nC 



M'bh 



01 



(577) 



Now we compare the thermal entropy ( ^77|) with the degeneracy of string states. Since 
string states identified with BPS black holes have the right movers in ground state {Nji = i), 
the string state degeneracy is from the left movers with given in terms of electric charges 
as (details are along the same line as in section [7.11): 



Nr. 



-{Mips 
9 s 



Q 

89 



2 



(578) 



for large Qi- So, the statistical entropy associated with the degeneracy of string states is 



in 



9i 



A 



MIh 



01 



(579) 



This entropy expression has the same dependence on Mbps and Ql as the thermal entropy 
( ^77|) calculated at the stretched horizon, and the two expressions agree if one chooses C = 4 
in (|577|) . Note, it is crucial that the constant C does not depend on parameters of black 
holes; otherwise, the dependence of Sstat ( |579|) on Q\ and cannot trusted because of 
the unknown dependence of C on these parameters. 



7.3 Near-Extreme Black Holes as String States 

In the previous section, we saw that thermal entropy of the BPS, non-rotating, electric 
black holes agrees (up to numerical factor of order one) with statistical entropy associated 
with the degeneracy of string states, if it is evaluated at the "stretched horizon". However, 
the rotating black hole case is problematic for the following reasons. Since the electric. 



rotating black hole ( |285|) in the BPS limit with all the angular momenta non-zero has naked 
singularity, thermal quantities cannot be defined. The BPS limit with a horizon is possible 
in D > 6 with at most 1 non-zero angular momentum |P66|| . Even for this case, not only the 
event horizon is singular (i.e. the event horizon and the singularity coincide) and has zero 
surface area, but also the area of the stretched horizon (which is assumed to be independent 
of parameters of the black hole) is independent of angular momenta. We surmise that 
this is due to the unknown dependence of the location of the stretched horizon on physical 
parameters, unlike the non-rotating black hole case. The determination of the stretched 
horizon location may require understanding of a' corrections with rotating black hole as the 
target space configuration, which is difficult to estimate at this point. 



We propose ||184|| an alternative way to circumvent the problems of the BPS electric 
black holes. Instead of defining the thermal entropy of the BPS black holes at the stretched 
horizon, we propose to calculate the thermal entropy of near extreme black holes at the event 
horizon. Then, the thermal entropy of near-extreme black holes takes suggestive form which 
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can be interpreted in terms of string state degeneracy. We attempt statistical interpretation 
of such thermal entropy expression by using the conformal field theory of a- mo del with the 
near-extreme solution as a target space configuration and with angular momenta identified 
with [^^Y^] U{1) left-moving world-sheet currents. 



7.3.1 Thermal Entropy of Near-BPS Black Holes 



The proper way of taking the near-BPS limit of rotating black holes is to take the limit in 
such a way that the angular momentum contribution to the thermal entropy is not negligible 
compared with the contribution of the other terms, while ensuring the regular horizon so 
that thermal quantities can be evaluated at the event horizon. This is achieved as follows. 
First of all, the near-BPS limit is defined as the limit in which the non-extremal parameter 
m > is very small and the boost parameters Si are very large such that the combinations 
= 1,2) remain as finite, non-zero constants. Then, as long as k are non-zero, Jj 



me 



25i 



do not vanish. Second, the requirement of the regular event horizon restricts the range 
of the parameters of the solution ||478|| , e.g. m > \li\ for D = 4 and m > + IhlY for 



D 



5. For an arbitrary D, we write such a constraint generally as Q^i^Qf'^ 



» J2 



Third, for the thermal entropy to be macroscopically non- negligible, the electric charges 
have to be very large, i.e. Q^i^'^'^^ ^ m = 0{1). This is required also for the statistical 
entropy, since the system has to be very large so that statistical quantities approach the 
exact values. Fourth, while keeping the angular momenta small so that the regular horizon 
is always ensured as m k, 0, one has to make sure that angular momenta contribution to 
entropy is not macroscopically negligible compared with the other terms. This is achieved 



by taking the limit J ,_d_i, ^ yQ\ 'Q\ 



In such a near-BPS limit, the thermal entropy ( |288| ) takes the form ||184 



'^thermo 



27r 



(D-S) 



(580) 



7.3.2 Microscopic Interpretation 

In this section, we calculate the statistical entropy of near-extreme, rotating black holes by 
counting the degenerate string states with the specific angular momenta. 

In principle, to calculate the statistical entropy of rotating black holes, one has to extract 
the degenerate string states (in a given level) with the specific values of angular momenta. 
This was first attempted in ||517|| . Note, string states in a given level consist of states with 
different angular momenta (with the maximum angular momentum determined by the level). 

Alternatively, one can use the level density formula that has contribution from all the 
possible angular momenta in a given level and employ the technique of conformal field theory 
to extract the specific contribution of states with given angular momenta. The main point is 
that the U{1) charges of the left-moving worldsheet currents are interpreted as target space 
spins of string states. States with non-zero spins are obtained by applying the affine U{1) 
current operators to spin zero states. The procedures described in the following paragraphs 
are also applicable to D-brane interpretation of entropy of rotating black holes [471|| . 
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As in the BPS case, one identifies the KK electric charges Q^/'^ [the 2-form electric charges 

(9) 

Q\ ] with the (internal) momentum zero modes [string winding modes]. Then, mass of the 
perturbative string states takes the form: 

MLn, = Wi'^ + Q?f + -,{Nn -\) = {Q? - Qf^f + -,{N, - 1), (581) 

where each circle in the torus has self-dual radius R = ^fa' . From the second equality in 
( ^81|) , i.e the Virasoro constraint, one has the following relation between A''^ and N^: 

NL = aQ^Q2 + NR + ^. (582) 

Note, for the statistical interpretation to be valid, the electric charge (quantized in unit 
1/^/a') has to be very large, i.e. Qi^'*'*'^^ ^ 



In the near extreme limit (m ^ 0), the BPS mass (|287|) takes the form 

MIh^{Q^^ +Q^?f + 0{m). (583) 



By identifying the ADM mass ( |583|) with the mass of string state ( |581|) , one finds that the 
right movers are barely excited: Nr ~ | + 0{m). So, is negligible compared to and 

Nl ~ a'Qi^^Qa^^ to a good approximation: A^^ ^ a'Q^^^Qf^ + 1 + 0(m) ^ a'Q^^^Qf^ > A^^. 
Thus, to leading order, the logarithm of degeneracy d{NL, A'/j) of the near-BPS states at the 
level (A'l, A'r) takes the form 




\nd{NL,NR) ^ 2TTJ-CeffNL = AttJNl, (584) 



with the right-mover contributions neglected, just like BPS black holes. Here, Ce// = 26—2 = 
24 since we are considering left moving bosonic string modes, only. Note, this level density 
contains contribution from all the spin states in the level (A/,, A"r). 

To extract the contribution by the states with particular spins, we employ conformal field 



theory technique. Recall that the cr-model with the target space configuration [ 104 , 105 



given by a rotating black hole is described by the WZNW model ||484| , |632| , [43 7| , p89|| with 



the U{ly 2 I affine Lie algebra (i.e. Cartan sub-algebra of the 0{D — 1) rotational group) 
or the conformal field theory with the f/(l)t^~l group manifold 



The eigenvalues of the left-moving U{1) worldsheet currents ji = idzH^ (i = 1, - ■ ■ , [^^j^]) 



are interpreted as the [^— ] spins of string states. A general state in this WZNW model 
is labeled by charges of the affine Lie algebra as well as by the oscillator numbers. The 
conformal field ^^ -^^ with U{1) charges ... [R^^ can be expressed as 

= n ^^'•''^^0, (585) 

^ i=l 

where $o is a conformal field without U{1) charges, or without target space spins. Thus, 
the left-moving conformal dimensions h's, i.e. the eigenvalues of the left-moving Virasoro 
generator Lq, of $j ^ ^ and $o are related as: 



rD-li 
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This implies that the total number A^^^^o of left moving oscillations of spinless states is reduced 

r -D-l i 

by the amount ^ J2i=i relative to the total number of left moving oscillations of states 



with the specific spins . 



Nr. 



LO 



Nr 



1=1 



(587) 



Note, the level density for spinless states in a given level [N^, Nji) differs from the level 
density d{NL, Npi) of all the states in the level {Nl, Nji) by a numerical factor, which can be 
neglected in the large {NL,Nji) limit if one takes logarithm of the level densities. So, one 
can use the formula ( p84| ) as the logarithm of the level density of spinless states to a good 
approximation. Then, the statistical entropy associated with degenerate string states with 
particular spins ... \d^i at the level {Nl, Nji) is 



Sstat = \ogd{NLO, Nro) ^ AttJNlo = 4:7T 




(588) 



in the limit A'^^ ^ \J2i=i Jf- For the angular momenta contribution to be statistically 

r P-l i 

non- negligible, \/Ni J2i=i Jf ^ 1 has to be satisfied. 

In the near-extreme limit, ^ a'Q^i^Q^i \ So, in terms of electric charges and angular 
momenta, the statistical entropy takes the form: 



5, 



stat 



2tt 



[^1 



(589) 



V 



i=l 



This qualitatively agrees with the thermal entropy (|580|) 



7.4 Black Holes and Fundamental Strings 

In the previous sections, we calculated statistical entropy of black holes by assuming that 
perturbative string states are black holes. Based on this assumption, we equated the mass 
of string states with the ADM mass of black holes, and identified the left and right moving 
momentum zero modes of the string states with the left and right handed electric charges 
of black holes. This fixes A^L,i? (which determines the microscopic degeneracy of states) 
in terms of the macroscopic parameters of black holes, making it possible to calculate the 
statistical entropy of black holes. 

In this section, we justify ||189| , |11(J|| such identification of perturbative string states with 



microscopic black hole states. The starting point is the fundamental string in 5 < D < 
10. Here, the fundamental string is defined as a 1-brane solution of the combined action 
S + Scr with macroscopic string (described by 5*0-) as its electric charge source. When the 
fundamental string is compactified on along its longitudinal direction, it asymptotically 
approaches black hole, as r oo, with its core having milder singularity (than black hole in 
{D — 1) dimensions) of a D-dimensional string source. With this identification, microscopic 
degrees of freedom of the asymptotic black hole in {D — 1) dimensions is interpreted as being 
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due to oscillating macroscopic string at its core. And electric charges and angular momenta 
of the black hole are determined by momentum and winding modes of the core string along 
its longitudinal direction and the frequency of string oscillation in the rotational planes. 



7.4.1 Fundamental String in D Dimensions 

We consider the following worldsheet action of macroscopic string moving in a background 
of the string massless modes: 

S^ = ^J d'a[^r^d^X'''dpX''GMN + e^^d^X^'d^X'^BMN - \Vl^n^^\ (590) 

The conformal invariance of leads to the equations of motion for the massless background 
fields ||606| , |607|| . These equations of motion can be reproduced ||111|| by the Euler-Lagrange 
equations of the effective action: 

I d''x\Pde-'^[n^ + idM^d''^ - ^HmnpH^''% (591) 

where the D- dimensional gravitational constant kd is related to the Newton's constant Go 
□ asGz, = |^. 

When the target space is flat, i.e. Gmn = Vmn and Bmn = 0, one can exactly solve the 
(T-model ( ^90| ) to construct perturbative string states. We concentrate on compactification 
of the (T-model on S"^ of radius R in flat background. The string states in this model are 
characterized by string winding number n and quantized momentum zero mode m/R along 
the S'^-direction. The right- and left-moving momenta along the S'^-direction are 

m nR m nR 

Pr= , Pl = \ ■ (592 

^ 2R 2a' ^ 2R 2a' ^ ' 

For BPS states in heterotic string, whose supersymmetry is generated by right-moving world- 
sheet current, all the right movers are in the ground state {Nr = |) and the total number 
of left-moving oscillations is determined by the Virasoro constraint to be: 

Nl = 1+ a\p\ -pI) = 1- mn. (593) 

The mass of BPS states depend pr, only: 

= ^pI- (594) 

From now on, we concentrate on BPS fundamental string solution [|191| , |190| , |189| , |187| , P80|| 
to this theory. The background fields of such "straight" fundamental string solution have 
the form pOj : 



(jMNdx^ dx^ = —e^^dudv + dx ■ dx, B^v = 2^^"^^ ~ 1)' 

-2<l ^ , Q ,^ 



^^Gd is related to the quantities in (590) as Go — ^a'e^*° 
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where u = — x^~^ and f = x° + x^~^ are the hghtcone coordinates along the string 
worldsheet, and x"^ (m = 1,...,{D — 2)) are the transverse coordinates. In deriving this 
solution, we chose the static gauge for X*^: 

= X™ = constant, (596) 

where = (r, a) is the worldsheet coordinate. This fundamental string solution preserves 



1/2 of the spacetime supersymmetry ||19CI|| . When the fundamental string is compactified 
along its longitudinal direction on 5*^ of radius R, i.e. x^~^ = x^~^ + 27ri?, one obtains 
point-like solution in D — 1 dimensions with its charge proportional to the winding number 
n along the S^-direction. 

We now obtain solution that also has an arbitrary left-moving oscillation, which is a 
source for microscopic degeneracy. The zero-modes of the left-moving oscillation induce 
momentum m/R in the S'^-direction. Applying the general prescription of solution generating 
transformation discussed in ||617| , |618| , |279| , p82| , |280|| to the straight fundamental string 



solution ( ^95| ), one obtains the following left-moving oscillating fundamental string solution 

CjMNdx^ dx^ = —e^'^{dudv — T(t>, x)dv'^) + dx ■ dx, 

Bu. = ^(e^'-l), e-^* = l + ;J:i, (597) 

where T{v, x) is a solution to 9|T(t>, x) = 0. The general form of T(t>, x) that can be matched 
onto the string source at the core is 

T{v, x) = f{v) ■ X + ^?(^;)r~^+^ (598) 

where the first term corresponds to oscillating string source and the second term corresponds 
to a momentum without oscillations. 

One can bring ( |597| ) to a manifestly asymptotically flat form by applying the coordinate 
transformations 

v = v', u = u - 2F ■ X + 2F ■ F - r F^dv, x = x -F, (599) 



where ' = d/dv, f{v) = —2F and F^ = F ■ F. In this new coordinates, (|597|) takes the form 
(with primes suppressed) 

GuNdx^'Ux'' = -e^^dudv + [e^^p{v)r-''+^ - (e'* - l)F^]dv^ 
+2(e^* — 1)F ■ dxdv + dx ■ dx, 
= ^(e^^-l), 5„ = F,(e2* - 1), 

= 1 + ^ . (600) 

This solution has the ADM mass 7t^£)m ^^id the ADM momentum per unit length tc'^dj^j, 
and the D-momentum flow along the string ttadm^^ given by 



TT 



^ {D-4)Qd^s fQ + QF^+p QF^ -QF^-p 



'ADM \ _ V— -y""i^-3 , ^ , , y ^ \ (am\ 
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7.4.2 Level Matching Condition 

In section |7.4.1| , we constructed oscillating fundamental string solution by solving the equa- 
tions of motion (following from S + S'^-) of the target space background fields and imposing 
solution generating transformations. Note, all of such solutions do not correspond to the 
underlying string states. To ensure that these solutions match onto the perturbative string 
states at the core, one has to additionally solve the equations of motion for string coordi- 
nates and the Virasoro constraints. From the Virasoro constraints (or the level matching 
conditions), one extracts the relations between the macroscopic quantities of the oscillating 
fundamental string (|600|) and the microscopic quantities of the perturbative string states. 
This allows to interpret the entropy of the target space solution in terms of the perturbative 
string state degrees of freedom. 

We start by choosing the following static gauge for the string coordinates in the 
coordinate frame corresponding to the solution in ( ^97|) : 



f/ = f/(a+,(T-), V = V{a+,a-), X"" = 0, (602) 

where = t ± a are the light-cone worldsheet coordinates. Also, we choose the conformal 
gauge for strings, i.e. ■ja/s = diag(— 1, 1). From the Virasoro constraints = = T , one 



has the following form of string coordinates (|602|) : 



U={2Rn + a)a-, V = 2Rna^, (603) 

where a = ^ /o^'^^" is the zero mode of F^. And the constant Q in ( [597] ) is expressed in 
terms of the perturbative string state quantities as 

More information on matching of the spacetime solution onto states of the core string 
source is extracted by taking the flat spacetime limit kd — >■ 0, in which for example the 
Virasoro relations (|592D, (|593D and (|561D are valid. For this purpose, we go to the frame 



represented by ( |600|) , where the metric is manifestly asymptotically fiat, by applying the 
transformations ( 599 ). In this new frame (denoted by primes), X*^ take the form: 



V = 2Rna+, U' = {2Rn + a)a- + I\f\ X' = F{V'), (605) 

manifestly showing that the core string is oscillating with profile F{V'). In the fiat space- 
time limit, i.e. — or ($) — > 0, a perturbative string state has the momentum p'^ 
(conjugate to X*^, obtained from 5*0-) and the winding vector n*^ given in the coordinates 
(X'0,X',X'^-i) by 

n^ = (0,0,n), p^ = {2a')-\2nR + a,6,-a). (606) 

This expression for p^^ agrees with the kd ^ limit of the ADM momentum tt^ijm ( |601| ) 
of the target space solution ( |600| ) with Q given by ( |604| ). This confirms that oscillating 
fundamental strings are matched onto perturbative states of the core macroscopic string. 

Since the momentum zero mode of a perturbative string state along the (compactified) 
X^~^-direction is m/R and Nl = —nm ((|593D in the large Nl limit), one can read off the 
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expression for in (|606|) to express m and in terms of the macroscopic quantities of the 



fundamental string solution: 

Ra ,^ nRa , 
m = , Nl = . 607 

Thus, we see that the oscillating fundamental string solution ( |600D with p{v) = is matched 
onto the perturbative string state with n, m and given in (|607|) . These are a subclass of 



solutions ( 16001) that can be matched onto perturbative states of the core source string. 
7.4.3 Black Holes as String States 

When the longitudinal direction of the fundamental string ( |600| ) is compactified, one has 
point-like object in D — 1 dimensions. Such a solution approaches Sen's BPS electric black 
hole ||562|| as r ^ cxd. This allows one to relate the macroscopic quantities, which are defined 
at spatial infinity, of black holes to the microscopic quantities of perturbative string states. 
Note, such point-like solutions 'm D — 1 dimensions asymptotically approach only a subset 
of Sen's black holes that can be matched onto perturbative string states. So, for example, 
the angular momenta of such solutions follow the Regge bound of perturbative string states. 



whereas Sen's rotating black holes | 562 |, in general, take arbitrary values of angular momenta, 
which do not satisfy the Regge bound. In the following, we discuss the D = 5 case for the 
purpose of illustrating basic ideas. The generalization to an arbitrary D is straight forward; 



one starts from D-dimensional solution (|600|) with more general profile function F{v 



One compactifies the longitudinal direction of the D = 5 fundamental string ( |600| ) with 
p{v) = on S*^ of radius R to obtain a point-like solution in D = 4. To make the resulting 
D = 4 point-like solution approach a "rotating" black hole asymptotically, one chooses 
the following form of F that describes rotation in the {x^, a;^)-plane with amplitude A and 
angular frequency uj 

F = A{ei cos ut + €-2 sin Lut) , (608) 

where Cj is a unit vector in the a;*-direction. 

Since the D = 4 point-like solution depends on the compactified coordinate x"^ and the 
time coordinate t through v = + t, the compactification on x^ (i.e. taking average over 
x^ so that only the zero modes of fields are kept) is equivalent to taking the time-average. 
By taking the time-average of the leading order terms of the fields at large r, one can read 
off the following ADM mass Mbh, angular momentum J, the right- and left-handed electric 
charges Qr^l = right- and left-handed magnetic moments fiR^L of the 

rotating black hole that the point-like solution approaches asymptotically: 

Mbh - ^ , '^ = ^^' 

Q, = --^(AV-1), Qh = -^{1 + AW), 

0, fXR = -V2J, (609) 



''^The generalization to a (D — l)-dimensional rotational black hole with [-^V^] angular momenta involves 



F representing independent rotations in [—5—] mutually orthogonal planes 
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with choice of unit in which Gd = 1. With this choice of normahzation, Q in (|604|) becomes 



Q = AnR/a', andpL,R and Ql,r are related as Ql,r = '^^^Vl,r- Furthermore, the periodicity 
of requires uo = 1/ (nR) for some integer i. 

With this identification, one has Mbh = '^Pr, as one would expect from the fact that the 
target space solution with the ADM mass Mbh is matched onto the string source with the 
right moving momentum p^. This proves the assumption that the perturbative string states 
are black holes. Furthermore, J in (|609|) , which reduced to the form J = satisfies the 



Regge bound J < \2 + ~Pl)\ = with J forming the Regge trajectory when i = 1. 
Finally, the gyromagnetic ratios gL,R, defined by hl,r = ^^"^^f^^ are 

gL = 0, gn = 2. (610) 

This result is consistent with the fact that the BPS black holes correspond to the perturbative 
string states with only left-mover excited, since the gyromagnetic ratios are related to the 
left- and right-moving angular momenta Jl,r as gL,R = 2 fj^j^ ■ Moreover, the right-moving 
gyromagnetic ratio is 2 as expected from the fact that the underlying states are fundamental. 

7.5 Dyonic Black Holes and Chiral Null Model 

So far, we discussed statistical interpretation for entropy of purely electric black holes in 
terms of microscopic degrees of freedom of perturbative string states. The BPS electric 
black holes have a nice virtue of being free of quantum corrections, thereby the ADM mass 
can be trusted. However, due to singularity at the horizon, the horizon gets shifted by ~ y/a' 
through the a'-corrections. Thus, entropy is known only up to the order of a'. Furthermore, 
such solutions are not black holes in the conventional sense, since the event horizon coincides 
with the singularity and has zero area. 



It is the construction of dyonic solutions ||178|| in the heterotic string on T that triggered 



renewed interests in black hole entropy and made the precise calculation of the statistical 
entropy possible. Such dyonic solutions not only do not receive quantum corrections, but also 
are free of classical a ^-corrections PT5| since they are described by exact conformal a- model 
and the event horizon is free of singularity. Such dyonic solutions contain as a subset the 
Reissner-Nordstrom solution and have non-zero event horizon area. Since the event horizon is 
regular, the a'-corrections are under control at the event horizon. And as in the pure electric 
case, the dilaton is finite at the event horizon, implying that the string loop corrections are 
under control. Being free of plagues (i.e. a'-corrections of purely electric solutions and the 
string loop corrections of the purely magnetic solutions) suffered by the previously known 



solutions in string theories, the dyonic solution ||1 78|| is suitable for studying statistical origin 
of black hole entropy. Such observation was first made in |[441|| , where it is proposed that 
the microscopic degrees of freedom of the dyonic black holes are due to the hair associated 
with the oscillations in the internal dimensions. 

The first attempt to explain the statistical origin of the BPS black holes with non-zero 
event horizon area is based upon a special class of string worldsheet a-model called "chiral 
null model". In this approach, the BPS black holes are embedded as background fields of 
the chiral null model and the throat region conformal model is studied for understanding 
microscopic degeneracy of string states. Remarkably, the throat region conformal theory 
approximates to the WZNW model of perturbative string theory with string tension rescaled 
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by magnetic charges of the black holes. So, the degeneracy of string states carrying 
magnetic charges is obtained by applying level density formula of perturbative string states. 
In this section, we summarize the results of ||174| , |609| , |612|| , which study chiral null model 
interpretation of black hole entropy. 

7.5.1 Chiral Null Model 

String theory is a promising candidate for consistent quantum gravity theory, being free 
from ultra-violet divergences, which plagued quantum gravity of point-like particles. So, it 
is useful to study classical string solutions to address problems in quantum gravity. However, 
it is almost hopeless to obtain exact classical solutions to the equations of motion following 
from effective field theory of string massless states, since the effective action consists of 
infinite series of terms of all derivatives multiplied by powers of a', which are also ambiguous 
due to the freedom of choosing different renormalization schemes (or field redefinitions). So, 
the only exact classical string solutions that one can study are those that do not have a'- 
corrections. In fact, there exist classes of string cr-models whose background fields do not 
receive a'-corrections in a special renormalization scheme. One starts from a string cr-model 
which is shown to be conformal to all orders in a' and looks for classical solutions to the 
leading order (in a') effective field theory which can be embedded as target space background 
field configurations of the a-model, or vice versa. 

This approach of studying classical solutions of string theory is based upon a remark- 
able relationship between the conformaly invariant string a-model and the extremum of the 
effective action. To the leading order in string coupling, the string field equations are ob- 
tained by the conformal (Weyl) invariance condition of a-model, which are equivalent to the 
stationary conditions of the effective action due to the proportionality between the Weyl 
anomality coefficients and derivatives (with respect to fields) of the effective action. Given 
a conformal cr-model, one obtains a string solution not modified by a'-corrections. 

The general bosonic cr-model describing string propagation in background of massless 
fields Gmn, Bmn and $ is 

I = — [ dz^ UGmn + BMN){X)dX^'dX'' + a'7^$(X)l . (611) 

The chiral null model is a special case of ( |611| ) with the Lagrangian: 

L = F{x)du Bv + K{x,u)du + 2Ai{x,u)dx'^ 

+{Gij + Bij){x)dx'dx^ + 7^$(x), (612) 

where are splitted into 'light-cone' coordinates u,v and 'transverse' coordinates x*, i.e. 
= {u,v,x^). Note, F does not depend on u. 
There exists a special renormalization scheme in which the cr-model (|612|) is conformal 
to all orders in a', provided (z) the transverse cr-model L± = {Gij + Bij){x)dx^dx^ + 7l(f){x), 



^°In different approach ]335| [334| , |333| , 332 1 based upon the Rindler geometry in throat region, black hole 
in the weak coupling limit is described by closed strings in the background of black hole carrying non- 
perturbative charges. The effect of these non-perturbative charges on closed strings is to rescale the string 
tension, as in the case of chiral null model approach. 
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where = $ — ^ In F, is conformal and (ii) F, K, Ai and $ satisfy conformal invariance 
conditions, which for the case L± has at least (4, 0) supersymmetry take the form ||174|| : 



-iV^F^i + d'(f)diF-^ = 0, -^V^K + d'(f)diK + duViA' = 0, 

-iViJ^*-'' + diCpT'^ = 0, i.e. Viie'^^J^'^) - le'"^^ TikH^^^ = 0, (613) 

where J-'ij = diAj — djAi, Hij^ = Sd^iBj^] and the covariant derivative V = V(f ) is defined 
in terms of the generahzed connection f*;, = F*^ + with torsion. 

The chiral null model has one null Killing vector which generates shifts of v. the action is 
invariant under an affine symmetry v —>■ v' = v + h{T + a). The associated null Killing vector 
d/dv gives rise to the conserved current = F{x)du on the string worldsheet. A balance 
between the metric and the antisymmetric tensor (G„j = B^i) implies that the conserved 



current is chiral, which is a crucial condition for the conformal invariance ||369| , |371|| . The 
action ( |613| ) is also invariant under the following subgroup of coordinate transformations on 
V combined with a gauge transformation of K and Ai'. 

V -^v-2ri{x,u), K^K + 2duV, Ai^Ai + dirj. (614) 

Unless K, Ai and $ do not depend on u, one can choose a gauge in which = by applying 
( |614|) . When the fields are independent of u, the chiral null model turns out to be self-dual. 
Namely, a leading-order duality transformation along any non-null direction in the {u, v)- 
plane (say along the w-direction, where v = v + au with a constant) leads to a cr-model of 
the same form with duality transformed background fields given by 

F' = {K + a)-\ K' = F-\ A'i = A, <l>' = $-iln[F(ir + a)]. (615) 

When background fields are independent of u, the conformal invariance conditions ( |613| ) 
take the form of the Laplace equations in the transverse space. Background field solutions 
to the conformal invariance conditions are then parameterized by harmonic functions in the 
transverse space. Since the equations are linear, one can superpose harmonic functions to 
generate multi-center solutions. One can further generalize background fields to depend on u 
in such a way that the conformal invariance conditions (|613|) are still satisfied. Such changing 



of background fields is viewed as 'marginal deformations' |p71|| of the conformal field theory. 
In particular, adding zero modes of Ai has the effect of adding a Taub-NUT charge, angular 
momenta or extra electric/magnetic charges to the original solutions. 

The chiral null model ( |612| ) generalizes ii"-model (plane fronted wave solution) and F- 
model (a generalization of the fundamental string solution). First, in the limit F = 1, ( |612| ) 
describes a class of plane fronted wave backgrounds which have a covariantly constant null 
vector d/dv (i^-model). For this case, one can add another vector coupling 2Ai{x,u)dx^du 
to the Lagrangian while still preserving conformal invariance but breaking chiral structure. 
Second, when K = with background fields independent of u, ( |612|) reduces to the F- 
model, which has two null Killing vectors d/du and d/dv associated with affine symmetries 
u' = u + fir — a) and v' = v + h{T + a). Since the coupling to u and v is chiral {Guv = Buv), 
the associated 2 conserved currents = Fdv and = Fdu are chiral. The F model and 



the K model are related by a duality transformation (|615|) along u with a = 



81r 



This follows 1 371 1 from the standard leading order conformal invariance conditions R- 



MN 



2_D_j\/£'_jv<i> = of the general cr-model (611). Here, the Ricci tensor R^mn and covariant derivative 



D^M are defined in terms of the generalized connection T^j^^j^ — T^^jy ^ \^mn 'with torsion H 
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The dimensional reduction of chiral null model leads to various charged (under the KK 
or 2-form gauge field) black hole and string solutions, which can also carry angular momenta 
or the Taub-NUT charge. The chiral coupling leads to a no-force condition (a characteristic 
of BPS solutions) on the solutions, which allows the construction of multi-centered solu- 
tions. The balance between Gmn and Bmn in chiral theories manifests in lower dimensional 
solutions as the fixed ratio of mass and charge, i.e. the BPS condition. 

In the following, we discuss black hole solutions that satisfy the conformal invariance 
conditions (|613|) and therefore are exact to all orders in a'. For the purpose of obtaining 



general D = 4,5 black holes, we split the transverse coordinates into non-compact ones 
and compact ones y^, i.e. = {x^,y"), where s = 1,...,D — 1 and n = 1,...,9 — D. 
We decompose the 8-dimensional transverse space into the direct product x of some 
4-space and T^. The chiral null model Lagrangian (|612|) is accordingly expressed as the 



sum of two terms associated with each space. Here, has S0{3) [SO {4)] symmetry for 
the D = 4 [D = 5] black holes and, therefore, M*^ is parameterized by (x'^,?/^) [x™] with 
background fields depending on the coordinates only through r = ^/x^ [r = \/x™x™]. 
We consider the case where has the torsion related to dilaton in the specific way 
jjmnk _ __^^mnkiQ^^^ that the last couformal invariance condition in ( 613 ) simplifies to 



a Laplace-form Vi{e-^^r^) = 0, where = + i<r^ with = ^e'^^^J^ki- 

General Four-dimensional, Static, BPS Black Hole We consider the case where 
4-dimensional transverse part of the metric has the form Gij = f{x)gij where V^/ = 0, 
V = V((7) and Qij is a hyper-Kahler metric with a translational isometry in the x'^-direction. 
The D = 6 part (u, v, x^, x^) of ( |612| ) then takes the special form: 

L = F{x)du[dv + K{x)du + 2A{x){dx^ + as{x)dx')]+ln\nF{x) + L^, 
L± = /(x)A;(x)((9x^ + as{x)dx''){dx^ + as{x)dx'') + f{x)k~^{x)dx''dx'' 

+hXx){dx^dx' - dx^dx') +n(j){x), (616) 

where x^ = (x^,x^,x^) are non-compact coordinates and compact coordinates are x^ = yi 
and u = y2- Here, we chose Ai in (|612D to take the form ^4 = A and As = Aag so that the 



D = 4 metric has no Taub-NUT term. 

The Lagrangian (|616|) is invariant under T-duality transformations in the x'^-direction 
(Pi ^ P2 and q —q): 

f^k-\ k-^f-\ a.^hs, A^ifky'A, (617) 

and in the w-direction {Qi ^ Q2): 

F K-\ K ^ F~\ <I>(F) ^ $(/r-^). (618) 

When A = 0, the Lagrangian has remarkable manifest invariance under D = 4 ^'-duality, 
under which (16181) transforms as m x^ and 



F^f-\ K^k-\ f^F-\ k-.K-\ (619) 

and under the D = Q string-string duality {G —>■ e^^^G, dB —>■ e^'^'^-kdB, $ ^ — $) between 
the heterotic string on and the type-II string on K3: 

F^r\ K^K, f-^F-\ k^k. (620) 
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Note, the invariance of ( |616|) under the T-duahty is manifest only when all the charges 
associated with 4 harmonic functions F, K, f and k are non-zero. The self-dual case 
F = K^^ = f^^ = k and = bs corresponds to the D = 4 Reissner-Nordstrom solution. 
As expected, the combined transformation of T-duality and the string-string duality yields 
the D = 4 ^-duality (|6T9|). 

One can obtain D = A black hole solution which is exact to all orders in a' by solving ( |S13| ) 
with (|616|) and all the background fields depending on non-compact transverse coordinates 
x^, only. Solutions for background fields are expressed in terms of harmonic functions /, 
k, F and K, which satisfy (linear) Laplace equations. Particularly, A is given in terms 
of harmonic functions hj A = qik~^ + q2pk (gi_2 = const). If one further assumes the 
asymptotic flatness condition (i.e. A;^l,/— i>l,y4— i>Oasr = \/x'^Xs — > C)o), coefficients 
in A are restricted such that go := Q'l = —92- The solutions for background fields are: 

F-' = 1 + ^, K = l + 9l^ /=1 + ^, fc-^ = l + ^, 

ly ly ly ly 

ttgdx'^ = Pi(l — cos9)dip, hgdx'^ = P2{1 — cos9)dip, 

A = l.'_±MEl±I^ = Fe^^ = '-±^ (621) 

r r + Pi ' r + Qa' 

where q = 2go(-Pi — P2)- Since the resulting (conformal invariance condition) equations are 
of Laplace-type, one can superpose harmonic functions to obtain multi-center generalization 
of the above. 

The D = 4 spherically symmetric solution in ( pOOj ) is obtained by applying the standard 
KK procedure with all the background field in ( |612| ) properly identified with those in ( |611| ) 
and setting u = 1/2, v = 2t, X4^ = yi. 

General Five-Dimensional, Rotating, BPS Black Hole We consider the case where 
M^-part is (locally) S'0(4)-invariant. The D = 6 part of chiral null model Lagrangian is 
again given by ( |616|) with Ai = {Am, 0) and the transverse part L± replaced by 

L± = f{x)dx"'dx'^ + Bmn{x)dx"'dx"' + n(f){x), (622) 

where m,n,... = 1,...,4, and the fields are given in terms of a harmonic function f{x) 
(5V = 0) by = |ln/. Gran = fSmn and Hrank = -2^00^^ emnkpdl(l) = -ernnkidif. By 
solving the conformal invariance conditions ( |613| ) with above Ansatze, one obtains 

/ = 1 + ^, F-^ = l + %, K=l + 9l, 

ry ^ ly ^ ry^ 

e'* = Ff = ""l , = ^sin2^, A^, = \co^^B, (623) 



where r = a/x'^x™ and 7 is related to the angular momenta as Ji = J2 = 4^7- Note, 
the conformal invariance condition V m{e~^'^ = is solved by imposing the fiat-space 
anti-self-duality condition J-'+mn = on the field strength of the potential Am, and as a result 
the 2 angular momenta are the same. By superposing harmonic functions, one obtains the 
multi-center generalization of the above. 

The dimensional reduction along u leads to = 5, rotating, BPS black hole with charge 
configuration {Qi = Qi'\ Q2 = Q2'\ P), where P is a magnetic charge of the NS-NS 3-form 
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field strength (or an electric charge of its Hodge-dual). The Einstein- frame metric is 

= -X'^[dt+ ^{sm'^ed^i + cos'^edip2)f 

+\~^[dr^ + r^{de^ + sin^ Odipj + cos^ edcpl)] 
A = {F-'Kf)-'/' = ^^^2 ^ ^^^^^2 ^ ^^^^^2 ^ ^^^^/3. (624) 

7.5.2 Level Matching Condition 

To calculate statistical entropy of black holes, one has to relate macroscopic quantities of 
black holes to microscopic quantities of perturbative string states through "level matching 
condition" ||189|| . Strictly speaking, level matching process is possible for electric solutions, 
only, since perturbative string states do not carry magnetic charges and string momentum 
[winding] modes are matched onto "electric" charges of KK [2-form field] U{1) fields. Fur- 
thermore, magnetic solutions can be supported without source at the core (Cf. magnetic 
solutions are regular everywhere including the core), since they are topological in character. 
However, it turns out [[L74|] that the dyonic solution found in [ |178|] , which is a 'bound state' 
of fundamental string and solitonic 5-brane, still needs a source for its support and satisfies 
the same form of level matching condition as the fundamental string. 

The crucial point in the level matching of such dyonic solutions onto the perturbative 
string spectrum is that as in the purely magnetic case fields are perfectly regular near the 
horizon (or the throat region), making it possible to describe the solutions at the throat 
region in terms of WZNW conformal model ||484| , |632| , [43 7| , P89|| . Since the solution is regular 



and the dilaton is finite near the event horizon (implying that the classical a' and the string 
loop corrections are under control), such effective WZNW model near the horizon can be 
trusted. For large magnetic charges (or large level), the theory effectively looks like a free 
(T-model for perturbative string theory with the string tension rescaled by magnetic charges. 
Namely, for large magnetic charges, the dyonic solutions are matched onto perturbative 
string states with string tension rescaled by magnetic charges. 

To match background field solutions onto the macroscopic string source at the core, one 
considers the combined action of string cr-model and the effective field theory. Among the 
equations of motion of the combined action, the relevant parts are the Einstein equations 
for target space metric, equations of motion for and the Virasoro conditions. Requiring 
that all the solutions are supported by sources, one obtains the level matching condition: 

Wuj = duE{u) = 0, iE{u) = [F{x)K{u, x)],.^o = 0). (625) 

ZnK Jo 

This condition is satisfied without modification even when solutions carry magnetic charges. 

7.5.3 Throat Region Conformal Model and Magnetic Renormalization of String 
Tension 



Four-Dimensional Dyonic Solutions The a-model (|616|) of dyonic black hole (|193|) with 
charge configuration {Pi^\q'^\ Pi'^\q'^^) = (Pi, Qi, P2, Q2) takes the following form near 
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the horizon (r ^ 0) |T7l B |T|]: 

1 /" 1 /" 

/ = / SaLr^Q = / (fa (e~^dudv + QiQo^duBu) 

Tia' J Tia' J ^ ' 

f d^a ( dzBz + dyidyi + d^d^ + dddd - 2cos9dyid^) . (626) 
vra' J ^ ' 



This is the SL{2, R) x SU{2) WZNW model with the level k = ^^1^2- (Since the level has 
to be an integer, one has the quantization condition 4:PiP2/a' G Z.) Here, the coordinates 
are defined as z = In^ ^ 00, u = {Qi^Q2PiP2)~^'^u, v = (QiQs ^^1^2)"^^^^^, and jji = 
Pr^yi + ^■ 

For large Pi^2 (or k), the transverse {p,yi,ip,9) part of (|626|) looks like a free theory of 
perturbative string with the string tension T = l/[27ra') renormalized by Pi^2'- 



1 ^ 1 ^ ^ P1P2 

a' a'j_ a'Ri a'^ 

where Ri = \fa' is the radius of the internal coordinate associated with P\ 2. 



(627) 



Five-Dimensional Dyonic Solution The a-model with the target space configuration 
given by the 3-charged, BPS, non-rotating black hole, i.e. (|263|) with J = 0, takes the 
following form in the limit r ^ | |609| , |612| ]: 



ttq; 
P 



J (faLr^Q = — J J (fa (e ^dudv + Q1Q2 ^dudu^ 

+ / (fa (dzdz + dip2dip2 + d^id^i + 8989 - 2cos98^2d^i) , (628) 

47ra J ^ ' 



where z = In ^ ^ 00. This is the 5L(2, R) x SU{2) WZNW model Q with the level 
K = ^P. In the limit of large P or large the transverse part (p, ipi, ip2, 9) of ( |628|) reduces 
to free perturbative string theory with the renormalized string tension: 

1 1 ^ (629) 



.12 



a' Aa' 
7.5.4 Marginal Deformation 

The degeneracy of micro-states responsible for statistical entropy is traced to the degrees of 
freedom associated with oscillations or marginal deformations around the classical solutions. 
The marginal deformations lead to a family of all the possible solutions (obeying conformal 
and BPS conditions) with the same values of electric/magnetic charges but different short 
distance structures that depend on a choice of oscillation profile function. Thus, one has 
to consider the region near the horizon (at r = 0) to determine the microscopic degrees of 
freedom, since in this region degeneracy of solutions is lifted. 



^^The chiral null model corresponding to rotating black hole (624) also approaches the SL{2, R) x SU{2) 
WZW model in the throat limit. The requirements that the level k — P/a' is an integer and — 
ip'2 + 2jP~^Q2^u {if'2 = (^1 + <y92) has the period 47r lead to the quantization of P and J.P = a' n and 
J = Kwl with k,l £ Ti {w — string winding number). The regularity of the underlying conformal model 
requires that < Kinw, i.e. the 'Regge bound'. 
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General chiral null model action which represents deformation from the classical BPS 



solutions in section |7.5.1| and preserves the BPS and conformal invariance properties is 
given by (|612|) with K and Ai = {Am, Aa) having an additional dependence on u, where 
u = z — t with the longitudinal direction z satisfying the periodicity condition z = z + 2tiR. 
Here, Am ~ (lm{u)/r'^ and Aa = <iaiu)/r'^ (r^ = Xm^m) are respectively 'deformations' in 
the non-compact and the compact y"" directions. On the other hand, the perturbation 
K{u,x) = hm{u)x"^ + k{u)/r'^ does not contribute to the degeneracy, since hm{u)x"^ drops 
out and k{u) has zero mean value. 

The perturbations K, Aa and Am represent various 'left-moving' waves propagating along 
the string and are invisible far away from the core. The mean values Qmiu) and qa{u) are 
related to the oscillation numbers of the macroscopic string at the core as 

r2 ^2^1 



Nr = Y^?™(«)' = (630) 



thereby contributing to the microscopic degrees of freedom. 

These marginal deformations do not contribute to the microscopic degeneracy of black 
holes with the same order of magnitude [ |612|| . This can be inferred from the fact that the 
classical BPS black holes are solutions of both heterotic and type-II string. Namely, although 
the thermal entropy is the same whether one embeds the solutions within heterotic or type-II 
string, one faces the discrepancy in factor of 2 in the statistical entropies within the two the- 
ories, if one takes the degeneracy contributions of all the oscillators to be of the same order of 
magnitude. In fact, as can be seen from the conformal invariance condition Vi{e-'^'^ri) = 0, 
the perturbations Aa in the compact directions ya are decoupled from the non-trivial non- 
compact parts of the solution. On the other hand, the perturbations Am in the non-compact 
directions Xm are non-trivially coupled to the magnetic harmonic functions, with the net 
effect being the rescaling of Qmiu) terms by the magnetic charges. (This is related to the 
scaling of the string tension in the transverse directions by the magnetic charge(s).) So, the 
marginal deformation contributions from the compact directions, which are different for the 
two theories, are suppressed relative to those of non-compact directions by the factor of the 
inverse of magnetic charge(s), thereby negligible for a large magnetic charge(s) or the large 
level K. Only the marginal deformations from the non-compact directions and the compact 
direction associated with non-zero magnetic charge(s), which are common for both theories, 
have the leading contribution to the degeneracy. Only these 4 string coordinates get their 
tension effectively rescaled by the magnetic charge(s). Furthermore, the marginal deforma- 
tions on the original black hole solutions have to be only left-moving (i.e. depend only on 
u, not on v) so that marginally deformed cx-models are conformaly invariant. This is related 
to the 'chiral' condition on the a-model; only left-moving deformations lead to supersym- 
metric action. Thus, for large magnetic charge(s), the statistical entropy calculations within 
heterotic and type-II strings agree. 

As pointed out, the marginal deformations Aa{u,x) = qa{u)/r'^ in the compact directions 
ya contribute to the microscopic degeneracy to sub-leading order (suppressed by the inverse 
of magnetic charge (s)), which can be neglected for large value of magnetic charge (s). But the 
zero modes (ja of the Fourier expansions of qa{u) = qa + qaiu) {qaiu) denoting the oscillating 
parts) produce additional left-handed electric charges ||174|| oi D = Q strings. Namely, the 



internal marginal deformation Aa{u) = on the cr-model associated with D = A 4-charged 
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BPS black hole (|193|) leads to 5-charged BPS black hole solution ( |621|) with the zero mode 
Qa corresponding to an additional charge parameter q. 

The mean oscillation values g^l"") of ^he marginal deformations Am{u,x) ~ qm{u)/r'^ 
{imiu) = qm + Qm{u) with q^ and qm{u) respectively denoting the zero modes and oscillating 
parts) in the non-compact directions Xm contribute to to the leading order. Meanwhile, 
the zero modes q^ have an interpretation as angular momenta | |jlCI| j of black holes. Namely, 
the rotational marginal deformation corresponding to SU{2) Cartan current deformation 
Arniu, x)dx^ = ^^^{siif9d(fi + cos'^ 9 dip 2) on the a-model action of the D = 5 3-charged 
non-rotating solution leads to the rotating solution (|624|) ||61CI| , |609 . 



To calculate the statistical entropy associated with degeneracy of solutions (i.e. all the 
possible marginal deformations of the original classical solution), one has to determine A^^ 
of the macroscopic string at the core. For this purpose, we write the marginally deformed 
cr-model action ( |612|) in the throat region in the form: 

I' = I -\ / (i^cr (marginal deformation terms)r._*o 

^ 7ra' J 

= / d'^a [e~^dudv + E{u)dudu] + other terms, (631) 

vro;' J 

where / stands for the throat limit WZNW models (|626| ) and ( |628| ) of the (undeformed) 
classical solutions. 

First, for the D = A dyon, the marginal deformation ( |612D gives rise to the following 
expression for E{u)\ 

E{U) = QlQ2^ - (PlP2)~U"'?n(«) - 

= {PiP2)-'Qf[QiQ2PiP2-qn{u)-PiP2ql{u)]. (632) 

Note, since the string tension a'j_ ( |627|) of the transverse parts is rescaled by the magnetic 
charges, the coefficient in front of the term g^('u) is rescaled by (PiP2)^^- Applying the 
level matching condition E{u) = ( |625| ), one finds that q'^('u) = PiP2{QiQ2 — qD, where 
(ja denote the zero modes of the oscillations qa{u) in the compact directions. Thus, the 
statistical entropy is ||174 

,2 



Sstat ~ 2n^NL = —^^PiP2{QiQ2 - ql), (633) 

in agreement with the thermal entropy. 

Second, we consider D = b solutions. For the non-rotating solutions, the marginal 
deformation ( |612|) leads to 

E{u) = Q1Q2' + Q2^k{u) - P-^Q2\l{u) + 0{P-^). (634) 



Applying the level matching condition E{u) = 0, one finds that q^iu) = Q1Q2P for large 
P, which reproduces the thermal entropy ||609| , |612|| : 

,2 



Sstat ~ 27tJNl = ^jQlQ2P. (635) 

For the rotating solution, one introduces the marginal deformation Am in a non-compact 
direction. Then, one has 

E{u) = QiQ^' - p-'Q^^^\u) = P-^Qf[QiQ2P - l\u)], (636) 
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where 7^(m) = 'j'^ + j'^{u) with 7 and 7(u) respectively denoting zero and oscillating modes of 
7(ti). From the level matching condition E{u) = 0, one has 7(m) 
entropy of the rotating black hole [ |609| , |610|| in the limit of Pi ? 



= Q1Q2P — 1 1 reproducing 
P2 and Q2 large: 



S. 



stat 



27rx Nl 



2G 



N 



Q1Q2P - 7'. 



(637) 



8 D-Branes and Entropy of Black Holes 

Past year or so has been an active period for investigation on microscopic origin of black 
hole entropy. The construction of general class of BPS black hole solution in heterotic 
string on [ [178|| motivated renewed interest ||441|] in the study of black hole entropy within 
perturbative string theory. The explicit calculation of statistical entropy of BPS solution 
in ||1 78|| by the method of WZNW model in the throat region of black hole reproduced the 
Bekenstein-Hawking entropy. Realization |[498|| that D-branes in open string theory can 



carry R-R charges motivated the explicit Z^-brane calculation of statistical entropy of non- 
rotating BPS solution in D = 5 with 3 charges ||580|| . This is generalized to rotating black 
hole 1^ in D = 5, near extreme black hole |p.09| , in D = 5 and near extreme rotating 
black hole in D = 5. Meanwhile, the WZNW model approach was generalized to the 
case of non-rotating BPS D = 5 black hole ||609|| and rotating BPS D = 5 black hole [|612|| . 
D-brane approach was soon extended to D = 4 cases: non-rotating BPS case in |[471| , P92|| , 
near extreme case in [|361|| and extreme rotating case in [|361|| . Later, it is shown 



365 that 



the microscopic counting argument in string theory can be extended even to non-extreme 
black holes as well, provided the entropy is evaluated at the proper transition point of black 
hole and D-brane (or perturbative string) descriptions. 

In this chapter, we review the recent works on D-brane interpretation of black hole 
entropy. With realization |[498|| that R-R charges, which were previously known to be de- 



coupled from string states, can couple to D-branes [193], it became possible to do conformal 
field theory of extended objects (p-branes) within string theories and to perform counting 
566i |567i |6T9i |620i I 



|91| of string states that carries R-R charges as well as NS-NS charges. 
To apply D-brane techniques to the calculation of microscopic degeneracy of black holes, 
one has to map non-perturbative NS-NS charges of the generating black hole solutions of 
heterotic string on tori to R-R charges by applying subsets of fZ-duality transformations. 
In D-brane picture of black holes ||109|| , the microscopic degrees of freedom are carried by 
oscillating open strings which are attached to D-branes. Whereas the effect of magnetic 
charges in the chiral null model and Rindler geometry approaches is to rescale the string 
tension, the effect of R-R charges on open strings in the Z)-brane description is to alter 
the central charge (i.e. the bosonic and fermionic degrees of freedom) of open strings from 
the free open string theory value. In the D-brane picture of ||109|| , the number of degrees 
of freedom of open strings is increased relative to the free open string value because of an 
additional factor (proportional to the product of D-brane charges) related to all the possible 
ways of attaching the ends of open strings to different D-branes. So, the net calculation 
results of statistical entropy in both descriptions are the same. 

This chapter is organized as follows. In section |8.1| , we summarize the basic facts on 
D-branes necessary in understanding Z)-brane description of black holes. In section |8.2|, we 
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discuss the D-brane embeddings of black holes. The D-brane counting arguments for the 
statistical entropy of black holes are discussed in section |8]3 . 



8.1 Introduction to D-Branes 

We discuss basic facts on D-branes necessary in understanding D-brane description of black 
holes. Comprehensive account of the subject is found, for example, in ||193| , |445| , [498| , [504 



501| , |391| |, which we follow closely. The basic knowledge on string theories is referred to 



535i PT6 |. 



Each end of open strings can satisfy two types of boundary conditions. Namely, from the 
boundary term Jqj^ da6X^dnX^, where dj^ is the boundary of the worldsheet A4 swept 
by an open string and 6X^ [dnXfj] is the variation [the derivative] of bosonic coordinates X^^ 
parallel to [normal to] dA4, in the variation (with respect to X^) of the worldsheet action, 
one sees that the ends of the string either can have zero normal derivatives 

dnXf" = 0, (638) 

called Neumann boundary condition, or have fixed position in target spacetime 

X'' = constant, (639) 

called Dirichlet boundary condition. 

In order for the T-duality to be an exact symmetry of the string theory, open string has 
to satisfy both the Neumann and Dirichlet boundary conditions [ p,93|| . Under the T-duality 
of open string theory with the coordinate X* = X}^{z) + Xl{z) compactified on of radius 
Ri, Ri ^ R'i = l/Ri and X' ^ = X\^{z) - Xilz). So, the Neumann and the Dirichlet 
boundary conditions get interchanged under T-duality: 

SnX' = (I) ax' - ax> = (|) by' + Sy' = a.Y', (em) 

where r is the worldsheet time coordinate, which is tangent to dA4. Starting from the 
D = 10 open string with the Neumann boundary conditions and with the coordinates X' 
{i = p + 1, ...,9) compactified on circles of radii i?\ one obtains open string theory with the 
ends of the dual coordinates confined to the p-dimensional hyperplane in the Ri ^ limit 
(or the decompactification limit, i.e. l/Ri oo, of the dual theory). Such p-dimensional 
hyperplane is called D-brane |[498|| . A further T-duality in the direction tangent [orthogonal] 
to a Dp-hrane results in a D {p — l)-brane [D {p + l)-brane]. 

D-brane is a dynamical surface [[49 ^| with the states of open strings (attached to the D- 



brane) interpreted as excitations of fluctuating D-brane. The massless bosonic excitation 
mode in the open string spectrum is the photon with the vertex operator Va = AmOiX'^'^ , 
where dt is the derivative tangent to dA4. So, the bosonic low energy effective action is that 
of X = 1, T) = 10 Yang-Mills theory pTFj : 



^1 ATr[T^,Fn. (641) 



83 



The tachyon is removed by the GSO projection of supersymmetric theory. 
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In the T-dual theory, the vertex operator Va of the photon is decomposed into Va = 
J^'l^^f^ A^{X^)dtX^ and = J2i>p^i{^^)d(TX\ corresponding respectively to U{1) gauge 
boson and scalars on the p-brane worldvolume. The scalars (fi are regarded as the collective 
coordinates for transverse motions of the p-brane. The bosonic low energy effective action of 
the T-dual theory is, therefore, obtained by compactifying (|641|) down to p + 1 dimensions 
]. In this action, the worldvolume scalars ipi have potential term V = J^ij Tr[(y9j, y^j]^. 



Note, open strings can have non-dynamic degrees of freedom called Chan-Paton factors 
at both ends of strings | J139| , p04| , p01| , |637| j. The indices («, j), which label the state 



at each end of the string, run over the representation of the symmetry group G. When the 
state \A,ij) describes a massless vector, run over the adjoint representation of G. Each 
vertex operator of an open string state carries antihermitian matrices A^^ (a = 1, ...,dimG) 
representing the algebra of G and A^^- describe the Chan-Paton degrees of freedom of the 
open string states. The global symmetry G of the worldsheet amplitude manifests as a 
gauge symmetry in target space. 

For the oriented open strings, G is U{N) and each end of the open string is respectively 
in complex and complex conjugate representations of U{N). When open string states are 
invariant under the worldsheet parity transformation fi(o"^7r — cxorz— > —z), i.e. the 
exchange of two ends plus reversal of the orientation of an open string, the open string is 
called unoriented. For this case, the representations R and R on both ends of the string 
are equivalent. For unoriented open strings, the transformation property of the Chan-Paton 
matrix Ajj under the worldsheet parity f2 determines G [|535| , [474|| . Under the worldsheet 



parity symmetry, the open string state Ajj|A,ij) transforms to 

VtXij\K,i]) = Kj\A,i3), A' = MX^M-\ (642) 

If M is symmetric, i.e. M = M'^ = In, then the photon Xija'^ilk) survives the pro- 
jection under the gauged worldsheet parity and the Chan-Paton factor is antisymmetric 
(A"^ = —A), giving rise to SO{N) gauge group. If M is antisymmetric, i.e. M = —M'^ = 



lNj2 

-In/2 



then the gauge group is USp{N), i.e. A = —MX^M. 

When the Chan-Paton factors are present at the ends of open string, a Wilson line, say, 
for the U{N) oriented open string theory with the coordinate compactified on of 
radius R given by 

Ag = diag(^i, ^7v)/(2vri?) = -iA-^dgA, (643) 

where A = dmg{e'^^^^^^^'^'^^\ ...,6'^^^^'^^^'^'^^''), receives non-trivial phase 
factor diag(e~*^^, e~*^^) under the transformation X^ —>■ X^ + 27tR. As a result, the 
momentum number of an open string along can have a fractional value. So, in the T-dual 



theory the winding number takes on fractional values |[497|| , meaning that two ends of open 
strings can live on different hyperplanes (D-branes) located at = 9kR' = 2Tia'Ag 

{k = i,...,Ny. 

Y^{7t) - Y^{0) = r dad.Y^ = (27r + 6, - ei)R', (644) 
Jo 

where R' = a'/R is the radius of the circle in the dual theory. Note, without the Chan-Paton 
factors taken into account, both ends of open strings of the dual theory are confined to the 
same hyperplane up to the integer multiple of periodicity 2TrR' of the dual coordinate Y^. 
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The similar argument can be made for unoriented open string theories. With SO{N) 
Chan-Paton symmetry, the Wilson line can be brought to the form: 

diag(^i,-^i,---,^;v/2,-^7v/2). (645) 

Note, in the dual coordinate Y"^, worldsheet parity reversal symmetry {z —z) of the 
original theory is translated into the product of worldsheet and spacetime parity operations. 
Since unoriented strings are invariant under the worldsheet parity, the T-dual spacetime is 
a torus modded by spacetime parity symmetry Z2. The fixed planes = 0,itR' under 
spacetime parity symmetry are called orientifolds [|193|| . Away from the orientifold plane, 
the physics is that of oriented open strings, with a string away from the orientifold fixed 
plane being related to the string at the image point. Open strings can be attached to the 
orientifolds, but the orientifolds do not correspond to the dynamic surface since the projection 
O = +1 |355, 33^, 509| removes the open string states corresponding to collective motion of 



D-branes away from the orientifold plane. In this T-dual theory, there are y D-branes on 



the segment < Y"^ < nR' and the remaining y are at the image points under Z2. Open 
strings can stretch between pairs of Z2 reflection planes, as well as between different planes 
on one side. 

With a single coordinate compactified on of radius R, the mass spectrum of the 
dual open string is 

Thus, the massless states arise in the ground state (A^ = 1) with no winding mode {n = 0) 
and both ends of the string attached to the same hyperplane (6'j = 9j): 

(x\\k,i%), V = ifidtX^ = ifidnY^ (647) 

respectively corresponding to D-brane worldvolume photon and scalar. For the case of 
oriented open string theories, when all the hyperplanes (located at 6kR') do not coincide 
(i.e. 9i 7^ 9j, U{N) is broken down to f/(l)^, corresponding to A^ massless U{1) gauge 

fields at each hyperplane located at B^R' {k = 1,...,N). When m hyperplanes (m < A^) 
coincide, say 9i = ■ ■ ■ = 9m, the additional massless U{1) gauge fields (associated with open 
strings originally stretched between these m hyperplanes) contribute to the restoration of the 
symmetry to U{m) x ?7(1)^~™ [[497| , |637|] . Furthermore, m massless scalars (interpreted as 
positions ||193| , |637|| of m distinct hyperplanes) are promoted to m x m matrix of massless 
scalars when these m hyperplanes coincide ||637|| . For unoriented open strings with SO{N) 



symmetry Q, the generic gauge group with all the ^ -D-branes distinct is f/(l)^/^. When 
m D-branes coincide, the symmetry is enhanced to U{m) x f/(l)^/2-™ as in the oriented 
case. But when m D-branes are located at an orientifold plane, the symmetry is enhanced 
to S0{2m) X ?7(l)^/2-m^ additional massless U{1) gauge bosons arising from open 

strings that originally stretched between pairs of Z2 image branes. In the language of effective 
field theory, this symmetry enhancement or reversely symmetry breaking to Abelian group 
is interpreted as Higgs mechanism with scalars associated with location and separation of 
D-branes interpreted as Higgs fields. 
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The same argument can be applied for the case of USp{N) symmetry. 
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The fermionic spectrum of open strings is divided into subsectors according to the bound- 
ary conditions that fermions ip^ {0 < a < tt, — oo < t < oo) satisfy at one end of string. 
There are two types of boundary conditions on the fermion: 

R : ^^'{0,T) =iP^'{0,t) ^^(tt, t) = V^^(7r, r) 
NS : V''(0,r) = -V^'^(0,r) ^pf" {n , r) = i^f" {n , r) . (648) 

Defining ip'^ipl-n — a,r) = iP^{(T,t), one sees that the Ramond (R) [Neveu-Schwarz (NS)] 
boundary condition becomes the periodic [anti-periodic] boundary condition on the redefined 
fermion ip{a, t) {0 < a < 2tt, — oo < t < oo), leading to integer [half-integer] modded Fourier 
series decomposition. 

In the NS sector, the ground state consists of 8 transverse polarizations ip'^i/2\k) of 
massless open string photon A^. In the R sector, the ground state is degenerate, transform- 
ing as 32 spinor representation of 5*0(8). The Virasoro conditions pick out 2 irreducible 
representations 8^ and 8c. Here, the subscript s [c] means eigenstates |so, Si, S2, S3, S4) 
(so,Sj = ±|) with even [odd] number of eigenvalues — | of 5*0 = iS'^^ and Si = 5'^*'^'"'"-^, 

where S'^'^ = —■^J2r'4'-r'^r^ are the fermionic part of the D = 10 Lorentz generators. These 
2 representations are physically equivalent for open strings. The GSO projection picks out 
8s and, therefore, the ground state of the open string theory is 8„ © 8^, forming a vector 
multiplet of D = 10, = 1 theory. Including the Chan-Paton factors, the gauge group G 
of the N = 1, D = 10 super- Yang-Mills theory is U{N) [SO{N) or USp{N)] for an oriented 
[an unoriented] open string theory. For an open string theory with 9 — p coordinates com- 
pactified, the massless spectrum of D p-brane worldvolume theory of dualized open string is 
described by the D = 10, N = 1 supersymmetric gauge theory compactified to D = p + 1. 

We briefly discuss some aspects of type-II closed string relevant for understanding Dp- 
branes of open string theory. For type-II string, i.e. the closed string theory with supersym- 
metry on both left- and right-moving modes, the two choices of the GSO projections in the 
R sector are not equivalent. So, there are two types of type-II theories defined according to 
the possible inequivalent choices of the GSO projections on the left- and the right-moving 
modes. The massless sectors of these two type-II theories are 

TypellA : (8^ © 8^) ® (8^ © 8j 

TypellB : (8^ © 8^) © (8^ © 8,). (649) 

The massless modes 8^ ® 8^, in the NS-NS sector of the both theories are the same: dilaton, 
gravitino and the 2-form field. In the R-R sector, the massless modes 8s x 8c [8s x 8s] of 
type-IIA [type-IIB] theory are 1- and 3-form potentials [0-, 2- and self-dual 4-form potentials] 
p75|| . The massless modes in NS-R and R-NS sectors contain 2 spinors and 2 gravitinos of 



the same [opposite] chirality for the type-IIB [type-IIA] theory. 

When an oriented type-II theory with a coordinate compactified on is T-dualized 
216|, |193||, the chirality of the right-movers gets reversed. So, when odd [even] number of 



coordinates in type-IIA/B theory are T-dualized, one ends up with type-IIB/A [type-IIA/B] 
theory. The effect of "odd" T-duality, which exchanges type-IIA and type-IIB theories, on 
massless R-R fields is to add [remove] the indices (of (p-l-l)-form potential) corresponding to 
the T-dualized coordinates, if those indices are absent [present] in the {p+ l)-form potential. 
For example, the T-duality on 5^,^ [B^p] along {^i ^ p ^ u) produces B^yp [Bp\. 

A worldsheet parity symmetry in a closed string, defined as cr ^ —a ot z —>■ z, 
interchanges left- and right-moving oscillators. The unoriented closed string is defined by 
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projecting only even parity states, i.e. ^{ip) = as in the open string case. When 

type-II string is coupled to open superstring (type-I string), the orientation projection of 
type-I string picks up only one linear combination of 2 gravitinos in type-II theory, resulting 
in an = 1 theory. The only possible consistent coupling of type-I and closed superstring 
theories is between (unoriented) SO (32) type-I theory ||503| , tl.08|| and unoriented = 1 
type-II theory. But in the T-dual theory, type-II theories without D-branes are invariant 
under N = 2 supersymmetry, with orientation projection relating a gravitino state to the 
state of the image gravitino. The chiralities of these 2 gravitinos are the same [opposite] 
if even [odd] number of directions are T-dualized. In the presence of D-branes, only one 
linear combination of supercharges in the T-dual type-II theory is conserved, resulting in a 
theory with 1/2 of supersymmetry broken (A^ = 1 theory), i.e. the BPS state |f498|| . For this 
case, the left- and right-moving supersymmetry parameters (of the T-dual type-II theory) 
are constrained by the relation [p26| , [504] , |501 



£K = r°---r%i. 



(650) 



The conserved charges carried by T)-branes are charges of the antisymmetric tensors in 
the R-R sector. The worldvolume of a Dp-brane naturally couples to a {p+ l)-form potential 
in the R-R sector, with the relevant space-time and Dp-hrane actions given by 



J p—brane 



where fi^ = 2'7r(47r^a')^ ^ is the Dp-hrane charge ||498 
the following Dirac-Born-Infeld type action 



(651) 

The worldvolume action is given by 
269|, |445|] describing interaction of the world- 



brane U{1) vector field and scalar fields with the background fields | 445 |: 



-TpJ dP+'^e-'^det'/^Gab + B^b + 27ra'T,,) 



(652) 



where Tp is the Dp-brane tension [311, 199(, and Gab and Bab are the pull-back of the 



spacetime fields to the brane. 

In the amplitudes of parallel D-brane interactions, terms involving exchange of the closed 
string NS-NS states and the closed string R-R states cancel |[498|| , a reminiscence of no-force 



condition of BPS states. Furthermore, the D-brane tension, which measures the coupling of 



the closed string states to D-branes, has the ^ behavior [[445|| , a property of R-R p-branes 
367| |381| , |601|| . The field strengths which couple to Dp- and D (6 — p)-branes are Hodge- 



dual to each other, and the corresponding conserved R-R charges are subject to the Dirac 
quantization condition | |591| , [482| , [498| ] /ie-p/^p = 2?™. 



8.2 D-Brane as Black Holes 



In section |8.1| , we observed that D p-branes have all the right properties of the R-R p-branes in 
the effective field theories. As solutions of the effective field theories, which are compactified 
from the D = 10 string effective actions, black holes can be embedded in D = 10 as hound 



^^T-duality on the type-II theory leads to 16 D-branes on a Tg-p/X2 orbifold. (The restriction to 16, i.e. 
S'0(32) gauge symmetry, comes from the conservation of R-R charges.) However, in non-compact space, one 
can have a consistent theory with an arbitrary number of Z3-branes. 
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states [|637| , |448| , |224|| of Dp-branes. Here, p takes the even [odd] integer values for the type- 
IIA [type-IIB] theory. Such ]9-branes of the effective field theories correspond to the string 
background field configurations ||104| , |105|| (with the p-brane worldvolume action being the 
source of {p + l)-form charges) to the leading order in string length scale Is = \fa' and 
describe the long range fields away from Dp-branes. As long as the spacetime curvature 
of the soliton solutions (at the event horizon in string frame) is small compared to the 
string scale the effective field theory solutions can be trusted, since the higher order 
corrections to the spacetime metric is negligible. The effective field theory metric description 
of solitons in superstring theories is valid only for length scales larger than a string. The 
D-brane picture of black holes, or more generally black p-branes, is as follows. 

The string- frame ADM mass M of p-branes carrying NS-NS electric charge ||187| , p8CI|| , 



NS-NS magnetic charge [^77|| and R-R charge ||381|| behaves as ~ 1, ~ 1/(7^ and I/qs (in 
the unit where Is ~ 1), respectively. Since the gravitational constant Q Gat is proportional 
to gl, the gravitational field strength (oc GnM) of the NS-NS electric charged and the 
R-R charged p-branes vanishes as Qs 0. Namely, in the limit — 0, strings live in 
the flat spacetime background. Note, in the limit Qs — >■ 0, the description of R-R charged 
configurations in terms of black p-branes is not valid, since the size of the p-brane horizon 
{A ~ g1) is smaller than L>-brane size; the black hole is surrounded by a halo which is 
large compared to its Schwarzschield radius. In the limit (7^ ^ 1, one can integrate out 
massive string states (with their masses increasing in Planck units, defined as = 1 as gs 
increases) to obtain string effective field theories. (So, one can trust black hole solutions in 
the effective field theories in the strong string coupling limit.) In this limit, the massive string 
states form black holes and these degenerate massive states (whose mass is identified with 
black hole mass) are degenerate black hole microscopic states, which are origin of statistical 
entropy. To summarize, the weak string coupling description of R-R charged configuration 
is the perturbative D-branes in fiat background, and in the strong string coupling limit the 
horizon size (~ G^M) becomes larger than the string scale (with string states undergoing 
gravitational collapse inside the horizon), thereby, the black p-brane description emerges. 
The transition point of the two descriptions occurs at the point where the horizon size tq is 
of the order of the string length scale Is ||365|| . This occurs when gsN^^^ ~ 1 or gsQ ~ 1, 
where N is the string excitation level and Q is an R-R charge. This implies that gs is very 
small for large N or Q. (Note, however that the effective string coupling of these bound 
states is gs^^ ~ gsN^^^ or gsQ-, which is of order 1.) At this transition point, the mass of a 
string state ~ N/^l becomes comparable to black hole mass: M"^^ ~ rl/G%. 

The essence of the D-brane description of black hole entropy is that the number of 
degenerate BPS states is a topological invariant which is independent of (continuous) moduli 



fields, including gs ||550| , ^51| , |549|| . Furthermore, mass of the BPS states is not renormalized 



485|| . It is argued P69| , |195|| that even for near BPS Z)-brane states the D-brane counting 



results can be extrapolated invariantly to strong coupling limit. It is also shown that D- 



brane approach reproduces entropy of non-supersymmetric extreme black holes ||361 



and even non-extreme case ||365|| as well. So, the statistical entropy of p-branes can be 
calculated by counting the number of degenerate perturbative [gs — 0) string states in 



^^The gravitational constant in D = d is Gff = G]^ /Vio-d, where Vio-d is the volume of the (10 — d)- 
dimensional internal space and G]^ = Sn^g^a"^ ~ 5s^s- 
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The Planck length is defined as Ip = rrip = {HGn /c^Y^"^ ■ 
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Z^p-brane configuration. 

Each Dp-hrane carries one unit of R-R cliarge and tlie Qs oo limit of Qp Dp-branes 
is black p-brane carrying R-R (p + l)-form charge Qp. R-R p-branes have a p- volume ten- 
sion behaving as ~ g^^ ||601|| . So, although these are non-perturbative, R-R p-branes have 
singularities, except for p = 3. The transverse [longitudinal] directions of R-R p-branes cor- 
respond to open string coordinates with Dirichlet [Neumann] boundary condition. The same 
T-duality rules of D-branes hold for R-R p-branes: T-duality on the transverse [longitudinal] 
directions of p-branes produces {p + 1)- [{p — 1)-] branes. 

When longitudinal directions are compactified, single- charged p-branes become black 
holes having singular horizon with zero surface area and diverging dilaton at the horizon. 
This is due to the brane tension which makes the volume parallel [perpendicular] to the brane 
shrinks [expands] as one gets close to the brane [|109|] . Black holes having regular horizon 
with non-zero area in the BPS limit are constructed from bound states of p-branes (with 
a momentum) to balance the tension to stabilize the volume internal to all the constituent 
p-branes. Such regular black holes are obtained with the minimum of 4 [3] p-brane charges 
for the D = A[D = 5] black holes 0. 

The basic constituent of black holes is the R-R p-brane in D = 10 



dslr^n, = g^r'dx^dx^ = f^^l\-de + dxl + --- + dx^:) 
+fl'\dxl_,^ + --- + dxl), 

e-'^ = /p"^, Ao...p = -^(/;^ - 1), (653) 

where /p = 1 + QpC"p jr^^^ (r = (xp+i + ■ ■ ■ -|- Xg)^/^). Here, Cp° is related to the basic 
{p + l)-form potential charge and can be estimated by comparing the ADM mass of ( |S53| ) 
to the mass of D-brane state carrying one unit of the {p + l)-form potential charge. The 
Killing spinors of this solution are constrained by 



£i = ■ ■ ■ TPsl, eR = -T'--- TPsr, (654) 

where El^r denotes the left/right handed chiral spinor (r^^e^ /j = £/,,/?). One can construct 
solutions for bound states of p-branes by applying the intersection rules. (See section |6.2.2 



for details on intersection rules.) In particular, the dilaton is the product of individual factors 

associated with those of the constituent p-branes: e"^*^ = fpi^ " ' fpk^ ■ 

To add a momentum along an isometry direction x*, one oscillates p-brane so that it 
carries traveling waves along the a;*-direction. (See section |7.4.1| for the detailed discussion 
on the construction of such solutions.) At a long distance region, the solutions approach 
the form where all the oscillation profile functions are (time or phase) averaged over. So, 
the long-distance region p-brane solution carrying a momentum along the x*-direction is 
obtained by just imposing S0{1, 1) boost among the coordinates (x°, x*), with the net effect 
on the metric being the following substitution: 

- dt^ + dxl -dt^ + dxl + k{dt - dxif, (655) 
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It is shown |431 that the stringy BPS black holes with non-zero horizon area are not possible for D > 6. 



This can be seen from the explicit solutions discussed in section 4.5 
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where k = c^^N/r'^ p with N interpreted as a momentum along the x*-direction. The 
momentum along the x*-direction adds one more constraint on the Killing spinor: 

Br = r^rsR, El = r^rVi. (656) 

In general, the intersecting n p-branes preserve at least 1/2" of supersymmetry; since a 
single p-brane breaks 1/2 of supersymmetry with one spinor constraint ( |654| ) , as one increases 
the number of constituents more supersymmetry get broken. One obtains BPS configurations 
if spinor constraints of constituent p-branes are compatible with non-zero spinor Er^l- The 
intersecting Dp- and Z^p'-branes preserve 1/2^ of supersymmetry iff p = p' mod 4 p24| . 
All the supersymmetries are broken when the dimension of the relative transverse space is 
neither 4 nor 8. When there is a momentum in the x*-direction, the additional Killing spinor 
constraint ( |656|) breaks 1/2 of the remaining supersymmetry. 

Black holes in lower dimensions are obtained by compactifying (intersecting) p-branes 
in D = 10. In the language of p-branes, this compactification procedure corresponds to 
wrapping p-branes along the cycles of compact manifold. Since the compactified space is 
very small, the configuration looks point-like (0-brane) in lower dimensions. 

In the following subsections, we discuss various D p-brane embeddings of D = 4, 5 black 
holes having the regular BPS limit with non-zero horizon area. 



8.2.1 Five-Dimensional Black Hole 

We discuss D = 5 type-IIB black hole originated from intersecting Qi D 1-branes (along 



X 



and D 5-branes (along x 



, X ) with a momentum P flowing in the common string 
direction ||109|| , i.e. the x^-direction. The 1- and 5-brane charges are electric and magnetic 



charges of the R-R 2-form field, and the momentum corresponds to the KK electric charge 
associated with the metric component Go'gK 

To obtain a black hole in D = 5, one wraps Qi D 1-branes around (along x^) of radius 
R and wrap Qs D 5-branes around = x 5*^. Here, has coordinates (0:5, ...,x%) and 
volume V . The momentum (of open string) P = N/R flows around 5*^. 

The resulting D = 5 solution has the form ||109| , |182|| : 



-f 



-2/3/ 



1 




where /(r) is given by: 
/(r)= 11 + 



^ rg sinh^ ^1 \ / rg sinh^ ^5 \ / rg sinh^(5p ' 



(657) 



(658) 



The three charges carried by the black hole are: 

Qi = sinh 25i, Q^ = ^ sinh 2^5, N 



^Vt^ sinh 25,. 



(659) 



The ADM energy E, entropy S, and the Hawking temperature Tjj of (|657|) are 
E 



RVr"^ 

p-(cosh2(5i + cosh 2^5 + cosh25p). 
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s 

Th 



A 



— ° cosh 6 1 cosh ^5 cosh 5„, 
1 



27rro cosh 5i cosh ^5 cosh §„ 



From the asymptotic values of G^'g^ and G-^ 
pressions for pressures in the x^- and x*-directions: 



,(10) 



(660) 

8), one obtains the following ex- 



RVrl 
^ (cosh 25, 



cosh 25p (cosh 25i + cosh 25^ 



cosh 25k 



(661) 



So, in the a;*-directions, which are parallel to 5-brane but perpendicular to 1-brane, shrinking 
effect of 5-brane and expanding effect of 1-brane compete and become balanced when 82 = 5^,. 
In the x^-direction, which are parallel to both 5- and 1-branes, the shrinking effects of 5- 
and 1-branes are compensated by momentum in the x^-direction. 

The 6 parameters tq, 5i, (Js, 5p, V and R of the solution ( |657[ ) can be traded with the 
numbers of 1-branes, anti-l-branes, 5-branes, anti-5-branes, right-moving momentum, and 
left-moving momentum, respectively given by ||362|| 



Ni 



-25i 



-255 



g25p 



^9. 



(662) 



These parameters are related to the charges in ( |659D as Qi = Ni — Ni, Q^, = N^^ — and 
N = Nr—Nl. In terms of the new parameters, the ADM energy and the Bekenstein-Hawking 



entropy take simple and suggestive forms ||362 
R 



where 



E 
S 

V 



(iVi + Ni) + —{N, + iVg) + i(iV^ + Nl) 
9s 9s R 



'NiNi 



1/2 



R 



' 91NrNl 
. NiNi 



1/4 



(663) 



(664) 



8.2.2 Four-Dimensional Black Hole 

There are various ways in which one can construct D = 4 black holes having regular BPS- 
limit with non-zero horizon area. The criteria for such construction are that supersymmetries 
are preserved and all the contributions of D-brane tensions from constituents compensate 
for each other so that internal space is stable against the shrinking effect near the horizon. 

The first type of configuration is obtained by first T-dualizing the type-IIB D-brane 
bound state discussed in section |8.2.1| along x^, resulting in bound state of Q2 -D2-branes 



191 



(along x*,x^) and Qq D 6-branes (along x*,...,x^) with the momentum N flowing along 
the x^-direction. This configuration has a zero horizon area in the BPS limit, since the 
radii along the directions shrink as one approaches the horizon, due to the tensions 

of D 2- and D 6-branes and the momentum along the x^ direction. This is compensated 



by adding solitonic 5-brane along x 



,x- 



and with magnetic charge of the NS-NS 2-form 



field 5^4, where = 0, ...,3. Since the spinor constraint of the additional solitonic 5-brane 
does not further reduce the Killing spinor degrees of freedom, the solution still preserves 
1/8 of supersymmetry. D = A black hole is obtained by compactifying this p-brane bound 
state on = T'* X 5*1' X ||361| , [471|| . Here, with the coordinates (x^, ...,a;^) has the 



volume V and S^' [S^] with the coordinate [x^] has the radius i?4 [-Rg]. Namely, the 
D 6-branes wrap around T^, Q2 -D2-branes wrap around S^' x S"^, solitonic 5-branes wrap 
around x and the momentum fiows along S^. 
The resulting D = A solution has the form [p.78|. 



181, 180, 361 



fir) 



V r 



1 -j dr^ + r\de^ + sin 

' _^ ^ rp sinh^ 82 \ L ^ rp sinh^ ^5 \ / ^ rp sinh^ (^g 



r 



X 1 



rp sinh^ 5p 



(665) 



The electric/magnetic charges carried by the black hole are 
rpV 



Q2 



sinh 2(^2, = rpi?4 sinh 2^5 



9s 

— sinh 2^6, N 

9s 



9s 



The pressures along the directions x^, x* (i = 5, 8) and x^ are 
roVR^Rg 



Pa 
P. 
P9 



9l 



-(cosh 2(^5 — cosh2(5p). 



roVR^R^ 



(cosh 282 — cosh 2(5, 



6 J 



— — 5^ — ^(cosh 282 + cosh 2^6 — cosh 28^ — cosh 25p) 

9i 



(666) 



(667) 



When (^2 = (^s = (^6 = ^ ^^'^ contributions to pressures get balanced (P4 = Pj = P5 = 0) 
and, as a result, all the scalars become constant everywhere. 

One can trade the 8 parameters rp, ^2, 8^^ 8^^ 5^, V ^ R4, and Pg with the numbers of right- 
(left-) moving momentum modes, (anti-) 2-branes, (anti-) 5-branes, and (anti-) 6-branes: 



Nr 
N2 



r,VR,Rl,. 
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Nr 



roV 
29s 



,252 



roV 
29s 



29l 



-252 



192 



255 

2 

^0 2S6 



2 



2gs 2g. 
In terms of these parameters, the ADM mass and entropy take forms |^61 



(66^ 



M 



JrCg 



Nr 



R^Rg 

9s 



(iV2 + N-2) 



/ , T , T \ V RaRq , , _ 



9s 



where 



V 



Ra 



9'sN,N-, 



RaRq 



(669) 



(670) 



We discuss couple of other ways | p92| ] to construct D = A black holes. The first config- 
uration is a type-IIB configuration where Qi parallel D 1-branes (along x^) and parallel 



D 5-branes (along x 



x" 



intersect in the x -direction, along which momentum P = N/ L 



flows, and magnetic monopole in the subspace {t,r,6,(j),x^). The D = 4 black hole is ob- 
tained by first wrapping D 5-branes around 4-cycles of K3 surface (with the coordinates 
x^,...,x^), resulting in a D-string bound state along with Qi D 1-branes in D = 6. This 
bound state in D = 6 has momentum along x^ and the KK magnetic charge associated 
with the metric component (740. One further compactifies the coordinates (x^, x^) on to 



obtain D = 4 black hole. Entropy of this solution is S 



4Gjv 



27r v/gigiiv. 



The second configuration is a type-IIA solution obtained by T-dualizing the above config- 
uration along x^. Namely, this is a bound state of Qo -DO-branes and (^4 -D4-branes (along 
x^, ...,x^) with open strings wound around the x^-direction (with the winding number W) 
and the KK monopole in the subspace {t, r, 6, 0, x^). Similarly as in the first case, to have a 
D = 4 black hole, one first wrappes Q4 D 4-branes around 4-cycles of K3 surface (with the 
coordinates x^, ...,x^ 
the coordinates (x'^ 



resulting in a D particle bound state in D = 6, and then compactifies 



X ) on T . Such a solution has entropy S 



4G» 



8.3 D-Brane Counting Argument 

In this section, we discuss D-brane interpretation of black hole entropy. The number of 
degenerate BPS states is calculated in the weak string coupling regime {gs ~ 0), in which the 
D-brane picture, rather than black p-brane description, of charge configurations is applicable. 
Since mass of R-R charge carrier behaves as ~ 1/gs, -D-branes become infinitely massive in 
the perturbative region. So, the leading contribution to the degeneracy of states is from 
perturbative states of open strings, which are attached to D-branes. So, perturbative D- 
brane configurations are described by conformal field theory of open strings in the target 
space manifold determined by D-branes and the internal space. In the following, we discuss 
conformal field theories of D-branes which correspond to specific D = 4, 5 black holes and 
calculate the number of degenerate perturbative open string states. More intuitive picture 
of D-brane argument is discussed in the subsequent subsection. 
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8.3.1 Conformal Model for D-Brane Configurations 

We saw that the worldvolume theory of massless modes in a bound state of Dp-branes 
is described by D = 10 U{N) super- Yang-Mills theory compactified to D = p + 1 [|637| 



Namely, dynamics of collective coordinates | |1(J7| ) of parallel Dp-branes is described by a 
supersymmetric U{N) gauge theory. The BPS states of D-brane configuration correspond 
to the supersymmetric vacuum of the corresponding super- Yang- Mills theory. 

The U{N) group is decomposed into a U{1) group, describing the center of mass motion 
of D-branes, and an SU{N) group [|637|| . It is the supersymmetric SU{N) vacuum that 



contains states with a mass gap, which are relevant for degeneracy of D-brane bound states. 
When there is a mass gap, the number of ground states in the SU{N) super- Yang-Mills 
theory is the same as the degeneracy of the D-brane bound states. Here, the ground states 
are identified with the cohomology elements of the SU{N) instanton moduli space , 
implying that degeneracy of D-brane bound states is given by the number of cohomology 
elements of | 619 , 620 |. D-brane bound states are effectively described by the cr-model 
on the instanton moduli space TVI^. Generally, the cr-model with target space manifold 
given by hyperKahler manifold of dimension 4k has the central charge c = 6k. For example, 
the moduli space Ai^ of SU{N) instantons on K3 with the instanton number k has the 
dimension A[N{k - A^) + 1]. It has been checked |66|, |19|, |2g, |0|, 0] that calculation 



of the degeneracy of D-brane bound states based on this idea yields the results which are 
consistent with conjectured string duahties that relate perturbative string states to D-brane 
bound states. In particular, of BPS perturbative string states at the level = 1 + 
is dualized to the intersection number of D-brane bound states 11619 . 



One of setbacks in study of D-brane bound states is that a bound state of m D p-branes 
is marginally stable, i.e. there is no energy barrier against decay into m Dp-branes (each 
carrying the unit R-R (p-l-l)-form charge). Such a problem is circumvented ||566|| by compact- 



ifying an extra one direction, say y^, on so that states in the multiplet carry momentum 
or winding number n along S^. If the pair (m, n) is relatively prime, the corresponding states 
in the D = 9 — p theory, i.e. D = 10 string bound states compactified on x S^, become 
absolutely stable against decay. Such worldvolume theory is described by the = 1 U{m) 
gauge theory compactified to D = p+1 with states characterized by n units of f/(l) C f/ (m) 
electric fiux along y^. The non-trivial information on degeneracy of the BPS D-brane bound 
states is contained in the supersymmetric ground states of the SU{m) part of theory on the 
base manifold x R, where R is labeled by the time coordinate. 

It is shown ||619|| that for the type-IIA bound state of m 0-branes and 1 4-brane (or the 



bound state of m 1-branes and 1 5-brane in the T-dual theory) the instanton moduli space 
A4 of the corresponding U{m) x f/(l)c super- Yang-Mills theory is (T^)"^/Sm, where Sm is 
the permutation group on m objects. The degeneracy of the cohomology in this space is 
in one-to-one correspondence with the partition function of left-movers of the superstring. 
To put it another way, the ground states of this gauge theory are related to the degenerate 
string states at level m. The quantum numbers ^{F^ + Fr, — Fji) of the cohomology of 
(T^)™'/S'm, where F^ [Fr] is the [anti-] holomorphic degrees of the homology shifted by half 
the complex dimension, is mapped to the light-cone helicities of the left oscillator states of 



type-II superstring ||623 |. 



*^In particular, the singular points in the moduli space ||635| , |2q , pT[ , at which gauge symmetry is enhanced, 
correspond to the case where D-branes coincide. 
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The generalization to D-brane bound states wrapped around K3 surface is carried out 
in |620|| . The bound state of N D 4-branes wrapped around K3 is described by a [/ ( A^) 
gauge theory on K3 x R with R parameterized by the time coordinate. For this D-brane 



configuration, it is shown ||91]] that the quantum corrections induce the effective D 0-brane 
charge M = k- N. So, the momentum square P"^ = P^- Pi is P^/2 = NM = N{k - N). 
If and k are relatively prime, there is a mass gap and the moduli space Ai^ is smooth 
with a discrete spectrum, with cohomology of Ai^ being that of N{k — N) + 1 unordered 
points on K3. When N = 2 and k is odd, the moduli space is the symmetric product of 
(KSf"-^ / S2k-3- The Euler characteristic d{2k - 3) of Ml is the same as 



i^3's: Ml 



the degeneracy d{NL) = d{^P'^ + 1) of string states at level N^, or the degeneracy of D- 
brane bound states with charges (A^, M). Here, d{n) is defined in terms of the Dedekind eta 
function ri{q) as i]{q)~'^^ = J2n d{n)q^. 



Applications to Statistical Entropy of Black Holes We consider a type-IIB D = 5 
black hole carrying electric charges Qp and Qh of U{1) fields, respectively, originated from 



R-R 2-form potential Af/f^fa and NS-NS 2-form potential B^jf^^ |58|, |9|, |8|. Here, the 



D = 5 U{1) field strength which is associated with R-R 2-form potential in D = 10 is 
Hodge-dual to the field strength of R-R 2-form field A^^^^ in D = 5. From the D = 10 
perspective, Qp [Qh] is magnetic [electric] charge of A^l^j^,^^ [-^MfM2]' "which couples to the 
worldvolume of R-R 5-brane [NS-NS string]. The D = 5 U{1) field originated from ^^^^5 
therefore, carries electric charge. The internal index m in the D = 5 NS-NS U{1) field 
is along S^, upon which an extra coordinate of the D = 6 type-IIB theory is compactified. 
So, this black hole is regarded as a bound state of 5-brane with R-R charge Qp and string 
with N-N charge Qh with the 5-brane wrapped around a holomorphic 4-cycle of K3 and 
partially around S^, and the string wound round S^. T-duality along leads to a type-IIA 
solution corresponding to 4-brane with 5-form charge Qp and momentum fiowing along S^. 
The non-rotating BPS black hole with the above charge configuration has spacetime of 



the Reissner-Nordstrom black hole 609, 182, 580 



ds' 




dt^ + 




dr^ + r'^dVL 



(671) 



where tq = (SQnQ'jp/Ti'^Y^^. The scalars are constant everywhere and expressed in terms of 
the (integer- valued) electric charges Qh,f ||260| 1. The Bekenstein-Hawking entropy is 



S 



BH 



A 
1 



2'K\ 



IQhQ'p 



(672) 



For D = 5 rotating solutions, the regular BPS limit is possible only for the case where 2 

I J2I = J. The solution is [|ig,|18|, |8 



angular momenta have the same magnitude, i.e. | Ji 



ds' 



1 - 



dt 



jjioj sin^ 6 
(r^ — jj) 



jjioj cos^ 
(r^ — /i) 



n 2 



cos 



2) 

2J; 



(673) 
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with Qh = yu/A^, Qf = "^^/^-^ Jl = — J2 = f/i^^- The Bekenstein-Hawking entropy is 




Sbh = - = 27ripi^ - J2. (674) 



We discuss the D-brane interpretation of the entropies ( |672| ) and (|674|) . In terms of D 



brane language, the above black holes are the bound state oiQp D 5-branes wrapped around 
K?) X and a fundamental string wound around with the winding mode Qh- The product 
Qf ■ Qf is the intersection number of D 5-branes in the homology. We consider the case 
where is small compared to the size of S^. For this case, the solution looks like a 
fundamental string in the 5-brane background. The theory is effectively described by the 
conformal field theory on S*^ x R with the target space manifold given by the symmetric 
product of K?) surfaces ||580|| : 



M ^ (^fl— . (675) 

This conformal field theory has central charge c = Q{\Q^p + 1), since the real dimension of 
this manifold is 2(Q|, + 2). 

First, we consider the non-rotating black hole (|671|) with the thermal entropy ( |672| ) 



| 580 |. The statistical entropy of the BPS solutions is given in terms of degeneracy d(n,c) 
of conformal states with the left-moving oscillators at level Lq = n {n ^ 1) and the right- 
moving oscillators in ground state: 

pFic 

Sstat = In d{n, c) ~ 27rW -— . (676) 

V 6 

For the solution ( |671| ), n = Qh and, therefore, the statistical entropy (|676|) reproduces the 
thermal entropy ( |672| ): 



Sstat--2nJQH{^Ql + l). (677) 



Next, we consider the thermal entropy (|674|) of the rotating black hole (|673|) p8| . The 



rotation group 5*0(4) of the D = 6 lightcone- frame theory is identified with the SU{2)l x 
SU{2)fi symmetry of the = 4 super conformal algebra. The charges [F^, Fji) of U{1)l x 
U{1)r C SU{2)l X SU{2)ji are interpreted as spins of string states ||623| , p8| , and are related 
to angular momenta of the black hole (|673|) as 

Ji = ^{Fl + Fr), J, = ^{Fl-Fr). (678) 

Note, the U{1)l current Jl can be bosonized as Jl = \l\d(f) and a conformal state ^Pi^ 
carrying U{1)l charge Fl is obtained by applying an operator exp(^^^) to the state $0 

without U{1)l charge. The net effect is to shift 0the left-moving oscillator level n of string 
states carrying the U{1)l charge Fl with respect to the level no for string states without 
the U{1)l charge Fl- no = n For a large value of uq, one can safely use the string 
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For detailed discussions on this point, see section 7.3.2 
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level density formula (i„ c? which includes contributions of string states with all the possible 
spin values, in calculating the statistical entropy. Here, c = 6(|(5|' + 1) and n = Qh, as in 
the non- rotating case. Substituting all of these values into (|676|) , one obtains the following 
statistical entropy in agreement with the thermal entropy ( |674| ): 

Sstat ~ 271^ ~ 2n^QH{^Ql + l)-\{\Ji\ + \J2\y, (679) 
where Ji = —J2 = J. 



8.3.2 Another Description 



We discuss more intuitive D-brane picture of black holes based upon the arguments in | |109| | 



In this picture, one counts all the possible oscillator contributions of open strings attached to 
D-branes. D-brane configurations, which are the weak string coupling limit of black holes, 
are described by the a-model of open strings with the target space background determined 
by D-branes, upon which the ends of the open strings live. 

The statistical entropy of black holes is due to degenerate states in fixed oscillator levels 
Nl,r (or a fixed mass) of open strings attached to D-branes: 



Sstat = In d{NL, Nn; c) ~ 27r J -{J Nl + JNr), (680) 



in the limit Nl^ji ^ 1. The central charge c has an additive contribution of 1 [|] for each 
bosonic [fermionic] coordinate. 

Ni^fi are determined by the NS-NS electric charges (i.e. momentum and winding modes 
in the compactified space) from the mass formula of open string states, which is derived from 
the Virasoro condition Lq — a = 0. Here, a is the zero point energy (or the normal ordering 
constant of oscillator modes). The contribution to the zero point energy a is additive with 
the contribution of — ^ [^] for each bosonic coordinate with the periodic [anti-periodic] 
boundary condition, i.e. the integer [half-integer] moding of oscillator, and for a fermionic 
coordinate there is an extra minus sign. 

Note, the Virasoro operator Lq, say of the bosonic coordinates, is defined in terms of the 
oscillator modes as Q Lq = ^aoao^ + Z^nCt-n^n^t, where fj, is a. D = 10 vector index. Here, 
Ofg = p'^ is the center-of-mass frame momentum of an open string and = ^ J2n C(-n'^nti is 
the oscillator number operator. For string theory compactified to D = d {d < 10), we divide 
D = 10 momentum into the D = d part p'^ and the internal part p"^, i.e. (p^) = {p^^p^). 
Since mass m D = dis defined as = —pp_p'^, one obtains the following mass formula from 
the Virasoro condition Lq — a = 0: 

= {pL? + -^Nl + al) = {PR? + -,{Nr + afl), (681) 
a a 

where the subscripts L and R denote left- and right-moving sectors, and Pl,r are momenta in 
the internal directions. Note, this expression for mass has all the contributions from bosonic 
and fermionic coordinates. In particular, for the compactification on of radius i?, the 

^^The fermionic coordinates have the similar expressions. In the presence of both bosonic and fermionic 
coordinates, the Virasoro operator is sum of the 2 contributions, i.e. Lq = Lq°*°" + 2^/^''™*°" 
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left- and right-moving momenta in the S^-direction is Pl,r = ^ -F where n and m are 
respectively momentum and winding modes around S^. 

Mass of the BPS states is M'^pg = {prY- So, for the BPS states, the right-movers are in 
ground state and only left-movers are excited with their total oscillation numbers determined 
(from the mass formula ( |68 1| ) ) by the left- and right-moving momenta in the internal space: 



For non-BPS states (M > Mbps), the right movers, as well as the left movers, are excited: 



Since Nl^r are fixed by NS-NS electric charges, the main problem of calculating the statistical 
entropy in D-brane picture is to determine the value of c, i.e. the total degrees of freedom 
of bosonic and fermionic coordinates of open strings. 

There are two types of open strings. The first type is open strings that stretch between 
the same type of Z)-brane, called the {p,p) type. The second type is open strings that 
stretch between different types of D-branes, called the {p,p') type, p ^ p' . For the second 
type, {p,p') and {p',p) are not equivalent, since open strings are oriented. Open strings of 
the type can be ignored in the calculation of the open string state degeneracy, since 

the excited states of open strings which stretch between D-branes of the same type become 
very heavy as the relative separation between a pair of D-branes gets large. 

We briefly discuss some aspects of open string states of the {j),p') type. The D = 10 
spacetime coordinates for this type of open strings are divided into 3 classes. The first 
[second] tj^e, called the DD [NN] type, corresponds to coordinates for which both ends 
of strings satisfy the Dirichlet [Neumann] boundary conditions (i.e. coordinates which are 
transverse [longitudinal] to both branes). For these cases, the bosonic string coordinates are 
integer modded and, thereby, have the zero point energy contribution of — ^ for each bosonic 
coordinate. The third type, called DN or ND type Q, corresponds to coordinates for which 
each end of open strings satisfies different boundary conditions (i.e. coordinates which are 
transverse to one brane and longitudinal to the other brane). For this type, the bosonic string 
coordinates are half-integer modded and, therefore, have the zero point energy contribution 
of ^ for each bosonic coordinate. The fermionic coordinates have the same moding (as the 
bosonic coordinates) in the R sector and the opposite in the NS sector. So, the total zero 
point energy is always for the R sector. For the NS sector, the zero point energy depends 
on the total number v of the ND and DN coordinates, which is always even: 



Only when z/ is a multiple of 4, D-brane configurations are supersymmetric and degeneracy 
between the NS and R sectors is possible. 

When = 4, iV = 2 supersymmetry is preserved in D = 4 and the zero point energy is 
zero in both the R and NS sectors. An example is the intersecting D string and D 5-brane, 
corresponding to the Z) = 5 black hole that we consider in the following. For this type of 

These two types are different since open strings are oriented. 




(682) 




(683) 




(684) 
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open strings, degrees of freedom of the fermionic and bosonic coordinates are determined as 
follows. In the NS sector, among 4 fermionic coordinates x the ND directions only 2 of 
them survive the GSO projection p^r^^r^^r^^'x = x, where ii, ...,24 correspond to the ND 
directions. In the R sector, also only 2 of 4 periodic transverse fermions (in the NN and DD 
directions) survive the GSO projection. Furthermore, there are QpQp' ways to attach open 
strings between Dp- and D p'-hranes. Since open strings are oriented, we have the same 
numbers of fermionic and bosonic degrees of freedom satisfying the above constraints in the 
{p,p') and the {p',p) sectors. So, there are 4:QpQpi bosonic and 'iQpQpi fermionic degrees 
freedom for each {p,p') and {p',p) types. Thus, the central charge of open strings of {p,p') 
and {p',p) types is 

c = ^QpQp'{l + ^) = 6QpQp,. (685) 
We comment on different interpretation of the entropy expression (|680[). Let us consider 



a BPS configuration [Npi = case) with the total momentum number along of radius 
R. When the number of the bosonic [fermionic] degrees of freedom are Nb [Np] , the central 
charge is c = A''^ + ^Np. Then, the statistical entropy ( |68(]| ) becomes the following entropy 
formula describing the Nb bosonic and Np fermionic species with energy E = N/R in a 
1-dimensional space of length L = 2ttR ||471|, |200||: 



S = ^J7t{2Nb + Nf)EL/Q. (686) 

Note, the entropy formula ( |680| ) is derived assuming that Nl^r ^ 1, i.e. the NS electric 
charges are much bigger than the number Qp of Dp-branes. When Qp and the NS electric 
charges are of the same order in magnitude, the string level density formula fails to reproduce 
the Bekenstein-Hawking entropy [ [472|| . This stems from the fact that (with Qp of the order 
of N) the notion of extensivity (of entropy, energy, etc.) fails when radius R of S^, around 
which Z)-branes are wrapped, is smaller than the size of black holes {fat black hole limit), 
since the wavelength (~ ^, where T is the effective temperature of the left movers) of a 



typical quantum exceeds the size L = 2tiR of the system |472 



The remedy to this problem proposed in p72|| is as follows. One considers a bound 



state of D 5-branes and Qi D 1-branes which, respectively, wrap around M4 x and 
S^. Here, M4 is a 4-dimensional compact manifold and has radius R. One neglects the 
directions associated with M4 and therefore the D 5-branes are regarded as strings wrapped 
around S^. Instead of taking Qp Dp-hianes as Qp numbers of strings wrapped around 5*^ 
once, one regards it as a single string wrapped Qp times around S^, thereby having length 
27iQpR. So, a bound state of D 1- and D 5-branes is described by a single string of the 
length 2TrQiQ^R wrapped Q1Q5 times around S^. This is interpreted as a single specie 
with the energy E = N/R = N' / R' in a 1-dimensional space of length V = 2ttR' (thereby 
simulating a spectrum of fractional charges), where A^' = Q1Q2N and R' = QiQ2R- Note, 
both the oscillator level and the radius of are multiplied by Q1Q5. In this description 
of D-brain bound states, the size L' of systems is always bigger than the wavelength of a 
typical quantum, thereby the extensivity condition is always satisfied. Furthermore, since 
the (effective) oscillator level A^' = Q1Q5N is always much bigger than the number of D- 
branes (which is 1) even when Qi ~ A^ ~ Q5, one can still use the statistical entropy 



expression of the type (|680|) . The statistical entropy is then 5* = \/2'kEL' = 27rvA^, where 



L' = Q1Q5L = UNb + \Np)L and A^' = Q1Q5N. Note, this is the same as (pM) when 
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expressed in terms of the original variables, but with this new description the approximation 
(of string level density) leading to the statistical entropy is valid. 

Near-extreme black holes correspond to Z^-brane configurations with a small amount of 
right moving oscillations excited, i.e. N^^^ given by ( |683| ) with a small integer n. As long as 
the string coupling is very small and the density of strings (oc 1/-R) is low, the interaction 



between the left- and the right-movers is negligible ||368|| . In this limit, entropy contributions 



from the left- and the right-movers are additive, leading to ||368| , |362| 



Sstat = \IA'^Nb + Nf)ErL/Q + ^'k{2Nb + Np)ElL/6, (687) 

where L = 2ttR and -El,/? = Nl^r/R with Nr very small. This expression correctly re- 
produces the Bekenstein-Hawking entropy of near extreme black holes. We comment that 
the above D-brane interpretation of near extreme black holes is valid when only one of the 
constituents of the D-brane bound state has energy contribution much smaller than the 
others. For example, the above calculation is done in the limit where R is larger than the 
size V of the other internal manifold and, thereby, black holes are effectively described by 
(oscillating) strings in spacetime 1 dimension higher. In this limit, the momentum modes (of 
open strings) are much lighter than the branes (Cf. ( |663| )); the leading order contribution 
to the black hole entropy is from open string modes. For other limits where one of branes 
has much smaller energy than the other constituents, one can apply the similar argument in 
calculating statistical entropy of near extreme black holes [p62|| and the result is consistent 



with the conjectured [/-duality. (In these cases, the leading contribution to the degeneracy 
is from D-branes rather than from open strings.) For the case where more than one con- 
stituents are light or all the constituents have energies of the same order of magnitude, the 
statistical interpretation of near extreme black holes is not known yet. 

Generalization to the rotating black hole case p8| , p5| , p61|| is along the same line described 



in section 7.3.2 . Note, only the fermionic coordinates of the (p, p') type can carry angular 
momentum under the spatial rotational group. These are 4 periodic transverse fermions 
(from the NN and DD directions) in the R sector, which are spinors under the Lorentz group 
of the external spacetime. When the GSO projection is imposed, only the positive chirality 
representation of the external Lorentz group survives. 

We concentrate on the (1, 5) type, which is related to the D = 5 (-D = 4) black holes 
under consideration in this section (through T-duality). For this case, the D = IQ Lorentz 
group 50(1,9) is decomposed as: 

S0{1, 9) D 50(1, 1) ® SO{A)e ® SO{A)i, (688) 

where the first [third] factor acts on the D 1-brane worldsheet [the space internal to D 5- 
brane] and the second factor on the space external to the configuration. Worldsheet spinors 
are decomposed into the 2-dimensional positive chirality representation 2'^ (with R-type 
quantization in ND directions of the NS sector) under the internal rotational group 50(4)/ 
(thereby a boson under the spacetime 50(1, 5) Lorentz group) and the 2-dimensional repre- 
sentation 2'^ (with NS-type quantization in ND directions of the R sector) which is positive- 
chiral under the external group 50(1, 1) x 50(4) e C 50(1, 5) (thereby a spacetime fermion). 

Here, the spatial rotation group 50(4)^; (external to the D-brane configuration) is iso- 
morphic to SU{2)r X SU{2)l, which is identified with the symmetry of (4, 4) superconformal 
theories. This is related to the fact that worldsheet fermions, which carry angular momenta. 
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manifest themselves as spacetime fermions. The U{1) l,r C SU (2) ^ charges are related 
to angular momenta Ji,2 of the spatial rotational group S0{4:)e as in ( |678|) . 



The effect of angular momenta is to reduce the total oscillation numbers ||98|| : 

Nlo = Nl-^, Nno = Nn-^, (689) 

where N^ jiq [Nl^ji] are the total oscillation numbers of states that do not carry the U{1)l,r 
charges [have the U{1)l^r charges -FL,i?]. To obtain the statistical entropy of black holes, one 
plug this expression for Nl^ro into (|680|) . 

For non-extreme or near-extreme black holes, which do not saturate the BPS bound, the 
right moving as well as the left moving supersymmetries are preserved, and thereby are 
both non-zero. The statistical entropy of near-extreme black holes is: 



Sstat ~ 2n\l-{^jNLo + ^JNRo), (690) 



where iV^^Ho are given in (|689|) . 

However, for D = 5 BPS black holes, Fr = (leading to Ji = J2 =: J) since only the 
left- moving supersymmetry survives (i.e. (0,4) superconformal theory). So, for BPS black 



holes, Npto = Nji = and A^'^o = Nl — -J^, leading to the statistical entropy ||361 



Sstat ~ 271 ^^^N^o = 2vry^iVi - J^- (691) 

For the D = 5 rotating black hole with charge configuration described in the above, c = 
QQ1Q5 and Nl = N. So, the statistical entropy ( |691| ) correctly reproduces the Bekenstein- 
Hawking entropy: Sstat = 2Tiy/NQiQ^ - J'^. 

To obtain D = A rotating black hole with regular extreme limit, one first applies T- 
duality along the common string direction of the intersecting D 1- and D 5-branes with open 
strings wound around the common string direction. The resulting configuration is bound 
state of D 2- and D 6-branes with momentum flowing along one of the common intersection 
directions. To have non-zero horizon area in the BPS limit, one adds solitonic 5-brane with 
charge Qs- Here, D 6-branes, D 2-branes and solitonic 5-brane, respectively, wrap around 

= X S*^' X S*^, S^' ^ and x S"^, and momentum flows along S^. Since the right 
moving supersymmetry breaks in the presence of solitonic 5-branes, the U{1) charge Fr in 
the right moving sector vanishes (i.e. Ji = J2 = J)- Particularly, D = 4 extreme rotating 
black hole corresponds to the minimum energy configuration which is regular with non-zero 



angular momentum, which happens when Nlq = |p61|| . So, the left movers are constrained 
to carry angular momentum, only. In this case, Nrq = Nr and Nl = 6J^/c. By plugging 



these into (|683| ), one obtains Nrq = - J — ^[P/? ~ Pl\^ leading to the statistical entropy: 



Sstat - 27r^^o = 27r^J2 - ^[p% - pI]. (692) 

For the D-brane bound state corresponding to the D = 4 black hole described above, c = 
QQ2Q5Q6 (since there are 4Q2Q5QQ species of bosons and fermions) and y [p| — = N 
is the total momentum mode of open strings around S^ . So, the statistical entropy Sstat = 
2'KyJ J'^ + NQ2Q5QQ agrees with the Bekenstein-Hawking entropy. 

^•^The extra factor of Q5 conies from the fact that whenever D 2-branes (which intersect the sohtonic 
5-branc along S^) cross the sohtonic 5-brane they can break up and ends separate in different positions in 
T**. Thus, Q2 I? 2-branes break up into Q2Q5 -D 2-branes. 
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